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PREFACE TO THE THIRD EDITION 


Since the publication of the second edition of “ Alternating- 
current Circuits” in 1931, Professor J. A. Correll has passed 
away. The manuscript for this third edition has been prepared 
with the assistance of E. W. Johnson, Associate Professor of 
Electrical Engineering at the University of Minnesota. 

In this revision the authors have been guided by criticisms of 
colleagues and others and by their own experience in the use of 
the text in their classes. They have extended the use of the 
polar form of the vector in its application to mesh circuits and 
have added new material in the form of treatment of mutual 
inductance and mesh circuits. The definitions in this text have 
been changed and extended to conform with new standards of 
the American Institute of Electrical Engineers. 

The problems at the end of each chapter have been changed 
and many new problems have been added. A book of answers 
is available for those who desire to have it used by their classes; 
however, for review and for the use of those who desire to use 
problems without answers, a number of problems are included in 
each chapter for which answers are not given. 


J. M. Bryant, 
E. W. Johnson. 


Minneapolis, Minn., 
January , 1939 . 




PREFACE TO THE FIRST EDITION 

This text is intended as an introductory course in the study of 
Alternating-current Circuits and Transmission Lines. The 
material has been used as a course for junior students in Electrical 
Engineering: at the University of Texas for the past eleven years, 
being revised and brought up to date each year to keep pace with 
the rapid advances in methods of teaching and applications. The 
original notes were used by one of the authors at the University of 
Illinois for several years and were based on lectures given by 
Dr. Ernst J. Berg now of Union College. 

In the first six chapters the theory of alternating-current 
circuits is discussed and the equations applying to the various 
types of circuits are developed from the fundamental physical 
and mathematical principles in the same manner in which they 
have been developed in lectures before the classes. In the 
remaining chapters these principles have been applied to poly¬ 
phase circuits and transmission lines. Free use has been made 
of the vector diagram and of the mathematics of a vector in a 
plane as developed by Dr. Steinmetz and others. 

This text is not intended to be a complete treatise on trans¬ 
mission linos, but rather the transmission line has been introduced 
as a practical illustration of a type of complex circuit. Numerous 
numerical examples have been given to illustrate the application 
of the equations and also the engineering methods of attacking 
problems involving intricate equations. 

In this text most of the circuits are assumed to contain non¬ 
magnetic materials and the sine wave has been introduced to 
simplify the development of the equations. In the last chapter a 
study of nonsinusoidal wave forms is made by the use of the 
Fourier scries, and a method of solution of typical circuits is. 
developed. A study of circuits containing magnetic materials is 
reserved for a future text on alternating-current machines. 

A study of transients in alternating-current circuits has been 
omitted from this text since it is the belief of the authors that it is 
best for the student to become familiar with steady state condi- 
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tions in circuits, both direct and alternating, before the more 
difficult physical and mathematical relations of transients are 
introduced. 

This text covers material sufficient for a course requiring at 
least three hours per week for an entire year. For a more 
extended course the instructor may introduce material of his own 
amplifying this development or introducing equations for the 
transient conditions most frequently met with. 

In the preparation of this text the authors have assumed a 
knowledge of physics, such as is usually acquired by the average 
undergraduate in the universities of this country, and a knowl¬ 
edge of mathematics which includes calculus and the solution 
of second-order linear differential equations. 

The authors wish to acknowledge the assistance given by 
Professor J. W. Ramsay, of the Department of Electrical Engi¬ 
neering; of Professor J. W. Calhoun, of the Department of 
Applied Mathematics for many valuable suggestions; and of 
Mr. Truman S. Gray for the preparation of the drawings from 
which the numerous cuts have been made. 

The authors will appreciate any suggestions for improvement 
of the text and any notations of errors which may be discovered. 

J. M. Bryant. 

J. A. Correll. 

University op Texas, 

Austin, Texas, 

September, 1925 . 
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CHAPTER I 

FARADAY’S LAW AND THE GENERAL RELATIONS OF 
ELECTROMOTIVE FORCE, CURRENT, AND 
FLUX IN ALTERNATING-CURRENT 
CIRCUITS 

1. Generation of an Emf.—In a-G phenomena it is necessary 
to consider constantly changing conditions of current, flux, and 
emf, and the interrelations of these quantities in the transmission 
of energy. In any circuit where flux is changing, and this flux 
cuts across a conductor or is interlinked with one or more turns 
of that conductor, a relation exists between the flux and the 
emf induced in the conductor. This relation is expressed by 
Faraday’s law, which states that the emf induced in a circuit is 
proportional to the time rate of change in the flux and to a constant 
of the circuit. Expressed mathematically this becomes 

Ci = abvolts, (1) 

where is the induced emf ; 

d<h is the change in the amount of flux enclosed; , 
dt is the amount of time required for the change; and 
Jc is a constant, the value of which depends upon the units 
chosen. 

When a coil of N turns is considered and the entire flux is 
enclosed by all these turns at any one instant, this equation 
becomes 

ci = — JV~ abvolts, 


(2) 
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where <t> is measured in lines of force; 
t is measured in seconds; 

N is measured in turns; and 
ei is measured in abvolts. 

As stated above, the emf in Eq. (2) is expressed in the c.g.s. 
system of units, and is called the “abvolt.” The foregoing law 
may be restated as follows: When the flux through a coil is changing 
at the rate of one line of force per second through one turn, the emf 
induced in that turn is one ahvolt, or, as sometimes expressed, when 
a conductor cuts across a flux at the rate of one line of force per second, 
one ahvolt is induced in that conductor. As will be explained 
later, these two expressions for this law are identical. Faraday’s 
law is fundamental to an understanding of the phenomena taking 
place in a-c circuits where the flux threading through the circuit 
changes, due to any cause either within or without that circuit. 

Alternating Current.—An alternating current is a periodic 
current that has alternately positive and negative values. 

Symmetrical Alternating Current.—A symmetrical alternating 
current is an alternating current all values of which separated 
by a half period have the same magnitude but opposite sign. Unless 
otherwise specified , the term alternating current refers to symmetrical 
alternating current. 

2. Application of Faraday’s Law.—As an application of 
Faraday’s law, consider the emf induced in a coil rotating at a 
uniform angular velocity in a uniform magnetic field. In 
Fig. 1 the coil abed, which is free to rotate about the axis mn, is 
represented lying in the magnetic field between the two poles 
NS, the flux density of the field being assumed uniform, and the 
direction of rotation of the coil being assumed to be clockwise* 
The reference, or starting, time is taken when the coil is in the 
position shown, i.e., t is equal to zero when the coil abed is in a 
vertical plane with the coil side ab above the coil side cd. In this 
position, the coil encloses the maximum amount of magnetic 
flux. As the coil starts to rotate, the flux enclosed decreases in 
magnitude, the amount of flux enclosed being proportional to the 
projection of the coil diameter ad upon the vertical axis. The 
lines enclosed decrease from the time when t is equal to zero 
until the coil has reached the position a'b'c'd', as shown by the 
dotted lines, the armature having rotated through a quarter 
of one revolution, at which time no flux is enclosed by the coil 
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As the coil passes this horizontal position, the flux threading 
through the coil begins to increase in amount, its direction 
through the coil, however, being reversed. If the original 
direction of the flux relative to the coil, which is from right to 
left when the coil side ab is above the horizontal, is taken as 


t=o 

OL~0 




Fig. 1.—Coil rotating in uniform magnetic field. 


positive, the reversed direction with respect to the coil, during 
the half revolution when coil side ab is below the horizontal, may¬ 
be considered as negative; and the wave of flux enclosed may be 
plotted as shown as <f> ad in Fig. 2. The progress of the coil 
may be plotted in terms of time, angle swept over, or of revolu¬ 
tions, each quarter revolution being equal to 90 deg., the vertical 



Fig. 2.—Wavos of flux enclosed and emf induced in the coil of Fig- 1. 


dotted lines in Fig. 2, designated t h U, etc., being located at 
90-deg. intervals. * 

The method of derivation of the flux-enclosed wave is also 
shown in Fig. 3, which is a.cross-sectional view of the coil shown 
in Fig. 1, at right angles to the axis of rotation. The flux 
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enclosed by the coil abed at any instant is proportional to the 
length fg on the vertical line st for any angle a, where a is the 
angle in radians swept through by the coil from the zero position. 
The length/# is equal to the diameter of the coil times the cosine 
of the angle a, i.e., fg — ad cos a, so that the flux enclosed is a 
cosine wave as plotted in Fig. 2. 

As stated by Faraday's law, Eq. (1), the magnitude of the 
induced emf depends upon the magnitude of the time rate of 
change of flux dcf>/dt, and its direction depends upon the sign 
of the rate of change. The rate of change of the flux d<j>/dt 
is equal to the slope of the flux wave; so that the slope of the 
flux wave may be used to study the variation in the induced 
emf. It is seen from Fig. 2 that the flux changes from a maxi- 



Fig. 3.—Cross section of coil shown in Fig. 1. 

mum value in the positive direction, at time t — 0, to a maximum 
value in a negative direction, at the time t — U, the slope being 
negative during this interval of time, corresponding to 180 deg. 
in revolution of the coil. During this interval of 180 deg., the 
emf in the coil is induced in a positive direction, i.e., from a to d 
through the coil. The emf from a to d may be expressed as 
e a bcd , the subscripts indicating the direction through which the 
circuit is traversed, the first letter indicating the point of view 
or point of entry into the circuit. When the direction of the 
emf is the same as the direction in which the circuit is being 
traversed, i.e., when the potential at the exit is positive with 
respect to that at the point of entry, the emf is designated as 
positive. In this case, the potential at d is positive with respect 
to that at a, and the emf e a bcd is positive during this half revolu¬ 
tion. It is to be noted that an increase in flux traversing the 
coil in a negative sense produces the same direction of emf in the 
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coil as a decrease in flux when the direction of the flux is positive, 
in either case the potential of d being above the potential of a. 
When the slope of the flux curve is positive, as in the interval 
from h to L, the negative flux is decreasing from U to t%, the 
positive flux is increasing from t& to L, and the emf is negative. 
That is, the potential of a is above that of d, and e a bcd is negative. 

If the point of viewing the coil is from d instead of from a, 
the direction of traversing the coil is reversed and the emf 
designation is e**a. In this case, during the first 90 deg., meas¬ 
ured from t = 0, the potential of a is below that of d, the point 
of entry into the circuit, and the potential e dC ba is negative. The 
potential e dC ba is equal and opposite at all instants of time to the 
potential e a bcd* This wave is plotted at 180 deg. from e a bcd, as 
c d cba, Fig. 2. 

Some of the points of the wave e a bcd, Fig. 2, may quickly be 
obtained from the flux wave by inspection. When the flux wave 
is passing through a maximum, either positive or negative, the 
slope is zero and the emf is zero. When the slope of the flux 
wave is the greatest, the emf is a maximum. This condition 
occurs when the flux wave is passing through zero for the cosine 
flux wave of Fig. 2. 

The emf wave may be derived also by considering Faraday’s 
law as applying to a conductor cutting through a magnetic field, 
the emf induced being proportional to the rate of cutting of 
the lines of force. The emf induced in each of the two con¬ 
ductors of the coil abed will be considered separately. In 
conductor ab, during the first 90 deg., the emf at b is above that 
at a, there being a rise in potential from a to b. The rate of 
cutting of the lines of force by conductor ab, under these assumed 
conditions, is a sine wave, as can be shown by referring to Fig. 3. 
The number of lines cut during every interval of time is propor¬ 
tional to the vertical distance traversed by the conductor during 
this time. The rate of traversing the field in a vertical direction 
is the vertical component of the velocity of the coil. The velocity 
of the coil can be drawn as am, Fig. 3, perpendicular to the radius 
oa. The vertical component of velocity is ak and is equal to 
am sin a. ■ Since the tangential velocity am is constant, the 
vertical velocity is proportional to the sine of the angle a, and 
the rate of cutting the flux is a sine wave. The rate of cutting 
tUe flux for the conductor ab is plotted as (d<t>/dt) a i> in Fig. 4. 
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The general form of the emf wave can also be seen by an inspec¬ 
tion of Fig. 1. When the conductor ab is in the position shown 
at t = 0, it is moving parallel to the lines of force, there is no 
vertical component of velocity, and the induced emf is zero. 
At a quarter of a revolution later, when this conductor has 
reached the 90-deg. position, it is moving perpendicularly to 
the field; the vertical component of velocity is a maximum; and 
the generated emf is a maximum. During the same interval, the 
potential in conductor dc will be opposite to that in ab, i.e., the 
potential at c is below that at d, and there is a potential drop 
from the front to the back of the conductor, since the conductor 



Fig. 4.—Waves of flux cut and emf induced in conductors of the coil of Fig. 1. 


cuts the same flux while traveling in the direction opposite to 
that of ab, conductor ab. moving downward and conductor dc 
moving upward. These relations are shown by the wave forms 
in Fig. 4. The potential in dc is always equal and opposite to 
that in ab, since the field is uniform and the coil is symmetrical. 
However, the direction in which the emf in dc is added around 
the circuit must be considered. Since b and c are connected 
together, the potential rise in dc is added around the circuit 
in the reverse direction to that of ab. The potential of 6 is 
above that of a whereas that of d is above c, so that when b and c 
are connected, the potential rise is continuous, and e ahcd is equal 
to the sum of e<a and e C d, being equal to twice e a b in this case, 
since e 0 i is equal to e 0 &> 
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The potential e a bcd must be identical when derived by' either 
method, i.e., the rate of change of flux enclosed by the coil must 
be equal to the sum of the rates of flux cutting for the two con- 
ductors that form the coil sides. That this is so may be seen 
from Fig. 3. Taking the increment of angle in Fig. 3 as the 
angle a, the lines cut by conductor ab are proportional to 
the distance sf, and those cut by cd are proportional to gt. The 
change in the lines enclosed during this interval is equal to the 
difference between st and fg, which is equal to the sum of sf 
and gt. Thus the change in lines enclosed is just equal to the 
total lines cut. This may be demonstrated for any other incre¬ 
ment of angle. 

Wave Shape.—The wave shape, or waveform, of an alternating 
current is the shape of the curve obtained when the instantaneous 
values of the current are plotted against time in rectangular coordi¬ 
nates. Two alternating quantities are said to have the same wave 
shape when their ordinates of corresponding phase bear a constant 
ratio to each other. The wave shape, as thus understood, is, there¬ 
fore, independent of the frequency of the current and of the scale to 
which the curve is plotted. 

Phase.—The phase of a periodic quantity, for a particular value 
of the independent variable, is the fractional part of a period through 
which the independent variable has advanced, measured from an 
arbitrary origin. In the case of a simple sinusoidal quantity, the 
origin is usually taken as the last previous passage through zero 
from the negative to the positive direction. 

Phase Angle.—The phase angle of a periodic quantity, for a 
particular value of the independent variable, is the angle obtained 
by multiplying the phase by 2r, if the angle is to be expressed in 
radians, or by 360 deg., if the angle is to be expressed in degrees. 

Phase Difference.—The phase difference between two sinusoidal 
quantities that have the same period is the fractional part of a 
period (not greater than one-half) through which the independent 
variable must be assumed to be advanced, in order that similar values 
of the two quantities may coincide. 

Angular Phase Difference.—The angular phase difference between 
two periodic quantities that have the same period is 2i r rad. {or 
360 deg.) times the phase difference . 

Synchronism.—Synchronism expresses the phase relation between 
two or more periodic quantities, when the phase difference between 
them is zero. 
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Angle of Lead.—The angle of lead of one sinusoidal quantity , 
with respect to a second sinusoidal quantity having the same period , 
is the angular phase difference by which the second quantity must be 
advanced to coincide with the first . 

Angle of Lag.—The angle of lag of one sinusoidal quantity , 
with respect to a second sinusoidal quantity having the same period, 
is the angular phase difference by which the second quantity must be 
assumed to be retarded to coincide with the first. 

3. Study of Flux and Emf Waves by the Step-by-step Method. 
The preceding study of the shape of flux and emf waves in the 
rotating coil of Fig. 1 has been made on the basis of a uniform 
flux distribution, and the resultant curves, as plotted, agree 
with that assumption. Sometimes it becomes important to 
construct the emf curve for a machine having a nonuniform flux 
distribution. The wave of flux enclosed by the coil may be of 
such form that it cannot be expressed conveniently in a simple 
mathematical equation; and in consequence a step-by-step 
method must be used for the development. If the coil revolves 
at a uniform angular velocity, expressed in angular units as 
co rad. per second, the angle passed over in t sec. will be cot — a rad. 
For the purpose of deriving and plotting the emf curve, incre¬ 
ments of time are chosen that are small enough to give a rea¬ 
sonably accurate wave form, but that are large enough to be 
convenient for the purposes of plotting and calculation. 

Suppose that an increment of time At is taken. The flux 
enclosed changes from fa to fa lines during this time or by an 
amount fa — fa = A <f> lines. The average value of the emf 
induced during this interval of time is 


abvolts. 


(3) 


Where a large number of calculations are to be made it may be 
more convenient to express the interval At in angular units 
rather than in time units. Then, since the corresponding angle is 

a — cot rad., 

Aa = co A t rad., or 

At = — sec., and 

co 


= — kco 


A0 
A of 


-^ = 
A OL 


j./ fa ~ fa 
fa “ fa 


abvolts. 


(4) 
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Choosing equal increments of time or angle, Aa becomes constant, 
and Eq. (4) becomes 

k* 

#i(av) — ~~^A4> = —k"A4> = — k"(_<j >2 — <f>i) abvolts. (5) 

Example 1 

Calculate the average voltage for the increment of time represented by 
the angular increment from 35 to 45 deg. for the flux-enclosed wave shown 
in Fig. 5. The coil has a single turn and rotates with an angular velocity of 
0.2tt rad. per second. 



Fig. 5.—Wave of enclosed flux and average emf induced during a short interval 

of time. 

Since the coil has one turn, k in Eq. (3) is equal to unity. The increment 
of time for 10 deg. or t/ 18 rad. is tt/18 divided by 0.2?r or 0.278 sec. From 
Fig. 5, 4 >2 is 378 lines and 4>i is 300 lines, or 

A <j> — 378 300 — 78 lines. 

The average emf generated during this interval of time, from Eq. ( 2 ), is 

= “"o^S = ~~ 281 abvolts ' 

Using Eq. (5) for the derivation, 

— k"A<f> = Q 
= —3.59 X 78 = —281 abvolts. 

This value of 281 abvolts, the average potential over the 
increment of angle Aa, can be plotted as a uniform voltage 
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Table I 
Example 2 


at 

(de¬ 

grees) 

4>ahcd 

A<j halted — 

<t> 2 ~ I 

('abed — 

k"A<f>abc.<i 

<t>/uhk 

&4>Johk 

Cftjhk 

Vhhof 

('<af = 

('abed + Pkhuf 

- 5 

996 



- 87 





0 


0 

0 


174 

-174 

174 

174 

5 

996 

87 

10 


- 30 

30 


172 

-172 

172 

202 

15 

966 

259 




20 


- 60 

60 


164 

-164 

164 

224 

25 

906 

423 

30 


- 87 

87 


151 

-151 

151 

238 

35 

819 

574 

40 


-112 

112 


133 

-133 

133 

245 

45 

707 

707 

50 


-133 

133 


112 

-112 

112 

245 

55 

574 

819 

60 


-151 

151 


87 

- 87 

87 

238 

65 

423 

906 

70 

-164 

164 

60 

- 60 

60 

224 

75 

259 

966 

80 

-172 

172 

30 

- 30 

30 

202 

85 

87 

996 

90 

-174 

174 

0 

0 

0 

174 

95 

- 87 

996 

100 

-172 

172 

- 30 

30 

- 30 

142 

105 

-259 

966 

110 


-164 

164 


- 60 

60 

- 60 

104 

115 

-423 

906 

120 


-151 

151 


- 87 

87 

- 87 

64 

125 

-574 

819 

130 


-133 

133 


-112 

112 

-112 

21 

135 

-707 

707 

140 


-112 

112 


-133 

133 

-133 

- 21 

145 

-819 

574 

150 


- 87 

87 


-151 

151 

-151 

- 64 

155 

-906 

423 

160 


- 60 

60 


-164 

164 

3 

r-4 

1 

-104 

165 

-966 

259 

170 


- 30 

30 


-172 

172 

-172 

-142 

175 

-996 

87 

180 


0 

0 


-174 

174 

-174 

-174 
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during that interval, as shown by the line ab in Fig. 5. By con¬ 
sidering the other increments of angle for a full revolution of the 
coil, there results a wave comprising a series of steps. A smooth 
wave may be plotted through the centers of these intervals to 
approximate the actual emf wave. For this reason, it is better 
to plot the value of 6i (av) as a single point P at the mid-ordinate 
of the interval and to draw the curve through these mid-points. 

If the flux-enclosed wave is to be obtained from the cross 
section of the magnetic circuit showing the flux distribution, 
as in Fig. 1, the scale must be large enough so that the number 
of lines of flux enclosed for the various coil positions may be 
counted with accuracy. The flux-enclosed wave should be 
plotted from these values, as in Fig. 2. Where the complete 
emf wave is to be determined, the numerical work should be 
tabulated to aid in clearness. The tabulation for such a solution 
is shown in Table I, Example 2. The intervals here chosen are 
10 deg., the values of flux enclosed being tabulated for each 
10-deg. interval, starting with —5 deg. The difference between 
the flux at the beginning and at the end of each interval is tabu¬ 
lated at the mid-points, corresponding at each angle with the 
average emf induced in the same interval; the curve through 
these values of emf is plotted for each 10 deg., starting from 
zero degrees, giving the required wave form. 

Example 2 

Plot the flux and emf waves and their sum for two coils 90 deg. apart 
revolving at a uniform velocity in a uniform magnetic field. 

4. Relation of Emfs in Two Separate Coils Cutting the Same 
Flux. —If a second coil fghk is placed on the same armature as 
abed , shown in Fig. 6, its flux and emf waves may be plotted in 
reference to the flux and emf waves of the coil abed, already 
plotted. The same initial starting time must be used for both 
sets of waves in order to keep them in their proper phase relation. 
By considering the emf generated from the point of view /, it is 
seen that the flux enclosed by the new coil fghk is zero at the 
starting time, when the flux enclosed by abed is a maximum. 
A quarter of a revolution later, the flux <f>dbcd has become zero and 
(j>fyhk has reached a positive maximum. The wave of flux for 
the second coil <t>fghic is found to be exactly like 4> a bcd in shape and 
magnitude, but lagging behind it by 90 deg. The same relations 
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must hold between the emfs as between the fluxes; so c f(lhf , is ail 
emf wave of the same shape and magnitude but displaced from 
e abcd by 90 deg. The relation between these emfs is shown in 
Fig. 7, where both curves are plotted in relation to the same 
origin. These waves are 90 deg. in time phase and are said to be 

t = 0 



Fig. 6.—Two coils rotating in uniform magnetic field. 


in time quadrature. It is to be noted that if the emf of the coil 
fghk is considered from the point of view of k instead of f, the 
flux-enclosed wave 4>kh ff f is just the negative of 4>/ohk, i-e-, the two 
fluxes are displaced by 180 deg. Consequently, the emf waves 
e/ghk and e^hus are also displaced by 180 deg., as shown in Fig. 7. 



Quadrature.—Quadrature expresses the phase relationship between 
two periodic quantities of the same period when the phase difference 
between them is one-fourth of a period. 

Opposition.—Opposition expresses the phase relationship between 
two periodic quantities of the same period when the phase difference 
between them is one-half period. 
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5. Addition of Emf Waves.—Suppose that d is connected to k, 
Fig. 6, and the resulting wave of emf e a dk / is required. By 
KirchhofFs laws there must be a dynamic balance of emfs at 
each instant of time, or, considering instantaneous values of 
the emfs at corresponding instants of time, 

<V = e (l bcd + eichgf volts. (6) 

The emf wave e^gf is 180 deg. out of phase with the wave 
efgu, the instantaneous values are equal in magnitude but 
opposite in sign, so that at any instant 

Gkhgf ~ GfahJi VOltS, 

and 

e a f = e abcd — e fffhk volts. (7) 

An illustration of the addition of two emf waves is given in 
Example 2 and in Fig. 7. The emf e af , Fig. 7, may be obtained 
graphically by adding to e a ud as is done in Table I, and the 
resultant curve may be plotted from these values. It is found 
that the resultant emf wave e a / is not in phase with either of the 
waves e 0 ;ocd or ekhgf and that its maximum value is not equal to the 
sum of the maxima of these waves. It is seen that KirchhofFs 
law for the emfs in a-c circuits is used with instantaneous values 
of emfs, i.e ., a dynamic balance must be dealt with instead of a 
static balance, as is found in d-c circuits. 

6. Current and Emf Waves in a Circuit Containing Resistance 
Only.—General solutions will first be dealt with for several simple 
circuits in which an alternating current of any wave form is 
assumed to flow, particular mathematical solutions for the same 
circuits being considered later. Suppose that a wave of current 
from an a-c generator be sent through a circuit that is composed 
of a resistor, the resistance of which is constant. The instan¬ 
taneous value of the drop of potential across this resistor, i.e., the 
emf that must be impressed across the circuit to force the given 
current through it, will be a constant times the instantaneous 
value of the current, or 

e r = ri volts, (8) 

where e r is the resistance drop, volts; 
r is the resistance, ohms; and 

% is the current flowing in the circuit, amp, at the instant of 
time considered, 
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The emf wave of Eq. (8) will be of the same shape as the 
current wave and it will cross the axis in phase with it, since 
each ordinate of the current wave is multiplied by the same 
constant factor r to obtain the emf wave, as in Fig. 8. The 
ordinates of the emf and current waves may be equal, or either 
may be the greater, according to the scales chosen for each of 
the quantities used as ordinates. It is understood that values 
of time, or corresponding values of angle, are to be used as 
abscissas for all a-c waves. The waves of resistance drop—-the 
voltage impressed to force the current through the resistance— 
and the current are shown in Fig. 8. 



7. Current and Emf Waves in an Electric Circuit Linked with 
a Magnetic Circuit. —A conductor carrying a current has a 
magnetic field around the conductor. The strength of the field 
is proportional to the current that produces it, any variation in 
current causing a variation in magnetic flux. The magnetic 
flux and the electric circuit are interlinked, so that a variation 
of current causes a variation in flux enclosed. The variation 
of the flux, in turn, causes an emf to be induced in the circuit. 
In a circuit in which an alternating current flows, the magnetic 
flux is alternating and an alternating emf is induced in the 
circuit. 

The variation of the flux with the current will first be studied, 
applying the laws of the magnetic circuit; and then the emf 
induced in the circuit will be derived by the application of Fara¬ 
day’s law to the flu^ variation, As an illustration, consider a 
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coil consisting of a closely wound toroid or hollow ring in which 
the cross section of the coil is small compared with the radius 
of the toroid. Suppose that the same current wave as considered 
in Art. 6 is sent through this coil. From the laws of the magnetic 
circuit, it is found that the magnetomotive force in ampere 
turns is 


m — Ni ampere turns (9) 

at each instant of time corresponding with each instantaneous 
value of current, the current being expressed in amperes. This 



Fro. 9, Kolativo shape and position of current/, m, h, and flux waves for a coil 
with an air core. 


magnetomotive force is, therefore, a wave of the same shape as, 
and in phase with, the current, as shown in Fig. 9. The magneto¬ 
motive force expressed in gilberts is 

/ - 0.4^^' = k'i gilberts, (10) 

which is another wave of the same shape as, and in phase with, 
the current, also shown in Fig. 9. The field intensity or magnet¬ 
izing force at any point within the coil is then 

h * = k n % oersteds, (11) 

l, 

another wave of the same shape as, and in phase with, the current 
wave, as shown in Fig. 9, since all the factors in the equation are 
constants, and may be included in the scale factor k ". 

Since the flux density is B, where B = the flux passing 
through the coil may be stated as 
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4> = BA — maxwells, (12) 

where A is the area of the coil, sq cm; 

ix is the permeability of the core; 

Z is the length of the coil or ring, the circumference of a 
circle through the center of the circular sections of the toroid; 

B is the average flux density in the toroid; 

N is the number of turns in the coil; and 
4> is the flux enclosed by the coil. 

For a nonmagnetic material the value of the permeability is 
constant and equal to 1, for all values of current. For magnetic 
materials the value of the permeability is some function of the 
current and hence varies as a function of the time for a-c waves. 
The present discussion will be limited to coils with nonmagnetic*, 
and nonmetallic cores; the magnetic materials and other metals 
being discussed in the consideration of a-c machinery. The 
preceding equation, Eq. (12), with the limitation of nonmetallic 
cores, becomes 

4 > — — - y— • __ maxwe q g> (13) 

This wave is also of the same shape as, and in phase with, the 
current wave, as shown in Fig. 9. Equation (13) gives the instan¬ 
taneous values of the flux corresponding to instantaneous values 
of current flowing in the circuit, this flux varying through the coil 
from instant to instant with the same law as the current. 

8. Electromotive Force Induced in a Coil Due to an Alter¬ 
nating Current Flowing in That Coil.—From Faraday's law, 
Eq. (2), a varying flux will induce an emf in the coil so that 

e . — —N^ abvolts. (2) 

If the equation of the curve of variation of the flux is known, 
it may be applied to Eq. (2) and the equation of the induced emf 
may be derived. When this equation is not known, but the shape 
of the enclosed flux wave is given, so that its wave form may be 
plotted, the step-by-step method, explained in Art. 3, may be 
used. In Art. 3, the variation of flux was obtained by rotating 
the coil in a magnetic field. In this article, the flux is pro¬ 
duced by the current flowing in the coil, and the variation in 
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flux enclosed is produced by the variation in the current flowing. 
However, the values of flux tabulated are independent of the 
means by which the flux is obtained, so that the step-by-step 
method derived in Art. 3 applies equally well to this new deriva¬ 
tion, as is illustrated in Example 3, in which the first seven 
columns are used in the derivation of the induced emf wave 
corresponding to a given current wave. 

9. Electromotive Force to Overcome the Induced Emf.—In 
order to send the current through the coil, there must be impressed 
at each instant an emf equal and in opposition to the induced emf, 



Fig. 10.—Waves of current, flux, resistance drop, induced emf, emf to overcome 
the induced emf, and the impressed emf for a coil with an air core. 


producing a dynamic balance, similar to the force of action in 
mechanics in overcoming the force of reaction exerted by a mass 
being accelerated in any direction. The wave of impressed emf 
to overcome the induced emf must be of the same shape as the 
induced emf, but 180 deg. out of phase with it, as shown in 
Fig. 10, where the current, flux, induced emf, and the emf to 
overcome the induced emf are shown in proper phase relation to 
each other. Tfre equation of this emf is 

el = ~ei = abvolts. (14) 

From Fig. 10 it is seen that the emf to overcome the induced 
emf leads the current and flux waves. 

10. The Impressed Emf.—When an alternating current flows 
through a coil, there is a resistance drop, as discussed in Art. 6, 
and an emf drop to overcome the induced emf, as discussed in 
Art. 9. In order to cause a given alternating current to flow, 
there must be impressed an emf at each instant having a value 

e 0 = e r + el volts, (15) 
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called the “impressed emf.” It should be noted that, although 
the shape of each of the emf waves may be different, Eq. (15) 
must be satisfied at each instant. 

The derivation of the e/ wave and the addition of the waves to 
obtain the e 0 wave may be accomplished best, for an irregular 
wave of current and flux, by means of tabulation, as explained iri 
the previous paragraphs. The new columns may be added to 
Table II, Example 3, below. The value of <?q must be deter¬ 



mined for a sufficient number of values of the angle accurately 
to plot the wave of eo to the proper scale, which scale will be 
the same as that already established for the other emf waves, 
such a set of waves being illustrated in Fig. 10. It should be noted 
that the wave of impressed emf is in advance of the current 
wave, but by a smaller angle than that for the emf to overcome 
the induced emf. 

Example 3 

Derive the waves for e r , m , h, <t>, e<, «<', and e 9 by tabulation for the following 
current wave, assuming that N — 100, h = 0.9 m, <f> — 0.9 h, e* = —2A<j>, 
and r = 20. The waves are plotted in rectangular coordinates in Fig. 11. 

a = 0, 15, 30, 45, 60, 75, 90, 105, 120, 135, 150, 165, 180 deg. 
i = 0, 4, 6, 7.5, 9, 9.5, 10, 9.5, 9, 7.5, 6, 4, 0. 
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Table II 
Example 3 
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11. Generation of a Sinusoidal Wave of Emf. —Simple Sinu¬ 
soidal Quantity.—A simple sinusoidal quantity is the product 
of a constant and the sine of an angle having values varying lin¬ 
early with the values of the independent variable. Thus 

y = A sin (cox + o'), 


where A, co, and a. are constants. In Art. 1 a coil was 

considered as rotating at a 
uniform velocity in a uniform 
bipolar magnetic field; Fig. 12 
represents such a coil and field. 
When the coil is in such a posi¬ 
tion that its plane is perpendi¬ 
cular to the direction of the 
lines of force from the field, as 
in position HK, the maximum 
number of lines is enclosed by 
the coil. As the coil revolves 
through the angle a in the time t sec., the amount of flux enclosed 
is seen to follow the law, 



Fig. 12.—Generation of the sinusoidal 
wave e = E m sin a. by the rotation of a 
coil at uniform velocity in a uniform 
magnetic field. 


cos a — <£ m cos cot maxwells. (16) 

By Faraday's law the emf induced in the coil, due to the rate 
of change of the flux through the coil, is 


e . = X 10- 8 volts. 

at 


( 2 ) 


Hence, differentiating Eq. (16), and substituting this value for 
d<f>/dt in Eq. (2), the induced emf equation becomes 

6i = o)N$ m X 10" 8 sin cot volts, (17) 

The maximum value of the induced emf in Eq. (17) occurs 
when sin cot = 1.0, since cot is the only variable in time or angle in 
the equation. Hence, 

Em = coN® m X 10 -8 volts, (18) 

= 2TrfN$ m X 10- 8 volts, (19) 

and Eq. (17) may be rewritten 

ei = E m sin cot volts. 


( 20 ) 
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Equation. (17) is one of the most common equations in electrical 
engineering, and is the basis for the use of the sinusoidal equation 
in a-c calculations. 

12. Commercial Wave Forms.—Owing to the mechanical 
limitations of commercial machines, it is impossible to meet 
the conditions assumed in Fig. 12. Magnetic lines of force enter 
and leave iron surfaces perpendicularly to those surfaces, and 
hence it is impossible to obtain the flux distribution shown above. 
The slotted armatures used in modem machine construction 
and the magnetic effect of the current flowing in the armature 
conductors under load still further disturb the uniformity of the 
flux distribution. It is, therefore, practically impossible to 
construct an alternator that will generate in each coil a true sinu¬ 
soidal wave of emf at all loads. By a proper shaping of the pole 
faces, however, and by the distribution of the conductors over the 
armature surface, the wave form of the machine may be made 
to approach closely that of a sine wave at no load; the wave 
form of most commercial machines differs from a sine wave by 
such a small amount that no great error is introduced in simple 
calculations by assuming the wave to be sinusoidal. 

It is evident that the graphical methods so far studied are too 
cumbersome for the solution of complicated problems. It will 
be shown later that the mathematical solution of such problems is 
greatly simplified by the assumption of sine waves, and also that 
such calculations based on sine waves may be extended to include 
waves of any shape. It must be remembered, however, that 
expressions hereafter derived upon the sine-wave assumption 
may produce serious errors if used when the wave form differs 
materially from a sine wave, the only accurate solution in such 
cases being either the graphical methods so far considered or the 
extended mathematical analysis that will be developed in 
Chap. XYI. 

13. Relation of Frequency, Speed, and Poles for an Alternator. 

Period.—The period of a periodic quantity is the smallest value 
of the increment of the independent variable that separates recurring 
values of the quantity. In case the independent variable is time , the 
letter T is often used to designate the period. 

Frequency.—The frequency of a periodic quantity , in which 
time is the independent variable, is the number of periods occurring 
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in unit time. If the angular velocity of the fundamental is co, then 
the frequency is w/2tt. 

Cycle.—A cycle is the complete series of values of a periodic 
quantity that occur during a period. 

Angular Velocity.—The angular velocity of a periodic quantity 
is the frequency multiplied by SV. 

For any machine, when a point on the armature passes from the 
center of a north pole to the center of the next north pole, one 
cycle of flux change has been passed through. In general, there 
will be as many cycles in each revolution of the armature or field 
of a multipolar machine as there are pairs of poles on the machine. 
It must not be forgotten, however, that what really counts in 
determining the number of cycles of emf is the number of com¬ 
plete cyclic changes of flux through the armature coils in series. 
These principles will be illustrated by a few examples. 


Example 4 


How many cycles will be generated per second in an eight-polo machine 
revolving at 750 r.p.m. ? 


x = p(r.p.m.) 

J 2 X 60 

f _ 8 X 750 
1 2 X 60" ' 


50 cycles. 


Example 5 

What is the value of the flux per pole required for a two-polo machine 
revolving at 3,600 r.p.m. and generating a maximum omf of 2,000 volts 
with 500 turns in series on the armature, the flux change being assumed 
sinusoidal? What is the frequency? 


From Eq. (19), 


2 X 3,600 
J 2 X 60 


= 60 cycles. 




E m X 10* 
2*fN 


2,000 X 10 8 
2tt X 60 X 500 


= 1.06 X 10° maxwells. 


14. Methods of Comparing Waves.—So far no method has 
been discussed for comparing the values of different waves of 
similar wave form, or of dissimilar waves, except by the compari¬ 
son of instantaneous values at chosen angles or by the comparison 
of their maximum values. The method of comparison of instan¬ 
taneous values is unsatisfactory, since each wave has an infinite 
number of such values. Maximum values of similar waves might 
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be used for comparison (and such values will be used to a consider¬ 
able extent), since all other values at corresponding instants will 
vary in proportion to the maxima. For waves of dissimilar 
shape, however, the comparison of maxima will not assist in a 
determination of the comparative effect of the two waves, and 
other methods must be studied. The following paragraphs pre¬ 
sent two of the most common and most useful of these methods 
of comparison. 

15. Algebraic Mean or Average Value of a Wave. —One com¬ 
parison of waves, which might suggest itself, is that of the areas 
of the different waves. This comparison is difficult to make, 
unless the waves have the same frequency and are plotted to the 
same scale of coordinates. For the same scale, waves of different 
frequencies will have different periods and different lengths of 
base. If, however, the areas of the different waves are divided 
by their respective bases, there is obtained the average or 
algebraic mean of their ordinates. 

There are two average values which are regularly used for 
periodic quantities, that for a full wave or cycle and that for 
a half wave or half cycle. These values are defined as follows: 

Average Value of a Periodic Quantity.—The average value of a 
'periodic quantity is the algebraic average of the values of the quantity 
taken throughout one period. 

Half-wave Average of an Alternating Quantity.—The half-wave 
average of an alternating quantity is the absolute value of the algebraic 
average of the quantity taken throughout a half period. 

In the case of ordinary emf and current waves in a~c circuits, 
the average value is zero, but the half-wave average is not zero. 
For power waves and for emf or current waves with d-c com¬ 
ponents, the average value is not zero. In general, when the 
average value is referred to it is understood that it is the half¬ 
wave average that is required. 

Since electrical waves may be expressed as functions of time 
or angle as, e.g., 

e * f(t) = h(a) volts, (21) 


the area of one half wave may be found as 


Area of half wave 


s; 


eda volts, 


( 22 ) 
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The limits for Eq. (22) must be so chosen as to include one lobe 
of the wave between two crossing points 180 deg. apart on the 
time axis. If the instant the wave crosses the axis from negative 
to positive values is chosen as the starting point, a positive 
value will be obtained for the net area in Eq. (22). When this 
area is divided by the base, the half-wave average value of the 
wave becomes 

E av “ = - f eda volts. (23) 

base ttJo 

When the equation of the wave is known, it may be substituted 
for e in Eq. (23), and the integration performed mathematically. 



Fig. 13.—Elementary area of an emf wave. 


16. Graphical Method of Determining Half-wave Average 
Values.—When the wave is given and its equation is not known, 
graphical methods may be employed to determine its area or its 
mean ordinate. One method of accomplishing this is to divide 
the area under the wave into a number of small vertical trape¬ 
zoidal areas having equal bases and to obtain the sum of these 
areas for the total area under the curve. In the use of this 
method certain precautions must be taken, and, since it will be 
used extensively, a short review of this method will be given here. 

Choosing equal values of angular increments, as Aa in Fig. 13, 
the area is seen to be 

7r 2ir 

area of half wave = [<?Aa] = — ^5? [eAa], (24) 

a*0 as, 

where e is the mean emf during each interval Aa, the summation 
being taken over one half cycle in each case. Each small 
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trapezoidal area is therefore eAa. From this, 

7T 

21 eAa i 

E » == «-0 __ 

base Act X number of Act’s 

T 

2 [e ’ sJ 

=-— 7 —j volts, 

number of e s 

or the mean value of a number of equally spaced ordinates of the 
wave may be used as the value of E av . 

In using this method, however, certain precautions must be 
taken growing out of the above derivation of the equations. 
Using intervals of 10 deg., and a half cycle, or 180 deg. of the 
wave, should the beginning be made at 0 deg. and the last 
ordinate be taken at 180 deg., using 19 ordinates, or should the 
first ordinate be taken at 0 deg. and only 18 ordinates be used? 
The sum of the ordinates would be the same in either case and, in # 
fact, would be the same if only 17 ordinates were taken, omitting 
both the zero values. This leads to a discussion of whether the 
sum of the ordinates should be divided by 18, 19, or 17, obtaining 
different values (all of them wrong) for the value of E av . From a 
consideration of the method of derivation given above, the reason 
for this difference in value and the error may be seen. When 
adding ordinates at equal intervals, areas are actually being 
added, but to a different scale. Whatever method is used, a 
value proportional to the total area of the wave from 0 to 180 deg. 
must be obtained. When the 19 ordinates are used, a value is 
obtained proportional to the area from —5 to 185 deg.; when 
the 18 ordinates are used, beginning with the one at 0 deg., the 
crossing point of the wave, a value is obtained proportional to the 
area from — 5 to 175 deg.; and when only 17 ordinates are used, 
beginning at 10 deg., a value is obtained proportional to the area 
from 5 to 175 deg. None of these methods gives a value pro¬ 
portional to the true area of the wave and, hence, cannot give 
the mean ordinate, no matter what number is used for the divisor. 
If, however, the start is made with the ordinate at 5 deg., and 
18 ordinates, one every 10 deg., are Used, ending with the ordi¬ 
nate at 175 deg., a value is obtained proportional to the true 


(25) 

(26) 
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area, and the mean ordinate is found by dividing this value by 18, 
the number of ordinates taken. If the wave is plotted to some 
convenient scale, the ordinates may be obtained from the wave at 
5 deg., 15 deg., etc. 

17. Mathematical Determination of the Half-wave Average 
Value of a Sine Wave.—To illustrate the derivation of the half¬ 
wave average value of a wave from its mathematical equation, 
assume a sine wave of emf, crossing the axis when a = 0 deg., as 


e — Ey 

m sin a volts. 

(20) 

Substituting in Eq. (23) the value of e from Eq. (20), 


E„ = - f 

r 

eda volts 

(23) 

7T J 0 

1 C* 


= -l 

E m sin ada volts 


7TJ 0 

-*J 

f*T r 

' sin ada volts, 

0 

(27) 

since E m is a constant for 

any wave. By integration 

this 

becomes 

E , 

It 


777 _ ±J '>n 

Juav — 

— cos a\ volts 


7r 

0 


— - E m volts 

7T 

(28) 

= 0.636 E m volts. 

(29) 


From Eq. (29) it is seen that there is a constant ratio 0.636 between 
the average and the maximum values of any sine wave . 


Example 6 

Find the half-wave average of a symmetrical alternating wave of current 
having each half cycle consisting of an isosceles triangle with a maximum 
value of 100 amp. 

For such a triangular wave, which is symmetrical about a vertical axis 
at tt/ 2 rad., it is sufficient to consider only one-fourth of a cycle instead of 
one-half cycle in determining the half-wave average. The equation of the 
wave for this one-fourth cycle in terms of its slope is 

% = mot amp, 

where m is the slope of the line. Since the line passes through the origin, 
i = 0 when a = 0. When o: = tt / 2 , i - I n = 100 amp. Therefore, 
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100 


VlTT 

2 


or m 


200 , 

7r 


200 


amp. 


and 


The area under this curve is 


, area 


- f 

Jo 7T 


7T 

2Q0 [a 2 [2 
7T I 2 JO 


25tt. 


The half-wave average is this area divided by the base t/2, or 


Ia- 0 — 50 amp. 

18. Effective Value.—In examining the reason for the genera¬ 
tion of an emf, the conclusion must be reached that some measure 
of emf and current must be considered which has to do with the 
transmission of energy in the circuit. It has been found that 
there are certain relations between the current flowing in a circuit 
and the emf to be impressed across the circuit to make that 
current flow. At any instant when the current is i and the emf 
impressed e, the rate of flow of energy into the circuit, or the 
instantaneous value of the power, is 


p = ei watts. 


(30) 


When the circuit is made up of a resistance into which the energy 
flows, the energy being given off as heat, then 


e — ri volts. 


( 8 ) 


Substituting the value of e from Eq. (8) into Eq. (30), 


Hence, 


p = ri 2 watts. 


V 


— = ~e 2 watts, 
r r 


(31) 

(32) 


where e and r are in practical units, e in volts, and r in ohms. 
The average or mean power consumed during each cycle will be 
the same as the average for all the cycles, and may be expressed 


as 
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P = 


watts 


-[mean e 2 ] watts. 


(33) 


The average rate of flow of the energy, or the average power 
consumed by the resistance, is given by Eq. (33) for values of e 
and the resistance. In a similar manner the mean power is 
found to be 


P — r[mean i 2 ] watts. 

(34) 

For a d-c circuit the expression for power is 


E 2 

P = - 5 - watts, or 

K 

(35) 

P — RI 2 watts. 

(36) 

If, for an alternating wave form, the emf is 

defined as 

E = V[mean e 2 ] volts, 

(37) 

and the current as 


I ss \/[niean i 2 ] amp, 

(38) 


the emf and current units can be used in the power equations 
in the same manner as the corresponding d-c units. For example, 
a unit of alternating current defined by Eq. (38) produces the 
same rate of heating when passing through a given resistor as 
does a unit of direct current. These values of E and /, as given 
in Eqs. (37) and (38), are called the “effective” values of the 
emf and current. 

Effective Value of a Periodic Quantity.—The effective value of a 
periodic quantity is the square root of the average of the squares 
of the values of the quantity taken throughout one period . Thus, if y 
is a periodic function of t, 

Y = $£***’ 

where Y is the effective value of y and T is the period . 

It is seen that for power calculations the effective values of 
the waves must be used instead of the average or the maximum 
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values, and unless otherwise specified, when emf and current are 
expressed in volts and amperes , effective values are intended . 
Voltmeters and ammeters are calibrated to give readings in 
effective values. 

. Graphically to obtain the effective value of a wave, the 
wave of squared values must be plotted. Suppose that the 
effective value of an emf wave 
is desired. Instantaneous val¬ 
ues of emf are squared, and a 
curve is plotted through these 
points as shown in Fig. 14. 

The area under this squared 
curve, the cross hatched area in 
Fig. 14, must now be obtained 
and divided by the base line in 
order to get the average of the 
squared values of emf. The 
methods of Art. 16 may be 
applied in obtaining the average 
squared value. When this value of emf has been obtained, the 
square root is taken to give the effective value of the wave 
expressed in volts. This may be done analytically, if the equa¬ 
tion of the wave is known. For example, if the wave of emf is 
expressed as 

e = f(t) — h(a) volts, 
then the squared wave is expressed as 

e 2 - h 2 (a). 

The area under the squared wave is 

Area = ^h 2 (a)da. 



360 ° 


Fig. 14.—Graphical method of obtain¬ 
ing effective value of emf wave. 


The mean of the squared values is 


Mean e 2 


area 

base 


2w 


The effective value is the square root of mean e 2 and may be 
written 
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/ / 1 C** u u 

E - V j ° .= V&J 0 p2 ^ volt ' s - (39) 

The equation for effective current is 

1 = Vijo itda amp ' (40) 

Example 7 

Find by a graphical method the average and effective values of the wave 
shown in Example 3. 


Table III. —Average and Effective Values op a Current Wave 


Examrde 7 
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j __ 82.00 Aftg 

i av -J 2 ™ ~ O.oo amp, 

Area = = 646.48, . 

I = = 7.33 amp. 

19. Duty Cycle.—The heating of an electrical conductor 
carrying a variable current is proportional to the integrated 
mean heating due to i 2 r loss in that conductor. When the con¬ 
ductor carries current that varies with some predetermined set 
of events, such as a variable load on an electrical machine, the 
periodic variation in current t^ken by the machine is called a 
“ duty cycle.” The steady value of direct or alternating current, 
which will produce the same heating in the conductor through 
which the variable current flows, is used to determine the con¬ 
tinuous rating of the machine of which the conductor is a part. 
Since the conductor is part of the winding of an electrical machine, 
the heat caused by the flow of current in this winding is pro¬ 
portional to the square of this equivalent value of current, 
whether the current is direct or alternating. In determining 
this equivalent current, a complete cycle of events must be 
taken. The square of the instantaneous values of direct current 
or of the effective values of alternating current should be plotted 
as ordinates with time as abscissas. The area between this i 2 
wave and the time axis should be determined in a manner similar 
to that used for Example 7. The equivalent heating current is then 
found as the square root of this area divided by its base; i.e. y 


/ area under the i 2 wave 
\ time of one duty cycle am P* 


Example 8 

A d-c motor takes a current represented in a repeating duty cycle by 
100 amp for 30 sec., 50 amp for 30 sec., and 10 amp for 2 min. Find the 
value of the equivalent continuous current for this motor that will produce 
the same heating. 

The total cvcle lasts 3 min. or 180 sec. 

y . /lOO 2 X 30 + 50 2 X 30 + 10 2 X 120 


A 378,000 . A0 _ 

- \n®r “ 46,3 amp< 



32 


ALTBRNA TlNG-CURRBNT CIRCUIT# 


[Chap. 1 


20. Mathematical Determination of the Effective Value of a 
Sine Wave.—Using the same equation for the emf wave as used 
in the derivation of the average value of a sine wave, Eq. (20), 

g = E m sin a volts, (20) 

as representing any sine wave of emf,. and by the definition of 
the effective value in Eq. (39), substituting the value of e 2 from 
Eq. (20), 


or 

but, since 
and 


E 




Em 2 sin 2 ada volts, 


E 


IEJ f» 
V 27T J 0 


Sim a 


sin 2 ada volts, 
1 — cos 2a 


r. . , n - cos 2a J 

I sin 2 ada = I - 2 - 

-if*-if 


1 2,r 1 i 

= -a — Tsm 2 a\ 

2 o 4 I 

271', n 

= T + 0 


cos 2 ada 

2tf 

0 


Substituting this value in Eq. (42) 


(42) 


E = EmJ^. volts 
= A-E m = 0.707 E m volts. 

V2 


(43) 


Hence , there is a constant ratio , 0.707, between the effective and the 
maximum values of sine waves. 


Example 9 

( a the effective value of the wave of Example 6 which is an isosceles 
l«»ving an altitude of 100 amp and passing through the origin, 
ntt Example 6, the equation of the first quarter cycle of this wave is 

. 200 

% = —a amp. 
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2 /'2/200V 


a 1 da amp 


2 f240,000 


cAda amp 


/80,000U 3 |2 
/-PT-|3j 0 

7 = — 57.7 amp. 


The i 2 wave when plotted consists of two parabolas intersecting at 7r/2 rad., 
or 90 deg., for each half wave. 

21. Power Equation. —From Eq. (30) it is seen that 

p — ei watts (30) 

represents the instantaneous power, or the instantaneous rate of 
flow of the energy in a circuit, where e and i are expressed in prac¬ 
tical units. In such a circuit, with sinusoidal waves of emf and 
current, and using the current wave as a reference, 

i = I m sin a amp (44) 

and 

e = E m sin (a *+■ 6) 1 volts (45) 

represent any E and I waves for the same circuit. Substi¬ 
tuting the values of e and i from Eqs. (44) and (45) into Eq. (30), 
the power equation becomes 

p ~ E w I w [sin a sin (a + 0)] watts. (46) 

Expanding this equation, 

p — E m I m [(sin a cos 6 + cos a sin 8) sin a] 

= EnJm\ sin 2 a cos 6 + sin a cos a sin d] 
r, r f 1 “ cos 2 a . , sin 2 a . .1 

- EJ m -^- cos 9 ^- 2 — Sm 6 J 

= -[cos 6 — cos 2a cos (9 + sin 2a sin 8] (47) 

1 The numerical value of 6 may be either positive or negative depending 
upon whether the voltage is ahead of, or behind, the current in phase. A 
negative value of 6 is shown in Fig. 15, and a positive value in Fig. 16. In 
Fig. 17 the power wave is shown with 0 «s —90 deg., and in Fig. 18 with 
0 ~ 0 deg. 
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or 

p = ^[cos e - cos (2a + »)] watts. (48) 

Equation (48) is the equation of a sine wave of double the 
frequency of the original waves since 2a = 2oit = 2hr(2f)t , the 



wave being offset from the crossing point of the current reference 
wave by the angle $, and its axis of symmetry being offset from 
the axis of e and i by the distance El cos 6, as shown in Figs. 15, 
16, 17, and 18. 



Fig. 16.—Power wave p ~ ei with e leading i by angle Q. 


Instantaneous Power.—Instantaneous power is equal to the 
product obtained by multiplying the instantaneous current by the 
instantaneous potential difference at the terminals of the circuit. 
Instantaneous power is given in watts when instantaneous current 
is in amperes and instantaneous potential difference is in volts K 
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22. Active Power .—Active 'power is the time average of the values 
of the instantaneous power when the average is taken over a cycle 
of the alternating current . The value of the power in which the 
customer is interested, or which is required for the rating of 
machines, is the average or algebraic mean of the power wave 




given in Eq. (48) and is the active power. Since, by definition, 
the active power is 


area 

base 


-if* 

2irJo 


\pda watts, 


(49) 


and, by substituting the value of p from Eq. (48), 

P = — I e - cos (2 a + 0)] da watts, 

Ztt Jq 2i . 
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or, from Eq. (47), which is the better form for integration, 

p* — C r cos Qd a ~ cos 2a cos 6da + sin 2a sin 8da] 

4?r Jo 


4tt 

Emlvi 
47r 


cos 6 


sin 2 a 


cos 6 


or 


2 — ~ 2 
E m I m ( Em, \( I m \ a 

2 WV\V2j 


El cos 0 watts. 


cos 2a . 
sm 


(50) 

( 51 ) 


From Eq. (51), it is seen that the active power is the product of 
the voltmeter reading E by the ammeter reading I and by some 



Fig. 19.—Active power P, the net area under the power wave. 


factor equal to or less than 1 (cos 0 in the case of sine waves). 
This factor is called the u power factor ’’ of the circuit, or, in other 
words, the power factor is the factor by which the product of the volt¬ 
meter and ammeter reading must be multiplied (in single-phase 
circuits) to obtain the active power , or the reading of the wattmeter . 

The active power, as obtained in Eq. (51), is the integrated 
net area between the power wave and the time axis of the e and i 
waves divided by the base, or 2t. From an inspection of Fig. 19, 
this is seen to be a succession of positive areas and of negative 
areas. Each area represents the energy put into the circuit or 
received back from the circuit. If a portion be cut off from the 
tops of the positive loops, equal to the negative areas below the 
axis, by lines parallel to the axis, it will be seen that the part 
of the power loops remaining above the axis of symmetry of the 
power wave will just offset the “valleys” bounded by the power 
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loops and the axis of symmetry. Hence, the value of the average 
power, 

P = El cos 6 watts, (51) 

represents the constant distance between the axis of symmetry 
of the emf and current waves and the axis of symmetry of the 
power wave. When 6 = 90 deg. the positive and negative areas 
are equal, and when 0 = 0 deg. the entire area is positive. 

23. Measuring Instruments.—Before proceeding to a study of 
circuits it will be better to consider first methods of measurement 
of some of the quantities developed in this chapter such as cur¬ 
rent, voltage, and power. It is to be noted that in any instrument 
using a permanent or a constant magnetic field, e.g., the D'Arson- 
val-type d-c meters and the astatic meters for direct currents, 
the torque acting on the moving elements, at any instant, is 
directly proportional to the current flowing in the coil at that 
instant. The average deflecting torque will be directly pro¬ 
portional to the average value of the current over any whole 
number of cycles. Since the. average value of any a-c wave 
in which there is no d-c component is zero for a whole cycle 
or any whole multiple of cycles, it is evident that permanent 
magnets cannot be used in the construction of a-c meters except 
where the periodicity of the moving element is very low, as in 
the oscillograph. 

Hot-wire Instruments .—From Eq. (38) and its derivation it is 
seen that the average heating effect produced by an alternating 
current is I 2 R, the current being expressed in effective value. 
In the hot-wire type of instrument the current to be measured 
is sent through a wire that becomes heated owing to this cur¬ 
rent. The linear expansion of this wire is amplified and trans¬ 
mitted through a system of pulleys so as to cause a needle to 
move over a scale through an angle proportional to the expansion 
of the wire. Since the linear expansion of the wire is propor¬ 
tional to the heating, or to (mean i 2 ), the deflection of the needle 
will be proportional to the square of the effective value of the 
current in amperes. As the meter must indicate the first power 
of the current, the scale of such an instrument will not be gradu¬ 
ated uniformly as are the scales of d-c meters. Since the heating 
value of either a direct or an alternating current is PR, this 
type of meter will be equally accurate for a-c or d-c circuits, and 
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it forms one of the methods of direct comparison between the 
values of direct and alternating currents. This meter may be 
equipped with a series resistance, of the proper amount, and 
used also as a voltmeter for a-c circuits. The meter has zero 
correction for frequency and wave form, but it is difficult to keep 
it in accurate adjustment at different room temperatures, and it 
lacks a high degree of accuracy and sensitivity. It is not used 
at present commercially, to any great extent, except for high- 
frequency current measurements in wireless and telephone cir¬ 
cuits, where the other types of instruments would have a high 
inductance error. 



Fig. 20.—Diagram of an electrodynamometer type of instrument. 

Electrodynamometer Instruments .—In its simplest form the 
electrodynamometer type of instrument consists of two stationary 
coils and one movable coil, as shown diagrammatically in Fig. 20. 
The three coils are connected in series, the stationary coils being 
connected so as to act in conjunction, producing a field along the 
axis AB , while the field due to the movable coil acts along CD. 
The relative direction of the fields at a given instant is indicated 
by the arrows. When a current flows in the coils, the movable 
element tends to set itself so that its field is parallel to that of the 
fixed coils and the needle moves to the right over the scale. When 
the current reverses its direction, both fields reverse at the same 
time and the torque acting on the movable element remains in the 
same direction as before. Spiral springs supply the necessary 
retarding torque and also conduct the current into and out of the 
movable coil. The'torque, acting on the movable element, is 
proportional to the product of the two fields, or to the product 
of the currents in the fixed and movable coils, since there is no 
magnetic material with variable permeability in these coils, 
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Since the coils are all in series, the torque acting to deflect the 
needle at any instant is proportional to the square of the instan¬ 
taneous value of the current. Owing to the inertia and the long 
period of the moving element, there is no vibration at commercial 
frequencies and the deflection is proportional to the average 
torque, i.e., to (mean i 2 ) or to the square of the effective value of 
the current in amperes. As in the case of the hot-wire instru¬ 
ment, the scale is not uniformly divided. This type of instru¬ 
ment may also be used on d-c circuits and will give correct 
indications if the proper precau¬ 
tions are taken to eliminate the 
effect of stray magnetic fields. 

This may be done by taking 
reversed readings or by shielding 
the instrument with a soft iron 
shield. The coils of this instru¬ 
ment have some inductance that 
causes an error in the indication 
of voltmeters on circuits of very 
high frequency, or on circuits with 
higher harmonics of appreciable magnitudes in the emf wave, if 
calibrated at other frequencies and with sine waves. . 

Magnetic-vane Instruments .—In this type of instrument the 
moving element consists of one or more vanes or thin sheets of 
soft iron attached to a spindle, in place of the moving coil used in 
the dynamometer type of instrument. Figure 21 shows the 
arrangement as used by one of the manufacturers. The station¬ 
ary coil is inclined at an angle of ab#ut 45 deg. with the spindle, 
and the magnetic vane is inclined both to the spindle and to 
the axis of the coil. The current to be measured flows through 
the stationary coil, establishing a field along the axis as indicated 
by the arrows. The soft-iron vane tends to place itself parallel to 
the field, thus deflecting the. needle. The retarding torque is sup¬ 
plied by spiral springs, but these springs carry no current. 

The torque acting on the vane is proportional to the product 
of the field of the stationary coil arid to the magnetic induction in 
the iron vane, which, in turn, is proportional to the magnet¬ 
izing force of the coil, so long as the magnetic density in the vane 
is so low that the saturation of the iron may be neglected. The 
torque acting to deflect the needle at any instant is, therefore. 



Fig. 21.—Diagram of a magnetic- 
vane type of instrument. 
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proportional to the square of the current flowing at that instant, 
or the angle of deflection is proportional to the square of. the 
current in amperes. These instruments may be used on d-c 
circuits, but their indications are not so accurate as the standard 
d-c instruments, or as when used on a-c circuits, owing to stray 
fields and the retentive power of the iron of the vane. 

Ammeters .—In the hot-wire instruments the heating element 
for small values of current is constructed of a conductor of 
sufficient size to carry the current. For higher values of current 
a nonreactive shunt with zero temperature coefficient of resist¬ 
ance is used, the hot wire carrying only a fraction of the total 
current. 

The moving element of the electrodynamometer type of 
instrument carries but a fraction of an ampere, because the mov¬ 
ing coil must be as light as possible, and also because the spiral 
springs that conduct the current into the coil can carry only a 
fraction of an ampere without being materially injured. Shunts 
cannot conveniently be used with this type of instrument because 
the current will not divide between the coil and shunt in the 
inverse ratio of their resistances, owing to the inductance of the 
coils of the instrument. This desired division of current could be 
secured by a proper design of the shunt for a given instrument 
when moderate values of current are to be measured, and this is 
done for some laboratory standards. For instruments with 
high-current range, however, the skin and proximity effects in 
the conductor of the shunt may introduce other noncompensated 
errors. For this reason the electrodynamometer principle is 
seldom used for a-c ammeters. 

In the magnetic-vane type of instrument the stationary coil can 
be constructed to carry the entire line current, and, since there is 
no current to be conducted into the moving element, it is seen 
that this type of instrument is most suitable for commercial 
a-c testing work. Even this type of instrument, however, is 
limited to about 100 amp as the highest current for portable 
laboratory instruments. For higher values of current and for 
current measurements in circuits of high voltage, where the 
instrument must be insulated from the line potential, a current 
transformer is used, the primary being connected into the line 
and the secondary short-circuited by the ammeter. The 5-amp 
range of ammeter is standard for use with current transformers, 
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1,000 amp requiring a 200:1 current transformer. The insula¬ 
tion of the current transformer should be able to withstand the 
full line potential, and the secondary, or meter circuit, should 
always be grounded for safety to the operator where the primary 
potential is dangerous to life. 

Voltmeters .—Any type of instrument so far considered may be 
used as a voltmeter by placing a sufficient resistance in series 
with the meter element so that a very small current flows when 
the instrument is connected across the voltage to be measured. 
As in the case of d-c voltmeters the scale is not marked to indi¬ 
cate the effective value of the current in the coils, but the product 
of the current taken by the meter and the resistance of the meter 
circuit, or the effective value of the voltage impressed on the 
meter. 

Effect of Wave Form .—It is to be noted that, in the discussion of 
ammeters and voltmeters, no assumption has been made as to the 
wave form of the current flowing through the meter. In all cases 
the deflection is proportional to (mean i 2 ) } or the square of the 
effective current in amperes, independent of the form of the wave. 
The magnetic-vane instruments are the only ones of those 
discussed in which appreciable errors may occur due to ordinary 
variations in the wave form, and in these only if the magnetic 
density in the iron vane exceeds the saturation point of the iron. 

Wattmeters .—In the derivation of the expression for active 
power, it has been shown that the instantaneous value of the 
power is the product of the instantaneous values of the current 
and voltage. An instrument to measure active power must, 
therefore, partake of the nature both of an ammeter and of a 
voltmeter. This can be accomplished in the electrodynamometer 
type of instrument by winding the stationary coils with large 
wire so that they can be connected in series with the line to 
carry the line current at all times, and by placing a high resistance 
in series with the moving coil so that the coil and the resistance 
may be connected directly across the voltage. Since the resist¬ 
ance drop in the circuit of the moving coil will be large in reference 
to the induced voltage, no appreciable error will be made, at 
ordinary frequencies and power factors, in assuming that the 
current flowing in the moving coil at any instant will be 

ii — - = he. 
r 
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As the stationary coil carries the line current, the torque acting 
on the moving coil at any instant will be proportional to the 
product of the two currents, or, 

t — iii = kei = kp. 

Thus, with this arrangement, the torque at any insoant will be 
proportional to the power in the circuit at that instant. The 
average deflecting torque, and hence the deflection of the needle, 
will be proportional to the active power, and this will evidently 
be true whether the waves of the current and voltage are sinu¬ 
soidal or not. The coils of the instrument must be so connected 
that the two fields will produce a torque deflecting the needle to 
the right. If the direction of both currents is reversed, the deflec¬ 
tion will still be to the right or positive; but if either one is 
reversed without the other, the deflection of the needle will be to 
the left, or negative. 

In the special case of sine waves it has been shown that 

P = El cos 0. (51) 

An inspection of the power wave of Fig. 15 will show that for part 
of the time the voltage and current are of opposite signs, or the 
power over that period is negative, and hence, the torque acting 
on the moving coil of the wattmeter is negative, or it tends to 
deflect the needle backward. When the power is positive, the 
torque is positive, or it tends to deflect the needle to the right over 
the scale. The resultant deflection of the needle is, therefore, 
proportional to the active power. It will also be seen that as 
0, the angle between the two waves, increases, the magnitude 
of the power factor decreases, the area of the negative lobe 
increases, and that of the positive lobe decreases. Thus, for the 
same current and voltage, the negative torque on the meter coil 
increases and the positive torque decreases; thus the deflection of 
the needle is seen to be a function not only of the current and 
voltage but also of their phase relation. If Q is made equal to 
90 deg., the positive and negative power lobes will be equal, and 
the active power will be zero. There will be just as much torque 
(integrated area) tending to deflect the needle to the left of zero 
as to the right, and hence the instrument will indicate zero power 
for this condition. 
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For large values of current or for dangerous potentials, current 
transformers are used, as explained under ammeters, with 5 amp 
as the current range on the meter side. For the potential- 
coil circuit, resistances are common if the potential is not more 
than 600 volts. For higher voltage measurements potential 
transformers are used with their primaries connected directly 
across the line potential and their secondaries across the potential 
coils of the wattmeters. These instrument transformers may 
introduce certain errors, which are discussed under transformers 
in most textbooks on electrical machinery. 

Instrument Scales .—For the various types * of ammeters and 
voltmeters discussed in the previous paragraphs, it is seen 
that the average torque is proportional to (mean i 2 ) or, to the 



square of the effective value of the current. If a scale be laid off 
with equal divisions, as shown above the line in Fig. 22, this scale 
will represent equal increments of (mean i 2 ). Since, however, 
I = 's /[mean i 2 ], and it is desired to read the effective value of 
the current with an ammeter, or of voltage with a voltmeter, the 
scale must be laid off as shown below the line in Fig. 22, i.e:, 
a scale of the square roots of the equal deflections. Hence, the 
instrument really deflects in proportion to the square of the effec¬ 
tive value of E or I and must be made to indicate E or I by pro¬ 
viding it with a scale of unequal divisions. It is seen that an 
a~c instrument, with scale divided to indicate effective values of 
E or /, is more accurate at the higher part of the scale than at 
the lower part. Angularity in the position of the moving element 
in respect to the stationary coils will somewhat modify the 
scale, but the scale will never have uniform divisions as in a d-c 
D’Arsonval-type instrument. 
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In a wattmeter the deflection, for a constant power factor,-will 
be proportional to (mean ei) or to P. The scale for such an 
instrument will have uniform divisions except for the modifica¬ 
tion caused by the angularity of the moving coil in respect to the 
stationary coil. Since such an instrument can have no iron in 
its magnetic field without introducing frequency and wave-form 
errors, it cannot have an entirely uniform scale such as is found 
in the d-c instrument, the scale for most wattmeters being slightly 
more accurate in the center than at either end. 

Problems 

1 - 1 . In an armature, similar to the one illustrated in Fig. 1, one coil is 
located at AB and another at CD, as shown in Fig. 1-1. Rotate this arma- 



Fig. 1-1.—Figure for Prob. 1-1. 


ture at a uniform velocity in the direction indicated, plotting the wave 
shape of the flux enclosed and the emf induced for the coil AB against a as 
abscissas. Plot the emf waves for the coils AB and CD in proper relation 
against angles as abscissas. Each line shown in Fig. 1-1 represents 10,000 
maxwells. In counting the lines, the number should be estimated to the 
nearest 1,000 lines. Connect R to D on the outside, and bring out con¬ 
nections from A and C. Plot the resultant wave of emf 

2- 1. Same as Prob. 1-1, but use the flux distribution-shown in Fig. 2-1. 

3 - 1 . Same as Prob. 1-1, except coil CD is 60 deg. behind coil AB . 

4 - 1 . A wave of current represented by i = 1,000 sin 1,000£ is passed 
through a resistance of 15 ohms. Derive the equation for the emf drop 
across this resistance. Plot the current and emf waves. 
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5- 1. A triangular wave of current, having an equilateral triangle with 
symmetrical lobes and a maximum value of 10 amp, is passed through a coil. 
Plot the waves of i, h , <j>, and e r if r = 10 ohms, h = 2 i, and <f> = 2 h. 

6- 1. A symmetrical flux wave, having each half wave a semicircle and 
with a maximum value of 10,000 maxwells, is passing through a coil. This 
flux wave is produced by a current in the coil. Plot the waves of i, h , and 
c r if r *= 100 ohms, <j> - lOO/i, and h ~ lOi 

7- 1. Draw a sinusoidal wave of current with a maximum value of 1.00 
on a sheet of rectangular coordinate paper for 360 deg., using values of 
ordinates from trigonometric tables. Derive and plot waves of h , <f>, e-i, e r , 
and e oy tabulating all results, using h = 1.4i, <f> = l Ah, r = 2.0, ei = —4A<^. 
Plot these waves in proper phase relation on the same sheet of coordinate 


ix-0 



paper, and tabulate carefully the values on a separate sheet of tabular 
ruled paper. 

8- 1. Replace the current wave of Prob. 7-1 with a symmetrical triangular 
wave of current, having a maximum value of 10 amp, and plot the waves 
asked for in Prob. 7-1, the waves derived from this current wave, using the 
same graphical method. 

9- 1. Replace the current wave of Prob. 7-1 with a series of trapezoidal 
waves having equal maxima and symmetrical positive and negative lobes 
for the different half waves, and plot as in Prob. 7-1 the waves derived from 
this current wave, using the same graphical method. 

10- 1. Take the values for a wave of current frdm the following table, 
and plot the wave for 360 deg. Derive the waves for <£, e r , e iy eF, and e 0 , 
assuming N - 10, <i> - 0.9f, d - -0.4A*, and r - 5. Tabulate the 
results, and plot the waves in rectangular coordinates. 
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11 - 1 . A two-pole turbogenerator revolves at 3,600 r.p.m.; what is its 
frequency? 

12 - 1 . A certain waterwheel-driven generator has 80 poles and is to 
generate 60 cycles, (a) At what speed must it be driven? (6) At what 
speed for 50 cycles? 

13 - 1 . At what speed must a generator operate to produce a frequency of 
1,000 cycles if the machine has 100 poles? 

14 - 1 . A two-pole turbogenerator, rotating at 3,600 r.p.m., has a sinusoidal 
wave of emf of maximum value of 25,000 volts per coil, each coil having 
10,000 turns; what is the value of the flux from each pole? 

16 - 1 . Plot a sinusoidal wave of emf having a maximum value of 100 volts. 

By tabular method, derive the half- 
wave average of this wave. 

16 - 1 . Plot the current wave given 
in Prob. 10-1, deriving the values of i 
for the other angles from a smooth 
curve through * the given points. 
Tabulate these values, and derive the 
half-wave average of the current wave. 

17 - 1 . Find the half-wave average 
value of the wave form of current 
shown in Fig. 17-1, the maximum 
value of which is 18 amp. 

18 - 1 . Obtain mathematically the half-wave average of a semicircular 



2tc 
'3 

-Figure for Prob. 17-1. 


wave of emf having its diameter coinciding with the axis of abscissas and a 
maximum value of 50 volts. 

19 - 1 . Plot a sinusoidal wave of emf having a maximum value of 100 volts. 
By tabular method derive and plot the e 2 wave, and derive the effective 
value of the emf wave. 

20- 1. Plot the current wave given in Prob. 10-1. By tabular method 
from points obtained from the curve as drawn, derive and plot the i 2 wave, 
and obtain the effective value of the current wave. 

21 - 1 . Find the effective value of the wave form of current shown in 
Fig. 17-1. 


22 - 1 . The armature of a d-c motor is designed for an intermittent-duty 
cycle in which the current remains zero for 2 sec., 10 amp for 5 sec., 40 amp 
for 5 sec., and 100 amp for 2 sec. and this is repeated continually. What 
is the continuous-current rating of the armature? 





CHAPTER II 


SERIES CIRCUITS, SINE WAVE OF CURRENT AND 
ELECTROMOTIVE FORCE 

In Chap. I, some of the fundamental general laws of the 
a-c circuit have been derived. In this chapter, these laws are 
applied to simple series circuits under the limitation imposed 
upon the equations by the use of a sine wave of current passing 
through the circuit. It has been demonstrated that a sine 
wave of emf is generated in a coil revolving at a uniform rate 
in a uniform magnetic field. The average and effective values of 
such a wave have been derived as well as the power equation 
and the active power, when the current and voltage are in 
any phase relation with each other. 

24. Resistance Drop. Resistance.—Resistance is the property 
of an electric circuit or of any body that may be used as part of an 
electric circuit that determines for a given current the rate at which 
electrical energy is converted into heat or radiant energy. In the 
general case , resistance is a function of the current , but the term 
is most commonly used in connection with circuits where the resist¬ 
ance is independent of the current. In the latter case , the rate of 
energy conversion is proportional to the square of the current and 
the resistance is then equal to the power that is converted divided by 
the square of the current. 

Resistor.—A resistor is a device , the primary purpose of which 
is to introduce resistance into an electric circuit. 

Suppose that a sine wave of current, 

i = I m sin a = I m sin cd amp, (44) 

is passed through a circuit containing a constant resistance r 
ohms. Then, substituting the value of i from Eq. (44) into 
Eq. (8), 

e r = ri = rl m sin a - rl m sin cot volts (52) # 

is the equation of the resistance drop in the circuit, r being con¬ 
sidered constant during each cycle of the current. This emf 

49 
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will be a maximum when sin a has the maximum value of 1, and 

Em r = rl m volts. (53) 

Dividing both sides of Eq. (53) by \ / 2, the effective value of the 
resistance drop becomes 

E r = rl volts. (54) 

From Eqs. (52) and (53) 

i t = E m „ sin a volts, (55) 

which is plotted in conjunction with the current wave in Fig. 23. 
It is seen by an inspection of Eq. (55) and Fig. 23 that the resist - 



Fig. 23.—Sinusoidal waves of current and resistance drop in a series circuit. 


ance-drop wave is in phase with, and of the same shape as, the 
current wave, and that each ordinate of the current wave is multi¬ 
plied by a constant r to obtain the corresponding values of the 
emf drop wave due to the resistance. From this a new definition 
of resistance follows: 

Resistance.—Resistance may also be defined as the factor by which 
the current is multiplied to obtain the emf drop in phase with the 
current. 

25. Coefficient of Self-induction. —Self-induction is a conse¬ 
quence of the interlinking of the magnetic flux around a con¬ 
ductor with the current that produces the magnetic flux. Any 
change in the current causes a change in the flux linkages, and a 
p self-induced emf results. The direction of the induced emf with 
respect to the current was determined experimentally and is 
expressed by Lenz’s law. 
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23- 1. Same as for Prob. 22-1, except for the following duty cycle: 50 amp 
for 0.2 sec., 30 amp for 0.5 sec., and 12 amp for 0.3 sec. 

24- 1. Given an emf wave as shown 
in Fig. 24-1 having symmetrical 
positive and negative lobes, derive 
analytically the effective value for 
this wave. 

25- 1. Given two waves, 

e = 'Em sin «, E m - LOO, 

i = I m sin (a + 0), I m = 1.00, 



plot these waves and determine 
graphically and plot the power wave 
in proper phase relation to the emf and current waves. Find graphically and 
analytically the average value of the power wave. Check this value against 
the product of the effective values of emf and current. 1 

26-1. The wave of emf in Fig. 26-1 has a maximum value of 1,000 volts, 

and the wave of current has a maximum 
value of 100 amp. Plot the power 
wave, and find the active power and 
the power factor. 

27- 1. Consider the same waves of 
current and emf as in Prob. 26-1, except 
that the axis is crossed in synchronism. 
Plot the power wave, and find the ac¬ 
tive power and the power factor. 

28- 1. Same as Prob. 1-1, except that 
coil AB has 10 turns and coil CD has 20 
turns. 



Fig. 26-1.—Figure for Prob. 26-1. 


29- 1. Same as Prob. 2-1, except that coil AB has 10 turns and coil CD 
has 20 turns. 

30- 1. An emf represented by e - 200 sin (500£ + 30°) is impressed on a 
lamp having a resistance of 20 ohms; what is the wave of current flowing? 

31- 1. Choose a semicircular wave of current having symmetrical positive 
and negative lobes of radius 1.00 amp and its diameter coinciding with the 
axis of abscissas. Derive and plot the other waves as in Prob. 7-1 for this 
current wave, using the same graphical method. 

32- 1. Same as Prob. 10-1 except use the following data: 


Angle 
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1 Note to Instructor. —Assign to different members of the class values 
for 0 from 0 to 180 deg. by 10- to 15-deg. interval so as to cover the entire 
range of values for the angle of lead and lag, 
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33- 1. A 10-pole generator rotates at 3,000 r.p.m. What is its frequency? 

34- 1. A two-pole generator has a flux of 12 X 10 6 lines per pole so dis¬ 
tributed as to generate a sinusoidal wave of emf in a revolving coil. If the 
maximum value of E is 15,100 volts and the frequency of the induced emf 
is 2,000 cycles, how many turns should there be in the coil? 

35- 1. Plot the current wave given in Prob. 32-1. Tabulate values 
obtained from this curve, and derive the half-wave average for the current 
wave. 

36- 1. Plot the current wave given in Prob. 32-1. By tabular methods 
derive and plot the i 2 wave, and obtain the effective value of the current 
wave. 

37- 1. Obtain analytically the half-wave average and the effective values of 
a semicircular wave having its diameter coinciding with the axis of abscissas 
and having the positive and negative lobes symmetrical. 

38- 1. Obtain analytically the half-wave average and the effective values of 
a trapezoidal wave of emf having its positive and negative lobes symmetrical. 

39- 1. Choose emf and current waves both trapezoidal in shape with 
symmetrical positive and negative lobes and with the same length of base, 
their crossing points on the axis being 30 deg. apart. Plot the power wave, 
and determine the active power. Check this value against the product of the 
effective values of current and emf and the cosine of the angle of phase 
difference. 
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as with magnetic materials such as iron or steel, there is no 
constant value of inductance for the coil. For such coils Eq. (2) 
still holds and Eq. (57) becomes 

e i = — J~(Li) volts. (65) 

Such circuits are studied in detail in the treatment of transformers 
and reactors with iron cores. 

Example 10 

a. An iron core is placed in a coil having 300 turns, and it is found that a 
current of 3 amp produces a flux of 1,050,000 lines; what is the inductance 
of the coil for this value of current? 

10- = 800 X 1,060,000 X 10- = 105 Wy , 

b. If the current is reduced to 1.00 amp, the flux reduces to 780,000 lines; 
what is the new inductance of the coil? 

r ^ 1A _ a 300 X 780,000 X 10~ 8 0 t 

L = -y- X 10 8 = -- = 2.34 henrys 

The presence of the iron not only greatly increases the inductance 
of the coil, but it also causes the inductance to vary greatly with 
variations of the current. 

26. Induced Emf and Reactance. —Let the sine wave of current, 

i ~ Im sin a = Im sin cot amp, (44) 

flow through the coil that has just been considered. The 
induced emf is expressed by Eq. (57) as 

e* = —L~ volts, (57) 

where L is expressed in henrys and i in amperes. Differentiating 
Eq. (44) and substituting this value of di/dt into Eq. (57), 

ei ’= — CoLIm COS cot = —OoLIm cos a volts. (66) 

The emf to overcome this induced emf is 

el = e x = —e{ = ooLIm cos a volts. (67) 

Equation (66) gives the induced emf and Eq. (67) the emf 
drop caused by the inductance of the cpil The wqxxpnxpi value 
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of the emf in Eq. (67) occurs when cos a is a maximum, or when 
cos a is equal to 1, and is expressed as 

Em x = a>LI m volts. (68) 

Dividing both sides of Eq. (68) by a/ 2, to obtain the effective 
values of E x and I, 

E x = CO LI = 2t rfLI volts. (69) 

Replacing coL = 2irfL with x, a single letter, to represent these 
terms, 

E x — xl volts, (70) 

where 

x — coL = 2 tt/L ohms. (71) 

The drop due to the inductance, or the emf to be impressed to 
overcome the induced emf, is then 

e * = L % t . (67) 
= xl m cos a volts, (72) 

which is a sine wave 90 deg. ahead of the current wave. The 
graphical relation of these waves to the current wave is shown in 



Fig. 24.—Sinusoidal waves of current, reactance drop, and induced emf for a 
coil with an air core. 


Fig. 24. It is seen, from these equations of current and emf 
that the induced emf wave is 90 deg. behind the current wave, 
but that it has the same shape as the current wave. From 
Eq. (72) the emf consumed by the inductance is seen to be 90 deg. 
ahead of the current wave and to be the same shape as the 
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Lenz’s Law.—The induced emf in a circuit due to a change in 
flux linkages of the circuit tends to cause a current to flow in the 
circuit opposing the change in flux. 

As an illustration of the effect of self-induction, consider a 
closely wound coil in the shape of a toroid in which the area 
of the coil is small compared with the radius of the toroid. When 
a current flows in the conductor of the coil, the flux through the 
coil is given by Eq. (13), derived in Art. 7, as 


4> = 


DAirNiA 

l 


lines, 


(13) 


where the current is expressed in amperes. Since the flux is 
enclosed by all the turns of the coil, this value may be substituted 
directly in Faraday’s law, Eq. (2), to obtain the value of the 
induced emf. Hence, 

Ar d<?!) i o XT d( 0.4xAA4V n ,, 

= - Nj . 10-b = 10-volts 

= - ° - 4 ^ -io—^ vo i ts . (56) 


The term 0AttN 2 A/1 is a constant for any coil, being deter- 
mined by the number of turns and the geometrical relations 


in the coil; and Eq. (56) may be written 


Ci = —L— volts, 

(57) 

wl yre 


T QAttN 2 A. a a , 

L — --10 henrys. 

(58) 


Since the flux and the flux linkages for any circuit depend 
upon geometrical relations, Eq. (58) must be modified for the 
different forms of the electric circuit, such as the various shapes 
of coils' 1 and for transmission lines and distribution circuits. 

1 The value of L, as given in Eq. (58), should be corrected for the actual 
value, as given in “Inductance of Coils,” Morgan Brooks and H. M. Turner, 
Univ. III., Bull. 53 or Bull. Bureau of Standards , Reprint 169. These 
formulas correct the value of L for the shape of the coil, a correction made 
necessary by the fact that all the flux does not interlink all the turns of the 
coil. For some coils the correction is small; in any case, the value of L as 
found by the use of the correct formula is a constant less than one times 
the value in Eq. (58k 
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In any case, the factor L is a constant for circuits of constant 
permeability of the magnetic flux path. It varies as the square 
of the turns in the circuit for coils of the same dimensions. 

From Eqs. (2) and (57) it is seen that 


(?i = -J^ X 10- 8 = —volts, 


or 


X 10" 8 = volts. 

dt at 

(59) 

Solving for L in Eq. (59) 


L = X ^.10 -8 = A^plO” 8 henrys. 

at di at 

(60) 

Nd(f> X 10~ 8 = Ldi. 

(61) 

Integrating Eq. (61), 


Li = N4 X 10 -8 + C, 

(62) 


where C is a constant of integration. To evaluate C , consider 
the initial condition of the circuit where <f> = 0 when i = 0, the 
condition of no residual flux, as in a nonmagnetic material like 
air; then, substituting this condition into Eq. (62), it is found 
that (7 = 0 , and 


Li = N<f> X 10" 8 (63) 

for nonmagnetic materials. Hence, 

L — X 10" 8 henrys, (64) 

or the inductance is 'proportional to the flux linkages per ampere in 
any circuit . Equation (64) will be found convenient in many 
derivations and comparisons of inductances. From Eqs. (13) 
and (64) it is seen that, since the flux in a coil having a core of 
constant permeability ipcreases directly with the current, the 
inductance of such a coil must be constant. For coils in which 
the permeability varies over a considerable range throughout a 
cycle, or 


U = fit) = h(a) 
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and from these same equations and Eq. (79) 

cos 6 — T -> (82) 

and 

sin 8 = 5- (83) 

Equations (79), (80), and (81) give definitions of E 0 in terms of 
the constants of the coil. Rewriting Eq. (45), using these 
constants, 

e 0 = VV 2 + x 2 I m sin ( a + 9) volts, (84) 

or 

e 0 = zl m sin (a + 6) volts. (85) 

The maximum value of e 0 becomes 

Em o = Zl m VOltS, (86) 

since the maximum value of sin (a + 9) is 1. The effective 
value of E 0 is found, in terms of the effective value of the current, 
by dividing both sides of Eq. (86) by \/2, as 

E 0 = zl volts. (87) 

The quantity z — y/r 2 + x 2 , called the “ impedance of the cir¬ 
cuit,has the same dimensions as resistance and reactance. 

Impedance.—Impedance is the factor by which the effective 
value of the current is multiplied to obtain the effective value of the 
impressed emf. It is of the same order and dimension as resistance 
and reactance f and its unit is the ohm . 

From the relations in Eq. (80) it is seen that 

z'= y/ r 2 + x 2 — y/ r 2 + (2tt/I/) 2 ohms, (88) 

and from Eqs, (82) and (83), 


or 

and 


cos e = P.F. = l = 
z 

r = z cos 6 ohms, 


(89) 

(90) 


x » z sin 9 ohms, 


(91) 
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From Fig. 26 it is seen that the impressed emf leads the 
current by the angle 0, or the current lags the impressed emf 
by the angle 6. That is, the impedance due to the coil causes 
the current to lag the impressed emf; the greater the value of the 
inductive reactance in relation to the resistance of the coil the 
greater the value of this angle of lag and the lower the power 
factor of the circuit. 

28. Fundamental Differential Equation of an Inductive Circuit. 

The fundamental differential equation of an inductive circuit 
is obtained by substituting the values of e r and e x , in terms of i, 
and the constants from Eqs. (52) and (57) into Eq. (73) as 

rlij 

e 0 = n + L-^ volts. (92) 

This differential equation has no limitation as to sine waves, as 
have most of the other equations of this chapter, but it does have 
the limitation of a constant value of L, or of a coil with a non¬ 
magnetic core. 

29. Ohm’s Law of an Inductive Circuit.—The new Ohm’s law 
becomes 

E 0 = zl 

= aA 2 + x 2 I volts, 
or 


aA* 2 + % 2 

E 0 

— - 7 ======= rr^ amp 

VV 2 4- (2t/L) 2 


The power absorbed by such a circuit has been found to be 


P = E 0 I cos 6 watts, 

(51) 

but, from Eq. (82), 


T 

cos 6 — -j 
z 

(82) 

hence, 


T-) E 0 Ir ro 

p as- — y~ r W at,ts, 

z ’ 

(94) 


as in d-c circuits. Hence, all the power is absorbed by the 
resistance of the circuit, and none of the emf consumed by the 


(87) 


(93) 
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current wave. The scale between the maxima of the current 
and voltage waves is the value of x , which must have the same 
unit of dimension as resistance. This quantity, which is used 
for the combined terms in Eq. (71), or the coefficient of the 
current in Eq. (67), is called the “ reactance.” 

Reactance.—Reactance is the factor by which the effective value 
of the current is multiplied to obtain the effective value of the emf 
drop 90 deg. out of phase with the current; its unit is the ohm. 

Inductor.—An inductor is a device, the primary purpose.of which 
is to introduce inductance into an 
electric circuit. 

27. Impressed Emf and Im¬ 
pedance.—Since both the resist¬ 
ance and the reactance of a coil 
of wire must be considered at 
the same time, it is necessary to 
know the value and the phase relation of the impressed emf in 
reference to the current and the other emfs in the circuit. Let 
Fig. 25 represent such a circuit or coil, and let the current wave, 


En 


AAA-j— 

— E r— - 4 * — 


Fig. 25. —Circuit containing resistance 
and inductance in series. 


i = 7 W sin a amp, 


(44) 


be passed through the circuit. From the previous derivation it 
has been found that the resistance drop will be 

e r = rl m sin a volts, (52) 

and that the reactance drop will be 

e x = xl m cos a volts. (72). 


By KirchhofPs laws the sum of the instantaneous values of 
emf about any circuit must be equal to zero so that 

e 0 = e r + e x volts. (73) 

Substituting the values of the emfs from Eqs. (52) and (72) 
into Eq. (73), 

e 0 ~ rim sin a + xlm cos a volts, (74) 

or 

e 0 = I m [r An a A- x cos a] volts. (75) 

The relation of these waves is shown in Fig. 26, where the wave 
for e 0 is plotted from the sum of the ordinates of the e T and the e x 



56 


ALTERNATING-CURRENT CIRCUITS [Chap. II 


waves at corresponding values of a . The wave for e 0 is seen to 
cross the axis 6 deg. ahead of the current and to be of the form 

e 0 = E mn sin (a + 0) volts. (45) 

Expanding Eq. (45), to compare the terms with the identical 
Eq. (72), 

e 0 = sin a cos 0 + Em o cos a sin 0, 
or 

= ( Em o cos 0) sin a + (E m<k sin 0) cos a volts. (76) 



Pig. 26.—Sinusoidal wave of current, resistance drop, reactance drop, and 
impressed emf for the circuit of Pig. 25. 

Comparing Eqs. (74) and (76) it is seen that 

Em a cos 0 = rl m volts, (77) 

and 

Em o sin 0 = xl m volts. (78) 

Combining Eqs. (77) and (78), 

E m<> 2 sin 2 0 + E m f cos 2 0 == (r 2 + x 2 )I m 2 volts, 
or 

(79) 

where 

z — \/r 2 + # 2 ohms. (80) 

Also, by dividing Eq. (78) by Eq. (77), 


, * x 

tan 0 = -j 
r 


(81) 
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and 

To = n + 7*2 + . . . r n ohms, 

(100) 

X o = Xx + + . . . -\-X n ohms. 

(101) 

Equation (95) may, therefore, be written 

e 0 = r 0 I m sin a + x 0 I m cos a volts 



= Im (r 0 sin a x 0 cos a) volts. 

(102) 



Fig. 28.—Current and emf waves for the circuit of Fig. 27. 


Hence by similarity to Eqs. (75) and (84), 

e 0 = VVo 2 + x 0 2 I m sin (a + 8 0 ) volts 
= z 0 I m sin (a + 9 0 ) volts, 


where 


(103) 

(104) 


Zo = V Tp 2 + Xq 2 _ 

= 'V / (ri+r 2 + . . . +r n ) 2 +(^i+^ 2 + . . . +x n ) 2 ohms, (105) 
and 


, n Xo 

tan 6 0 = — 

To 


Xi + %2 + » - • d~ &n ^ 

rt + r 2 + . . . + r n 


(106) 


From Eqs. (54), (70), and (87) the effective values of the 
several voltages may be written 
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Er x = Iri volts, 

J Er 2 = Ir 2 volts, 

Er n — Ir n volts, 

Er o = E Tl + Er 2 + . . . + Er n = Kfl + ^2 + 

— It o volts. 

E Xi — lx i volts, 

„ E x — 1 x 2 volts, 

E Xn = Ix n VOltS, 

E Xq = E Xi + Ex z + . . - + E Xn — I(Xx + X 2 + . . • + %n) 

= Ix 0 volts. (108) 

Eo — lZo = I's/To 2 + £o 2 = 

iVCn+^H- - - - +r„) 2 +(a:iH-a: 2 + . . . +x„) 2 volts.’ (109) 

It can be seen from these equations that the group of imped¬ 
ances in series may be replaced, as far as the total circuit is 
concerned, by a single impedance that has a resistance of r 0 
ohms, a reactance of x 0 ohms, and an impedance of z 0 ohms, the 
single impedance being equivalent to the group of impedances 
as far as terminal relations are concerned. The power factor 
of the entire circuit is 


. . - + r n ) 

(107) 


COS do 


To 

Z Q 


Ti + r 2 + . . . + Tn 
Zo 


The total power absorbed by the circuit is 


P 0 — E 0 I cos 6 0 watts. 
Substituting the values of E 0 and cos*0^ 


(HO) 


(51) 


P 0 = IzJ— watts 

Zo 

— I 2 r 0 watts 

— I 2 Ti + 1 2 t 2 + . . . + I 2 T n watts, (111) 

or the total power is the sum of the losses in the several parts of 
the circuit. 
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inductance goes to produce losses in the circuit. The cyclic 
absorption and return of energy by an inductance will be dis¬ 
cussed later. 


Example 11 

A coil having a resistance of 2 ohms and an inductance of 0.002963 henry 
is connected across a 60-cycle a-c circuit. What is the impressed emf, 
the resistance drop, the reactance drop, the phase angle, the power con¬ 
sumed, and the power factor when 100 amp flow through the coil? 

Resistance drop: 

E r - rl - 2 X 100 = 200 volts. 

Reactance drop: 


co = 2tt 60 — 377 rad. per second, 
a « ojL « 377 X 0.00296 = 1.116 ohms, 
E x = 100 X 1.116 = 111.6 volts. 


Impressed emf: 

E 0 = -s/E r 2 "f* E x 2 . 

= V200 2 + UB’ = 229 volts. 

Impedance: 

2 = r = ii = 2 - 29ohms ’ 

or 

z = vV 2 H- z 2 = V2 2 + 1.116 s = 2.29 ohms. 

Power consumed: 

P = IV - 100 2 X 2 = 20,000 watts - 20 kw. 

Power factor: 

P.F. = cos 9 = ^ = gig = °- 875 = 87 - 5 P er cent - 

30. Series Circuit. —Let several coils be connected in series, as 
shown in Fig. 27, and let a current, 

i — I m sin a amp, (44) 

be sent through the circuit. The resistance drop in coil 1 will 
be 


er x =* Tilm sin # volte. 
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Since the same current flows through all parts of the circuit, the 
resistance drops in the other coils will be 

e r% — r 2 /m sin oc volts, 

e rn — r n I m sin oc volts. (52) 

The reactance drops will be 

'e x = XiI m cos a volts, 
e Xz = x<J m cos a volts, 


e Xn — x n Im cos a volts. (72) 

Applying KirchhofFs laws to the entire circuit the total 
impressed emf at any instant must be the sum of these instan- 



Fig. 27.—Two coils in series. 

taneous voltages, or 


e 0 = ril m sin a + r 2 I m sin a +' . . . + r n I m sin a 

+ £x/ m cos a 4- x%Im cos a + - • • + x n I m cos a volts. (95) 

An inspection of Eq. (95) and Fig. 28 shows that e r ,, e rst . . . e r 
are all in phase and add to form the wave 

Gr » ” Gr % Gr i "I” * • - + e r n 

— (n + r 2 4- - . . + r n )I m sin a volts (96) 

— r Q I m sin oc volts, (97) 

Likewise, e^, are all in phase and add to form the 

wave 

® 4* \ , < . 4- €a n 

® ($i 4“ + « « * + a?*) 90S gt yqlts (98) 

■« oos a volts, (99) 
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between different systems caused by changes in the charge and 
the incident flow of electric current, and of the consequent 
establishment of an electromagnetic stress. In other words, the 
transfer of the stored energy of the electrostatic field to the 
stored energy of the electromagnetic field, and the oscillations 
sometimes set up, which continue until the energy is finally 
dissipated by resistance in the form of heat, are all connected 
phenomena. Another explanation of some of the phenomena is 
attempted by the theory of the penetration of the charge into the 
dielectric separating the conductors. This theory seems to aid in 
the explanation of dielectric losses and the fact that, after a con¬ 
denser has been discharged quickly, another charge may be drawn 
from it after it stands for a short period. These phenomena, 
however, may also be explained by the laws of transient phenom¬ 
ena with leakage-resistance paths. 

32. Capacitance of Capacitors.—For the present purpose it is 
sufficient to consider that 

Q — CEc coulombs, 

where Q is the quantity of electricity stored in coulombs; 

C is the capacitance of the capacitor (a quantity similar to 
L and replacing terms depending upon the material of the dielec¬ 
tric and upon its dimensions); and 

E c is the emf in volts impressed on the terminals of the 
capacitor. 

When the capacitor is charging or discharging, the quantity of 
stored electricity will be changing by the same amount on each 
side of the capacitor. This will be manifested by a current flowing 
into one side and another current flowing out of the other 
side. From the definition of current as the rate of flow of the 
quantity of electricity, 

(112) 

from which the definition and the unit of capacitance is derived. 

Capacitance*—Capacitance is the factor by which the rate of change 
of the emf across a condenser is multiplied to obtain the current 
flowing , The unit s the farad } is that value which will cause an 

1 In Bq. (112) the positive sign is used before de c /dt } since an increase in 
voltage is require to produce a positive flow of current into tfe§ oapaoitor, 
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ampere to flow when the emf across the condenser is varying at 
the rate of 1 volt per second . The farad is too large a unit for most 
considerations, and the microfarad is more common, there being 
1,000,000 id in 1 farad. 



Fig. 29.—Sinusoidal waves of current and emf drop for a capacitor. 


33. Capacitive Reactance.—Suppose that the emf across a 
capacitor varies according to a sine-wave law, or 

e c = E nlo cos co£ = E m<} cos a volts. (113) 

The current flowing will be found by differentiating this equation 
and substituting the value of dejdt in Eq. (112) as 

i = — coCE mo sin a amp, (114) 

the maximum value of which is * 

Im = —<aCE mc amp, (115) 

since the maximum value of sin a is 1. The effective value is 
found as 

I = —uCE c = —27 vfCE c amp. (116) 

From Eq. (116), 

E c = -~jl = x c I volts, (117) 

where 

*• = ik = Wc ohms ( 118 > 

is the reactance of the capacitor at the frequency of / cycles 
per second. From the definition of reactance in Art, 26, it is 
geen that the reactance drop across the condenser is 90 deg. behind 
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Example 12 

Find the value of c 0 , the sum of two waves of emf represented by 

ei = 100 sin (a -f 30°), and 
6 2 = 200 sin (a - 60°), 

both waves being referred to the same axis of angle or time. 

The sum of these waves is given by 

eo = ei + volts 

= 100 sin (a + 30°) + 200 sin (a - 60°) volts. 

Expanding this equation, 

€q = 100 sin a. cos 30° + 100 cos a. sin 30° + 200 sin a. cos 60° 

— 200 cos a. sin 60 a 

= 86.6 sin a + 100 sin a + 50 cos a — 173.2 cos a 
= 186.6 sin a. — 123.2 cos a. 

Expressing e 0 as a sine wave in reference to the chosen axis, 
e o = E mo sin (a + do) 

= (E + 0 cos d a ) sin a + (E Mq sin do) cos ce, or 
E Wo = V186.6 2 + 123 2 2 = 223.5 volts, 

_109 O 

sin do = = -0.550, 

<9o = —33.3°, and 

6 o = 223.5 sin (« — 33.3°) volts. 

Example 13 

Two coils are connected in series, and a sine wave of current, having an 
effective value of 10 amp, is sent through the circuit. The resistances and 
reactances of the coils are as follows: n = 4 ohms, Xi ~ 12 ohms, r 2 = 18 
ohms, # 2=6 ohms. ( a ) Find the equation of the impressed voltage. 
( 6 ) Find the value of the single impedance that may be substituted for the 
two series impedances, (c) Find the equation for the impressed voltage 
using the single equivalent impedance. ( d ) Solve for the effective value of 
the impressed voltage. 

a. i = 10\/2 sin a — 14.14 sin a amp. 

From Eq. (95), 

e 0 = 4 X 14.14 sin a + 18 X 14.14 sin a + 12 X 14.14 cos a 

+ 6 X 14.14 cos a. volts 

ns 56.6 sin a + 254.5 sin a + 169.7 cos a + 84.8 cos a volts 
= 311 sin a + 254.5 cos a. volts 
= 402 sin {a. + 39° 17') volts. 

b . r Q = r x + r 2 = 4 + 18 = 22 ohms, 
x 0 - Xx + xi -12+6 = 18 ohms, 

zq — *\/ro 2 + Xo 2 — 's/ 22 2 + 18 2 = 28.4 ohms. 
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c. From Eq. (102), 

e 0 = rj m sin « + #o I m cos a volts 

= 22 X 14.14 sin a + 18 X 14.14 cos a volts 
= 311 sin a + 254.5 cos <x volts 
= 402 sin (a + 39°17') volts. 

d. From Eqs. (107), (108), and (109), 

Er 0 = In = 10 X 22 = 220 volts, 

E Xq = lx o = 10 X 18 = 180 volts, 

Eq = Izq = 10 X 28.4 = 284 volts. 

31. Capacitance and Capacitors. Capacitor—A capacitor is a 
device , the primary purpose of which is to introduce capacitance 
into the circuit. The earliest study of electricity had to do with 
what is known as “static electricity,” or stored electricity, in 
contrast with “dynamic electricity,” or the flow of electric 
current along a wire, which has so far been studied in this text. 
In other words, static electricity had to do with the potential 
energy of electricity stored rather than with the kinetic energy 
of the flow of electricity. The device in which the static electric¬ 
ity is stored is called a “capacitor.” 

For the present consideration, the “capacitor” is’supposed to 
be composed of two or more metallic conductors separated by 
some kind of an insulation called the “dielectric.” A commercial 
capacitor takes the form, in ordinary engineering practice, of 
sheets of tinfoil separated by sheets of paraffined paper, mica, or 
other good insulator. This consideration of the phenomena, 
however, does not bar other forms of capacitors using air for a 
dielectric, consideration of which will be given under the head of 
transmission lines, or of cables for telephones or underground 
transmission of energy, or of the windings of electrical machines 
which are, in effect, capacitors. 

The early theory accounting for the phenomena of the storage 
of electricity was based upon the supposition of a charge residing 
on the surface of the conductor. This theory explained most of 
the phenomena investigated by early scientists. With the 
development of the more modern theories of electricity and 
magnetism, however, new developments arose that could not 
be explained by this theory. From further studies grew the more 
modern theory of magnetic and electrostatic stresses in the 
surrounding medium as explaining much better the interaction 
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Power: 

P = El cos 0 

= 100 X 7.46 X 0.746 
= 560 watts, 

or 

P = I*r = 7~46 2 X 10 = 560 watts. 

35. Resistance, Inductance, and Capacitance in Series.—Con¬ 
sider the circuit of Fig. 32 
with resistance, inductance, 
and capacitance in series, and 
with a sine wave of current of 
single frequency, represented 
by the equation 

Fig. 32.—Circuit with resistance, induc- 
% as J m sin a. amp, (44) tance, and capacitance in series. 

flowing in the circuit. From Kirchhoff’s laws, 

e 0 = e r + ex + e c volts (124) 

= n + Zr^' + idt volts. (125) 


Equation (125) is the complete differential equation of a series 
circuit containing R, L, and C. Applying the sine wave of current, 
Eq. (44), to Eq. (125), 



So ~~ rl m sin ex, " [ coEI m cos ol ■ ■■ cos oc 

(126) 


= rl m sin a + ( x L + x c )lm cos a 

(127) 


= I m [r sin a + (%l + %c) cos a] volts, 

(128) 

or 

e 0 = zl m sin (a + 6) volts, 

(85) 

where 






(129) 

(130) 

(131) 
(82) 


( 132 ) 
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where the numerical value of Xc carries a negative sign. The 
maximum value of E 0 becomes 

Em Q = zlm volts, • (86) 

and the effective value is found to be 

E 0 = zl volts, (87) 

by dividing both sides of Eq. (86) by \/2. 



Fig. 33.—Sinusoidal waves of current, resistance drop, reactance drop, and 
impressed emf for the circuit of Fig. 32. 


36. Ohm’s Law for the Series Circuit.—The form of Ohm's law 
for a series circuit containing R, L, and C becomes 


I 



(133) 


An examination of Eq. (126) and Fig. 33 will show that the 
waves of 6l and ec are 180 deg. out of phase with each other, 
and that these emfs tend to counteract each other in the circuit. 
The resultant of e L and e c must be combined with e r to obtain the 
wave of impressed emf e 0 . E 0 may lead or lag or be in phase 
with the current wave in such a circuit, depending upon the 
relative values of eL and ec. The value of the angle 6 for the 
entire circuit is determined from Eqs. (131), (82), or (132). 


Example 15 

A coil having a resistance of 10 ohms and an inductive reactance of 20 ohms 
is connected in series with a capacitor having a capacitive reactance of 
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the current, or the current is 90 deg . ahead of the capacitive reactance 
drop. The relations of e c and i are shown in Fig. 29. It is to be 
noted that the sign of the numerical value of x c is always negative. 
34. Resistance and Capacitance in Series.—Consider the 


circuit of Fig. 30 with r and C 
current flowing in the circuit, 
represented by the usual equa¬ 
tion 

i = Im sin a amp. (44) 
From KirchhofFs laws, 

e 0 = e r + e c volts, (73) 


in series and with a sine wave of 


- 

—v V j - 1| 

Eo 

<■ - Ef- --»]■<-- * • w ~ Eq - > 


a V 


Fig. 30.— 

-Circuit containing resistance 


and capacitance in series. 


and from Eqs. (112) and (44) the differential equation becomes 



J 


idt volts. 


(tW 5 


Hence, substituting the value of i from Eq. (44), 


Oo 


rl m sin a — 


1 


COS a + K volts, 


( 120 ) 


where K is a constant of integration, determined by the previous 
condition of the circuit when the switch is closed, and upon the 
point of closing the switch on the impressed emf wave. For 
this consideration, Eq. (120) reduces to the steady-state form, 


where 

and 


rim sin a 


c oC 


I m COS OC 


= I m (r sin oc + x c cos oc ) 
= zl m sin (a + 0) volts, 


z = VV 2 + ^c 2 ohms, 


ban 6 = — 
r 


1 

2 wfC __ 1 

r 2irfCr 


n r 
COS 0 = -7 

z 

. n Xc 

z 


1 

2tt/(7 __ 1 

2 2 wfCz 


( 121 ) 

(75) 

(85) 

(80) 

( 122 ) 

(82) 

■ ( 123 ) 
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It is seen that tan 6, sin 6, and 6 are negative in respect to I as the 
reference wave. The waves of Eqs. (121) and (85) are shown in 
relation to the current wave in Fig. 31. It is seen, from an inspec¬ 
tion of these waves and the equations, that the impressed emf 
e 0 lags the current by the angle 6 , or, in other words, the current 
leads the impressed emf by this same angle. 



Fig. 31.—Sinusoidal waves of current, resistance drop, reactance drop, and 
impressed emf for the circuit of Fig. 30. 


Example 14 

A capacitor, having a capacitance of 300 >uf, is connected in series with a 
resistor of 10 ohms across a circuit having an emf of 100 volts at 60 cycles. 
What current , flows? What are the reactance and the impedance of the 
circuit, the power consumed, and the power factor? 


Reactance: 

x c 

Impedance: 

z 

Power factor: 


-1 _ -1 
2t rfC 2tt x 60 X 300 X 10" 6 


- 10 6 

377 X 300 


—8.84 ohms. 


VV 2 + a* 2 - V10 2 + 8.84 2 = 13.4 ohms. 


T 10 

P.F. = cos 6 = - = ~ = 0.746, 
z 13.4 ’ 

_Q 04. 

tan 6 « —= -0.884, d = -41° 4Q', 


Current; 



100 

13.4 


= 7-46 amp, 
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xl = —xc = 2j X 73.3 X 0.0531 = X 20 = 24.42 ohms. 

ou 

Current: 


I 



Eo 

r 


1,000 

10 


= 100 amp, 


Ztott = VlO 2 + 24A2 2 = 26.5 ohms. 


Drop across the coil: 

Ec. 0 n ■* 100 X 26.5 = 2,650 volts. 

Drop across the capacitor: 

-Ecap. = 100 X 24.42 -» 2,442 volts. 

It is seen that in this example the drop across the coil is more than twice the 
impressed emf, as is also that across the capacitor. 


38. Variation of Current in a Series Circuit with Variation of 
Frequency—Constant Impressed Emf.—In Fig. 34 the current 
taken by a given series circuit, containing constant values of 
R , L, and C, is plotted against frequency with frequency varied 
from values below to values above the one to produce resonance. 
It is seen that the current is a maximum at resonance, being equal 
to the impressed emf divided by the resistance. The smaller 
the resistance in the circuit, for a given impressed emf, the 
greater the maximum value of this current. As resonance is 
approached, the emfs across the coil and the capacitor both 
increase owing to increase in current, but the reactance of the coil 
increases owing to the increase in frequency, whereas the react¬ 
ance of the capacitor decreases. The emf-drop waves are shown 
on the same figure. At zero frequency the reactance of the 
capacitor is infinite, or the total emf drop, equal to the impressed 
emf, will appear across the capacitor, the current flowing being 
zero. As the frequency is increased, the reactance of the coil 
increases and that of the capacitor approaches zero at infinite 
frequency, and the coil tends to consume the entire emf impressed. 

Curves are plotted in Fig. 35 showing the variation of current 
with frequency with constant impressed emf for three values 
of circuit resistance. In all three curves the same values of 
L and C are used, viz., L = 0.15 henry tod C = 50 /if. Curve A 
is for a resistance of 20 ohms, the same as that used in the calcu- 
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300 

250 

200 

100 

50 

0 



Frequency 


Fig. 34.—Curves showing the variation of I, El, and Ec with frequency for a 
series circuit with E (> hold constant. 



Frequency 

Fig. 35.—Curves showing the variation of current with frequency for different 
values of resistance for a series circuit, L, C, and E 0 constant. 
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30 ohms across a 1,000 volt a-c circuit; find the current, the drop across the 
coil, the drop across the capacitor, the power consumed by the circuit, the 
power factors of the coil, and of the whole circuit. 

Total impedance: 

z ° ~ VV 4* (20 — 30) 2 = 14.14 ohms. 

Impedance of coil: 

*coii = Vto 2 + 20 2 = 22.4 ohms. 

Current: 


I 


Eo 

Z a 


1,000 

14.14 


— 70.7 amp. 


Drop across coil: 

Ecoii = 70.7 X 22.4 = 1,580 volts. 
Drop across capacitor: 

= 70.7 X 30 = 2,120 volts. 
Power factor of circuit: 


p p =1 = 10 

Zo 14.14 


» 0.707. 


Power factor of coil: 


^ = 0.447. 


Power consumed: 


P — I 2 r - 70.7 2 X 10 — 50,000 watts = 50 kw. 

37, Series-phase Resonance.— Series-phase resonance is the 
steady-slate condition that exists in a circuit comprising inductance 
and capacitance connected in series when the current in the circuit 
is in phase with the voltage across the circuit. In the complete 
series circuit, when x L is equal to —x C) tan 6 is zero and 6 becomes 
zero. In other words, even with inductance and capacitance 
in the circuit, the current and emf impressed may be in phase 
with each other when a sine wave of current of the proper fre¬ 
quency flows. This condition is called “resonance.”- Resonance 
may be produced in any circuit of any character for a particular 
frequency by the variation of either L or C or both, or, for a given 
L and C, by the variation of the frequency. From the condition 
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of resonance, for 6 equal zero, 

x L + %c = 0 , 
x L = —Xc ohms, 
or 

2irfL = 2nfC’ 

and, solving for /, 

/ = -cycles per second. (134) 

2WLC 

Equation (134) becomes the solution for the frequency that will 
give resonance in any series circuit. For current waves that are 
not simple sine waves some of the harmonics may produce reso¬ 
nance in a series circuit. For a fixed value of frequency the 
product of the capacitance in farads and of the inductance in 
henrys is the important consideration for the production of reso¬ 
nance. The method of variation of L and C is used in wire¬ 
less operation for tuning the circuit for a given frequency of 
transmission. 


Example 16 

If the values of reactance in Example 15 are given at 60 cycles, what 
frequency will produce series-phase resonance in the circuit? With 1,000 
volts impressed at resonant frequency what current will flow and what will 
be the drop across the capacitor and across the coil? 

Inductance : 

^ = 0.0531 henry. 

<o co 677 

Capacitance: 


-1 _ - 10 c 
cox e 377 X (-30) 


88.4 juf. 


Frequency for resonance: 


f — - 7 =r cycles per second, 

2 t tVLC 

LC = 0.0531 X 88.4 X 10~ 6 = 4.70 X 10~ 6 , 
VLC - 2.172 X 10-*, 


/ = 


1 

3tt X 2.172 X IQ" 3 


10 3 

13.63 


= 73.3 cycles per second, 


and 
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Since the resonant frequency is determined by the product LC, 
there are an infinite number of values of L and C that will produce 
resonance at a given frequency. Three values are illustrated in 
Fig. 36 where curve A is again the same as shown in Fig. 34. For 
curve C the resistance is kept constant at 20 ohms, the inductance 
is doubled, and the capacitance is halved. For curve B the 
inductance is divided by 3 and the capacitance is multiplied by 3. 
It is seen that resonance occurs at 58.2 cycles in each case and 
that, with constant resistance, an increase in inductance and a 
corresponding decrease in capacitance increases the sharpness of 
the tuning of the circuit. This may be explained by considering 
that, in a circuit having small inductance and large capacitance, 
the resistance is the predominant factor in the impedance over a 
considerable range of frequencies on either side of resonance. 

40. Energy in a Series Circuit Containing Resistance Only.— 
From Eq. (30) it is seen that the power, or rate of transfer of 
energy in any circuit, is given by 

p = ei watts, (30) 

where p is the instantaneous power; 

e is the instantaneous emf consumed; and 
i is the instantaneous current flowing in the circuit. 

For a circuit containing resistance only, 

e = e r = n volts. (52) 

Substituting the value of e r from Eq. (52) into Eq. (30) and multi¬ 
plying both sides of the equation by dt, 

dw = pdt = e r idt = ri 2 dt joules, (135) 

where dw is the instantaneous change of energy flowing in the 
circuit. Integrating Eq. (135) between any limits of time t x 
and h 

W = J* % pdt — J\ r idt — joules. (136) 

When i = I, a steady value of current, Eq. (136) becomes 

W = rJ^Pdt = rP(t 2 — tx) joules. (137) 

When t is in seconds, W is in joules, and when t is in hours, 
W is in watt-hours. The more common unit for the sale of 
energy is the kilowatt-hour , which is 1,000 watt-hr, 
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For sine waves of emf and current, 


i — I m sin ut amp, 
e r = rl m sin cd volts, 

and 

(44) 

(52) 

W = frl m 2 sin 2 cddt joules 

jh 

(138) 

— r/ m 2 ^ 2 sin 2 cddt joules. 

(139) 

Taking one complete cycle from ti = 0 to t 2 — T 
is the period of the waves, 

sec., where T 

W = rl m 2 f T sin 2 a )tdt joules 

(140) 

rl 2 C T 

— 1 (1 — cos 2cot)dt joules 

rim 2 j sin 2wt T . , 

= 2 f “ 2C0 o joules 

= T r -I~ joules 

(141) 

= TrI 2 joules. 

(142) 

This value of energy is seen to be the average power multiplied 
by the interval of time chosen, which is true for any interval. 
This energy is dissipated in heat since, no matter what interval 
of time is chosen, there is no negative value of W, i.e., no electrical 
energy returned to the circuit. 

41. Energy in a Series Circuit Containing Inductance Only.— 

In an inductive circuit, from Eq. (72), 

e x = Z/~ volts, 

(72) 

dw = pdt — e x idt , 

= Lidi joules, 

(143) 

at each instant. The total energy supplied to the circuit during 
any interval of time (t 2 — h) is then 

W = joules, 

(144) 


where 


and 


i = 1 1 when t = ti, 
i = 1% when t = t%. 
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lations of the quantities in Fig. 34. Curve B shows the variation 
of current with the resistance increased to 40 ohms and curve C 
for a resistance of 80 ohms. Since the product LC is constant, 
resonance occurs at the same frequency in all three cases. The 
curves are, however, quite different in form. Near the point 
of resonance, a small change in frequency produces a much greater 
variation in current in circuit A than in circuits B or C. Cir¬ 
cuit A is said to be more sharply tuned than circuits B or C, and 
it is seen that a decrease in resistance' increases the sharpness of 
tuning. This is important in radio circuits where sharpness in 
tuning is usually desired. 

39. Variation of the Voltage in a Series Circuit with Variation 
of Frequency—Current Constant—For constant values of cur¬ 
rent, the resistance drop from Eq. (54), 

E r — rl volts, (54) 

may be plotted as ordinates against frequency, as shown in 
Fig. 37. From Eq. (54) and the curve, this is seen to he a 
straight line parallel to the frequency axis. In a similar manner, 
the drop across the inductance of the circuit becomes, from 
Eq. (69), 

El = 2irfLI volts, (69) 

which is a straight line through the origin, as shown in Fig. 37. 
On the other hand, the drop across the capacitance is given by 
Eq. (117) as 

E c = volts > (n?) 

which, is an equilateral hyperbola in the fourth quadrant with 
emf and frequency as asymptotes, as shown in Fig. 37. 

From these values of E r , E L , and E c the impressed voltage may 
be determined by the use of Eq. (126). This is shown in Fig. 37 
to the same scale as the other emf curves. At resonance E 0 has 
its minimum value, or E r . Since the current is constant for all 
the curves in Fig. 37, they also represent the variation of the 
circuit constants r, x L , x c , and z, with varying frequency of 
the sinusoidal current. A scale of these constants in ohms is 
shown on the vertical axis in Fig. 37. These scales are found by 
dividing the scale of volts by the value of 
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Fig. 36.—Curves showing the variation of current with frequency for dif¬ 
ferent values of inductance and capacitance in a series circuit passing through 
resonance, Eo constant. 



Fro. 37.—Curves showing the variation of the emf drop across the resistance, 
the inductance, and the capacitance and the impressed emf for a constant-current 
series circuit containing R t L , and C, frequency being varied. 
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Hence, the total energy change becomes 

W = >^L[/ 2 2 — /i 2 ] joules, (145) 

during the interval of time (Z 2 — h) sec. If 7 X = 0 when t = ^ 
or at the start, then 

W = HL7 2 2 joules, (146) 

where / 2 is the final value of the current. Hence, the value, 

W = joules, 

in Eq. (145) must represent the energy contained in the circuit 
at the instant h due to the current h. In practical units the 
energy change in the circuit in joules is seen to be one-half the 
inductance in henrys multiplied by the difference of the squares 
of the current in amperes. If is greater than Ii the energy is 
positive or is added to the circuit; if Z 2 is less than 1 1 the energy 
is received from* the circuit. The above total change in energy is 
independent of the path of change , or of the intermediate values of 
I during the interval of time chosen , but depends only upon the 
* terminal values of the current. 

For sine waves of current and voltage some interesting conclu¬ 
sions may be drawn. Let 

i = I m sin cot amp, (44) 

and 

» e x = 2TfLI m cos cot volts. (67) 

Substituting these values of e x and i into Eq. (143), 

dw — 2irfLI m 2 sin cot cos cotdt joules 

= 7r fLI m 2 sin 2cotdt joules. (147) 

The energy change during any interval of time from h to U is 

W = f h pdt= f\fLI m 2 sin 2cotdt joules. (148) 

jti 

For one complete cycle, from h — 0 to t 2 = T = 1//, 

W = rfLIjff sin 2cotdt joules, 
or 

W = TfLlA-^^ T = 0 joules, (149) 

! aco q 
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or there is no total energy change. The same result will be 
obtained for one half cycle, or from ti = 0 to t 2 = T/2. For one 
quarter cycle, from ti = 0 to h = T/ 4, 

T 

W = - cos 2w< 4 = joules, (150) 

Zco o * 

or this amount of energy is stored in the magnetic field of the 



Fig. 38.—Curves of current, inductive drop, power, and stored energy for a 
circuit containing only inductance. 


circuit. During the next quarter cycle, from t\ = T /4 to 

u = r/2, 

i t 

w TrfLI m 2 n 2 LI m 2 . , 

IF = —-cos 2co£ =-joules, (151) 


or the same amount of energy is returned as was stored during the 
preceding quarter cycle. During the next quarter cycle, from 
ti = T/2 to h = 3T/4, 

w = joules 


is again stored. This amount is again returned during the fourth 
quarter cycle, or from ti = 32V4 to t 2 = T. Hence, although 
the net power consumed by an inductance is zero, there is con¬ 
siderable surge of energy into and out of the circuit containing 
inductance. The energy is stored in and released from the 
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.magnetic field surrounding and linking with the circuit. The 
relations between current, inductive reactance drop, and power 
and energy stored in the magnetic field for the inductive circuit 
are shown in Fig. 38. 

42. Energy in a Series Circuit Containing Capacitance Only.— 

In a circuit containing a capacitor, since 

i = amp (112) 

and 


dw = pdt = ecidt = Cecdec joules (152) 

at each instant, the total energy supplied to the circuit during 
any interval of time (t 2 — h) is 


where 

and 

Hence, 


where 


W = f h pdt = ff* Ce c de c joules, (153) 

Jt\ JE i 

eo — E i when t = t 1} 
e c = E 2 when t = t 2 . 

w = - Et" 1 } joules, (154) 

W = y 2 CES joules 


is the energy stored in the circuit at the end of the interval, or 
at t = U (see Eq. 146). If E i = 0, then 


W = Y 2 CE<? joules (155) 


is the energy added to the circuit containing an uncharged capaci¬ 
tor. If Ei is greater than E i, energy is added to the circuit; but 
if E 2 is less than E\, energy is taken from the circuit. 

For sine waves of current and voltage some interesting conclu¬ 
sions may be drawn. Let 

i = I m sin co£ amp, (44) 

and 


1 

2t rfC 


ec = 


I m cos ort volts, 


( 121 ) 
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when r = 0. Hence, 


dw — Cc'idt joules 


—ty Ln 2 sin coi t cos ootdt 
coC 


2o)C 


I m 2 sin 2 (Adi. 


For one cycle, or from 1 1 = 0 to t 2 = T, 

r i * 

IF = I — sin joules, 

Jo 


or 


W = 


Im* 
2 wC 


cos 2o)£| 


2 co 


0 j 


For the first quarter cycle, from = 0 to fo = T/4, 


IF 


' 2coC| 
I rn 2 
2co 2 C 


cos 2co£| 


2co 


joules 


CEJ . 


joules, 


(156) 


(157) 


(158) 


or energy is given up by the circuit. During the next quarter 
cycle the same amount of energy is again stored in the circuit. 

The relations between current, capacitive reactance drop, and 
power and energy stored in the dielectric field of the capacitor 
for a capacitive circuit are shown in Fig. 39. 

43. Energy in a Series Circuit Containing an Inductance and a 
Capacitance.—In an a-c series circuit containing an inductance 
and a capacitance in series, and with the current wave used as 
the reference, the energy stored in the inductance is zero when the 
current is zero (a = 0), but it is a maximum in the capacitor 
at this same instant, since e c is a maximum. During the next 
quarter cycle the energy stored in the inductance increases 
while that in the capacitor decreases, so that when a — 90 deg., 
the energy stored in the capacitor is zero and that in the coil 
is a maximum, since % = I m . For a resonant series circuit, the 
energy needed by the coil is supplied by the capacitor, and this 
is again restored to the coil periodically each half cycle; the only 
energy supplied from the external circuit being that for the DR 
losses in the circuit resistance. For any other series circuit the 
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excess energy required by the coil or by the capacitor must be 
supplied temporarily from the external circuit during one quarter 
cycle, and this is again returned during the succeeding quarter 
cycle. The relations for a given current between the energy 



Fig. 39.—Curves of current, capacitive drop, power, and stored energy for a 
circuit containing only capacitance. 



Fig. 40.—Curves of current, energy stored in inductance, and capacitance for a 
resonant series circuit. 


stored in the magnetic field and the dielectric field for a resonant 
circuit are shown in Fig. 40. 

In the integrations illustrated in Arts. 40 to 42, energy is 
represented by the area between the instantaneous-power wave 
and the time or angle axis. Since at any instant in a series 
circuit 


Wl = 


LI 2 2 


joules, 


2 


(146) 
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and 

Wc = joules, (155) 

where 72 is the value of i when a = 0 % any instant; and 
is the value of e when a = a 2 , the same instant. 

These values of energy cannot be equal for all values of a or t 
even in a resonant circuit. However, in any resonant circuit, 
the coil absorbs the energy in the exact amount that the capacitor 
gives it up, and vice versa. The process of the interchange of 
energy is for the energy of the electrostatic field to transfer 
into the energy of the electromagnetic field by the flow of current, 
and for the electrostatic field again to be built up by the emf 
that is induced in the circuit when the current (or the electro¬ 
magnetic field) changes. This is represented mathematically by 
saying 

i = amn. Cl 121 

U/0 

and 

« = Lj t volts. (72) 

Indeed, these two equations are fundamentally based on. the 
energy-change equations. 


Problems 

1- 2. A resistor used for a heating element in a flatiron has a resistance of 
18.3 ohms. A current i = 8.5 sin 37 7t amp flows through the resistor. 
What is the equation of the emf impressed across the resistor? What is the 
effective value of the current and emf? What is the frequency of the system 
to which the resistor is connected? Draw the wave forms of current and 
resistance drop. 

2- 2. A resistor of 1,840 ohms has a 760-cycle current of 0.38 amp, effective 
value, flowing through it. What is the equation of the current and the 
impressed emf? Draw the wave forms of current and emf, 

3- 2. In a coil wound in the form of a toroid, the diameter of each turn is 
5 in., and the diameter of the circle through the centers of the turns is 25 in. 
The coil is wound with 1,000 turns of copper wire having a resistance of 
4 ohms per 1,000 feet, (a) What is the resistance of the coil? ( b ) What is 
the coefficient of self-induction of the coil? 

4- 2. A circuit has an inductance of 0.21 millihenry. Calculate the react¬ 
ance when the frequency of the circuit to which it is connected is 60 cycles, 
3,500 cycles. 
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5- 2. A coil with a very low resistance has a coefficient of self-induction 
of 6.8 X 10 4 henry. A sine wave of current having a maximum value of 
0.356 amp and a frequency of 1,680 cycles flows through it. What is the 
equation of the emf impressed across the coil? Draw the wave forms of 
current and emf. 

6 - 2. A certain circuit has a resistance of 20 ohms and a coefficient of self- 
induction of 2.1 X 10“ 3 henry. Find the impedance of the circuit at 
frequencies of 0, 15, 60, 760, and 5,500 cycles. 

7- 2. A coil has a resistance of 2 ohms and a coefficient of self-induction of 
0.015 henry. A current i = 28.28 sin 1572 amp is passed through the coil. 
Write the equations for e r , e Xj and e 0 , and draw the wave forms for i , e r) e x , and 
e 0 - 

8 - 2. A coil has a resistance of 3.2 ohms and an inductance of 7.3 X 10“ 4 
henry, (a) A current of 1.68 amp at 25 cycles is passed through the coil. 
Write the equations for i e r , e x , and e a , and draw these wave forms. ( b ) A 
current of 1.68 amp at 2,260 cycles is passed through the coil. Write the 
same equations, and draw the curves asked for in (a) and compare these 
results. 

9- 2. What is the angle of lag in a circuit having a resistance of 40 ohms 
and a reactance of 30 ohms? 

10- 2. An inductor has a resistance of 5 ohms and an inductance of 0.04 
henry; find the equation of voltage necessary to send a current of i = 28.28 
sin 3772 through the inductor. 

11- 2. A coil has a resistance of 100 ohms and a coefficient of self-induction 
of 0.2 henry; what impressed emf is required to send 200 amp at 60 cycles 
through this coil? What is the resistance drop? What power is consumed? 
What is the value of the induced emf? What is the power factor? 

12- 2. The same coil as used in Prob. 11-2 is connected across a 11,000-volt 
25-cycle circuit. What current flows? What power is consumed? What is 
the power factor? 

13- 2. A coil having a resistance of 60 ohms and a coefficient of self-induc¬ 
tion of 0.2 henry is connected across a 10,000-volt 60-cycle generator. What 
is the value of the current taken from the circuit? Sketch in the waves of 
i, e r , e X) and e 0 . 

14- 2. A coil having a resistance of 150 ohms is connected to a 22,000-volt 
60-cycle a-c circuit and takes a current of 100 amp. What is the inductance 
of this coil? 

15- 2. A circuit that has been operating at 60 cycles with a lagging current 
having a power factor of 0.866 and drawing 200 amp from a 1,200-volt 
circuit is to be changed to 25 cycles with the same voltage. What must be 
the new inductance to maintain the same current and power factor? 

16- 2. A certain coil has a resistance of 50 ohms and a reactance of 50 ohms 
at 25 cycles.' What effective emf must he impressed across this coil to send 
the current i — 28.2 sin 3772 through this coil? 

17- 2. A circuit having a lagging current of 200 amp at 2,400 volts and 
having a power factor of 0.866 at 50 cycles is to be changed to 60 cycles. 
What change in resistance must be made so as to maintain the current at 
200.amp at this new frequency with the same impressed emf? What is the 
new power factor? 
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18 - 2. A coil takes 15 amp when connected across a 220-volt 50-cycle 
circuit and 40 amp when connected across a 500-volt 25-cycle circuit. What 
are the circuit constants, the power consumed at each frequency, and the 
power factor for each case? 

19 - 2 . A coil takes a current of 25 amp when connected across a 125-volt 
d-c line and a current of 15 amp when connected across a 220-volt 60-cycle 
a-c line. What current will flow when it is connected across a 125-vol.t 

25-cycle line? 

20 - 2 . A circuit contains a resistor in series with a coil. The constants of 
the circuit may be found from the following: resistance of resistor 25 ohms; 
resistance of coil 100 ohms; self-inductance of coil 1.2 henrys. A current 
i a= 141.4 ,sin 3772 flows through the circuit. Determine the following: 
(a) voltage drop across the resistor, (b) voltage drop across the coil, (c) total 
impressed voltage, ( d ) power factor of the coil, (c) power factor of the total 
circuit. 

21 - 2 . Two coils are connected in series and a sine wave of current having 
an effective value of 10 amp at 50 cycles is sent through the circuit. The 
first coil has a resistance of 4 ohms and an inductance of 0.008 henry, and 
the second coil has a resistance of 6 ohms and an inductance of 0.02 henry. 
Find the effective value of each of the several voltage drops and of the 
impressed voltage. What are the equivalent resistance, reactance, and 
impedance of the total circuit? 

22 - 2 . Add by trigonometry the following waves of omf and give the 
equation of the combined wave: Ci - 100 sin a, et = 125 sin (a + 40°). 
What is the effective value of each component voltage and of the combined 
voltage ? 

23 - 2 . A capacitor has a capacitance of 6.8 gf. Find the capacitive react¬ 
ance for frequencies of 0, 60, 1,350, and 15,000 cycles. 

24 - 2 . Find the values of capacitance and impedance in a 60-cycle circuit 
in which the resistance is 80 ohms and the capacitive reactance is 60 ohms. 

26 - 2 . A capacitor having a capacitance of 734 fit is connected in series with 
a resistance of 3.8 ohms across a circuit having an omf e = 14 L ,4 sin 3772, 
Find the equation of the current flowing in the circuit. 

26 - 2 . A capacitor with a capacitive reactance of 3 ohms is connected in 
series with a resistance of 4 ohms across a circuit having an omf of 200 volts 
and a frequency of 60 cycles. What current flows? Draw the waves of 
’Cj", &o and <3o. 

27 - 2 . An impedance containing only R and C takes 2.5 amp when a 220- 
volt 60-cycle emf is impressed and a current of 1.88 amp when a 220-volt 
30-cycle emf is impressed. What are the constants of the circuit? 

28 - 2 . A coil, with a resistance of 20 ohms and an inductive reactance of 
126 ohms, and a capacitor, with a capacitive reactance of 60 ohms at 120 
cycles, are connected in series. A current of 12 amp at 120 cycles is passed 
through the circuit. Write the equations for the current, the emf drops 
across the resistance, inductive reactance, and capacitive reactance, and the 
emf impressed on the circuit. Draw the wave forms for these quantities in 
relation to the current. 
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29 - 2 . A series circuit containing R, L f and C has a resistance of 2 ohms, 
an inductance of 1.2 X 10~ 4 henry, and a capacitance of 26 4. A voltage, 
of 578 volts at a frequency of 2,160 cycles is applied to the circuit; find the 
current, the drop across the resistance, the drop across the inductance, and 
the drop across the capacitance. 

30 - 2 . A coil having a resistance of 10 ohms and an inductance of 0.5 henry 
is connected in series with a capacitor having a capacitance of 104 across a 
1,100-volt a-c circuit, (a) If the frequency of the circuit is 60 cycles, find 
the current, the drop across the inductive reactance, the drop across the 
capacitor, the power consumed in the circuit, and the power factor of the 
whole circuit, (b) The frequency of the circuit is changed to 25 cycles; find 
the same values as required in (a). 

31 - 2 . A coil having a resistance of 10 ohms and an inductance of 0.2 henry 
is placed in series with a capacitor having a capacitance of 50 juf across an 
a-c circuit. At what frequency will resonance occur? What current will 
flow at this frequency if 160 volts be impressed? What is the drop across 
the coil? Across the capacitor? 

32 - 2 . A coil having a resistance of 10 ohms and an inductance of 0.3 henry 

is connected in series with a capacitor having a capacitance of 304- (a) 

What frequency will produce series-phase resonance in this circuit? ( b ) 
What current will flow at this frequency with 2,000 volts impressed? 
(c) What will be the drop across the capacitor at this time? (d) Draw the 
wave forms of i, e r , ez,, e c , and e 0 for the resonant frequency. 

33 - 2 . A capacitor having C = 0.05 4 is connected in series with a coil 
having R = 20 ohms and L ~ 0.05 henry. At what frequency will series- 
phase resonance occur? If 200 volts be impressed, what current will flow 
at resonance? 

34 - 2 . A circuit having R, L, and C in series is in resonance at 50 cycles. 
If R = 20 ohms and L = 0.04 henry, what is the value of (7? 

36 - 2 . A coil having a resistance of 2 ohms and an inductance of 0.1 henry 
is placed in series with a capacitor having a capacitance of 70.4 4 across a 
variable-frequency 40-volt a-c source. Calculate the current for various 
frequencies, and plot a curve showing the variation of current with frequency 
for the circuit, the curve passing through resonant frequency. 

36 - 2 . Plot the values of the voltage drops across the resistance, induc¬ 
tance, and capacitance for the circuit of Prob. 35-2 for the variable frequency, 
the impressed emf being constant at 40 volts. 

37 - 2 . Plot (a) the values of voltage drop across the resistance, inductance, 
and capacitance and (6) the impressed emf for the circuit of Prob. 35-2, the 
current remaining constant at 20 amp. 

38 - 2 . A circuit of very small resistance has an inductance of 1.73 henrys. 
A current i =70.7 sin 377 1 amp passes through the inductance. Plot the 
waves of current, voltage drop, power, and energy stored in the inductance 
for 1 cycle of the current wave. 

39 - 2 . A capacitor has a capacitance of 364 4- An emf e = 141.4 sin 377 1 
volts is impressed on the capacitor. Draw the waves of emf, current, power, 
and energy stored in the capacitor for 1 cycle of the einf wave. 
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40 - 2 . A series circuit contains a resistance of 10 ohms, an inductance of 
0.0531 henry, and a capacitance of 88.4 yuf. The resonant frequency is 73.3 
cycles. An emf of 125 volts is impressed on the circuit; plot the waves of 
the energy stored in the magnetic field and in the dielectric field on the same 
graph for a period of 1 cycle. 

41 - 2 . Calculate the energy stored in the magnetic and the dielectric fields 
for Prob. 32-2 at the resonant frequency for a point of time 30 deg. after the 
applied voltage has passed through zero going from negative to positive 
values. 

42 - 2 . A certain coil has a resistance of 8 ohms and a reactance of 2.5 ohms 
on a 25-cycle circuit. What effective emf must be impressed to send the 
Current i = 28.2 sin 3772 through this coil? 

43 - 2 . If 500 volts at 25 cycles is impressed on a circuit having a resistance 
of 80 ohms and an inductance of 0.4 henry, what are the values of the current 
and the power factor? What power is consumed? 

44 - 2 . A coil has a reactance of 10 ohms at 60 cycles and a resistance equal 
to the reactance. A 60-cycle current having the wave form shown in 



Pig. 44-2 is sent through the coil. Draw the approximate wave form of the 
impressed emf. 

46 - 2 . Given a wave of current flowing through a coil expressed by 
i = 20 4- 20 sin 1002. Plot the waves of current e r , and e 0} assuming that 
R = 10 ohms and L — 0.01 henry. 

46 - 2 . A current having the wave i = 20 + 2002 is passing through a coil 
having a resistance of 10 ohms and an inductance of 0.1 henry. Plot the 
waves of e r> i, ex, and e 0 for the first 0.1 sec. 

47 - 2 . A resistor of 25 ohms is connected in series with a coil having a 
resistance of 10 ohms and an inductance of 0.025 henry. A current i — 14.1 
sin 3772 flows through this circuit. Determine: (a) the voltage drop across 
the resistor, ( b ) the voltage drop across the coil, (c) the total impressed 
voltage, ( d ) the power factor of the coil, and («) the power factor of the total 
circuit. 

48 - 2 . Two coils are connected in series, and a sine wave of current i ® 16.5 
sin 4762 is sent through the circuit. The first coil has a resistance of 6 ohms 
and an inductance of 0.012 henry, and the second coil has a resistance of 
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6 ohms and an inductance of 0.009 henry. Find the equations and the 
effective values of the several voltage drops and of the impressed voltage. 

49 - 2 . Add by trigonometry the following waves of emf, and give the equa¬ 
tion of the combined wave: ex = 50 sin (a + 30°), e 2 = 100 sin (« - 30°), 
e 3 = 200 cos a.. What is the effective value of each voltage and of the 
total voltage? 

60- 2. A coil takes 8 amp when connected across a 110-volt d-c line and 
4.2 amp when connected across a 110-volt 60-cycle line; what current will it 
take when connected across a 110-volt 25-cycle line? 

61- 2 . A coil connected to a 110-volt 60-cycle lighting circuit consumes 
2,000 watts when 20 amp flows. What are the values of the resistance and of 
the inductance of this coil? 

62 - 2 . What power is consumed by a circuit having a resistance of 100 ohms 
and a reactance of 200 ohms when an emf of 10,000 volts is impressed? 

63 - 2 . A coil having a resistance of 10 ohms and an inductance of 0.15 
henry is connected in series with a capacitor having a capacitance of 60 y f 
across a 110-volt a-c circuit, (a) The frequency of the circuit is 60 cycles; 
find the current, the drop across the coil, the drop across the capacitor, the 
power consumed by the circuit, the power factor of the coil, and the power 
factor of the whole circuit. ( b ) The frequency of the circuit is changed to 
25 cycles; find the same values as in (a). 

64- 2. A coil having R = 100 ohms and L = 0.28 henry is connected in 
series with a capacitor having C — 100 ^f. What will be the drop across the 
capacitor at resonant frequency with 1,000 volts impressed? If the resist¬ 
ance of the coil be reduced to 10 ohms, what will be the drop across the capac¬ 
itor at this same frequency? 

66-2. A coil having a resistance of 10 ohms and an inductance of 0.03 
henry is connected in series with a capacitor having a capacitance of 300 yf. 
(a) What frequency will produce resonance in this circuit? ( b ) What cur¬ 
rent will flow at this frequency with 200 volts impressed? (c) What will be 
the drop across the condenser at this time? 

66- 2. A resistance of 3.6 ohms and a capacitance of 64 yi are connected in 
series with an inductance, and an emf of 25.6 volts is applied to the circuit. 
What value of inductance is required to make the circuit resonant at 1,860 
cycles? What are the current and the drop across the capacitor at resonant 
frequency? 

67 - 2 . Calculate the energy in the magnetic and dielectric fields for Prob. 
55-2 at the resonant frequency for the point of time 45 deg. after the applied 
emf has passed through zero going from negative to positive values. 



CHAPTER III 


VECTOR REPRESENTATION OF WAVES AND EQUATIONS 

So far in this text, the only methods used for representation of 
relations between emfs and currents or between different emfs 
have been by means of equations and waves. Already, in the 
simple series circuits considered, the expressions and diagrams 
have become somewhat complicated for clearness in representa¬ 
tion. It is necessary, before proceeding to a further discussion 
of circuits and machines, to develop a simpler form of analysis. 
Such a method grows out of the vector diagram and its mathe¬ 
matical solution. 

Vector Quantity.—A vector quantity is a physical quantity that 
has both magnitude and direction. A. vector quantity is completely 
described by stating its direction and magnitude. The most common 
methods of describing a vector quantity are by means of the projections 
on a system of rectangular coordinates or by stating the magnitude 
and direction by means of polar coordinates. 

Magnitude of a Physical Quantity.—The magnitude of a physical 
quantity is the absolute value of the number (either real or complex) 
used to represent the relationship between the physical quantity a?ul 
the unit used in measuring it. 

44. Generation of a Sine Wave by a Vector. —In order to 
understand the determination of a vector from a given wave or a 
set of vectors from a set of related waves, consider the generation 
of & sine wave by means of a rotating vector. Suppose that a 
straight line (Fig. 41) revolves at a uniform velocity in a counter¬ 
clockwise direction about a center 0. This line will pass over 
equal angles a in equal intervals of time t. Consider the posi¬ 
tion A, at some time when this vector crosses the axis 0,4, as the 
starting point for counting time and angles, and let a similar point 
on the axis of rectangular coordinates to the right mark the same 
instant of time. Plot the projection of the end of the vector 
OA on the vertical axis as ordinates against angular travel as 
abscissas, obtaining a sine wave, since the length of tjhe project 
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tion of OA on the vertical axis varies as the sine of the angle 
passed over. This sine wave is plotted as follows: When the 
vector has revolved through the angle a x to position 1, time will 
have progressed an amount coti — a\ along the axis of the wave, 
its vertical projection at that time being equal to au In a similar 
manner a 2, az , a±, etc., are determined, and a wave is drawn 
through these points. This wave will be a sine wave with origin 
at a = 0 and symmetrical about the axis OA produced. It 
should be noted in this construction that 

a. The ordinate of the wave becomes zero each time the vector 
crosses the horizontal axis, i.e ., at 0, 180, 360 deg., etc. 



3Tio. 41.—The generation of a sine wave by a rotating vector. 

b. The maximum value of the sine wave comes at 90 deg. 
and is equal to the radius vector; i.e., the height of the wave is 
determined by the chosen radius of the circle. 

c. Conversely, positions of the vector corresponding to points 
on the wave may be determined by projecting these points by 
lines parallel to the horizontal axis until the projections cut the 
circle in the corresponding quadrant, the points of cutting the 
circle giving the positions of the end of the vector. 

d. For a given sine wave there must be a corresponding circle, 
and for any position on the sine wave there must be a definite 
position of the vector in respect to the axis. 

e . Hence, to construct the circle and to locate a given vector, 
taking the sine wave of Fig. 41 as the given wave, first select a 
convenient point 0 on the axis extended for the center of the 
circle; next, draw a vertical axis through this point; the pro- 
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jection of the maximum value of the sine wave on this vertical 
axis, as at 03, will give the radius of the required circle with 
center at 0. Other points or positions of the vector for any 
given angle may then be located by first choosing an angle along 
the horizontal scale of the wave, and projecting the end of the 
corresponding ordinate of the sine wave on to the circle, as 
points 2, 4, 6, etc. 

45. System of Vectors for Waves of the Same Frequency.— 

In the analysis of the series circuit, in Chap. II, it has been found 
that there is a continual association of waves at the same fre- 



Fig. 42.—Vectors corresponding to a system of sine waves at a given instant of 

time. 

quency but at different phase positions and with different maxima. 
Suppose that a study is to be made of such a set of waves to 
discover the relation between the vectors representing these 
waves at different periods of time or angles of phase. Let Fig. 42 
represent any set of waves such that they have the same fre¬ 
quency and that one wave is the locus of the sum of the ordi¬ 
nates of the other two waves at corresponding angles. These 
waves may be designated by three equations, using each wave as 
a reference, but associating the waves so that 


= eti + 0*2) ( 159 ) 

at each instant of time. The waves may be designated by 

a x = Ai sin a, (160) 

a 2 = A 2 sin /?. (161) 

and 


a 8 = Az sin y. 


(162) 
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From the condition of equal frequencies, or equal periods, for the 
three waves, 

P = a - 9, (163) 

and 

y ~ a ~ 8, (164) 

where 0 and 8 are constant angles, or 


(160) 

(165) 

(166) 


(167) 


a\ — A i sin a, 
a 2 — -4 2 sin (a — . 0 ), 
a% — Az sin (a — 8 ). 

Combining Eq. (159) with Eqs. (160), (165), and (166), 

A 3 sin (a — 8) = Ai sin « + A 2 sin (a — 0 ). 
Expanding these terms, 

A 3 sin a cos 5 — As cos a sin 5 = At sin a + A 2 sin a cos 0 

— A 2 cos a sin 9 

= (Ai + A 2 cos 0 ) sin a — (A 2 sin 0 ) cos a. (168) 

Hence, from Eq. (168), placing coefficients of sines equal to each 
other and coefficients of cosines equal to each other, 


or 


and 


or 


cos 8 — Ax + A 2 cos 9, 

. + A 2 cos 9 

cos 8 

sin 8 = A 2 sin 0 , 

. . sin 0 

sm 8 = 


(169) 


(170) 


Combining Eqs. (169) and (170), 


cos 2 <5 + sin 2 8 — 1.00 = 


(A 1 + A 2 cos 0) 2 . A 2 2 sin 2 0 

A3 2 + A3 2 ' 


A 3 2 = (A 1 + A 2 cos 0) 2 4- A 2 2 sin 2 9 

= A 1 2 + 2AiA 2 cos 0 + A 2 2 cos 2 0 + A 2 2 sin 2 0 
= Ai 2 + A 2 2 4- 2 AiA 2 cos 0 . (171) 


or 
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Equation (171) in the well-known relation of the diagonal of a 
parallelogram to the two aides and the angle between them. In 
other words, if,-as shown in Fig. 42, eoneentrie/ cirel.es are drawn 
with radii equal to the maximum ordinates of the three waves, 
the three vectors, located at the same instant of time and corre¬ 
sponding to the three waves, will form two sides and the diagonal 
of a parallelogram for any instant of time. 

From Fig. 42 and Eq. (165), it is seen that 6 is the constant 
angle between the waves for A\ and A 2 ; it is also the angle 
between the sides of the parallelogram at the junction of the 
vectors A i and A 2 at 0. This angle 0 is the angle by which the 
second wave and its vector A 2 differ in phase from the reference 
wave and its vector Ai, this being the fundamental relation for 
the use of vectors for the representation of sine waves. In most 
a-c phenomena the relation between waves to be combined is 
of 90-deg. phase displacement, giving special forms for the 
analysis, as will be explained later. 

46. Vectors for Resistance and Inductance in Series.—In 
Fig. 43, a set of waves similar to Fig. 25 and their circles are 



Fig. 43.—Vectors corresponding to the eurront and omf waves in a simple series 
circuit at a given instant. 

drawn for a resistance and an inductance in series, a given sine 
wave of current flowing through them, showing the emf wave e r 
impressed across the resistor, the emf wave e x impressed across 
the inductor, and the resultant impressed emf wave e 0 . At a 
given instant of time, as fa, and angle corresponding a h the vec¬ 
tors are located in reference to each other by a definite angle, 
as shown by the vector diagram at the left of Fig. 43, which 
shows the position of the vectors at the time fa corresponding to 
the angular position an. In Fig. 43 it is seen that; 
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a. The resistance drop vector is in phase with the current 
vector. 

b. The reactance drop vector, due to the inductance, is 90 deg. 
ahead of the current vector. 

c. The impedance drop, or impressed emf vector, is the result¬ 
ant of the resistance drop and the reactance-drop vectors and 
is 8 deg. ahead of the current vector. 

These relations of the vectors are the same as were found for 
the component waves of current, resistance drop, reactance drop, 
and impedance drop, or impressed emf, in Chap. II. Hence, 
the vector diagram becomes a new means of expressing relations 
in a-c circuits with sine waves of the same frequency. In order 
to trace out the waves, all of the vectors have been considered 



Er i 

Fra. 44.—Vector diagram for a coil Fia. 45.—Vector diagram for a 

using maximum values. coil using effective values. 

as revolving at a uniform angular velocity co = 27 rf rad. per 
second or as making a complete revolution for each cycle of emf 
or current. As all of the quantities in a circuit have the same 
frequency, the various vectors will retain their relative length 
and phase positions throughout a revolution. Since only the 
magnitudes and phase differences , or relative positions , of the vectors 
are to be considered , these relations may be shown by the system of 
rotating vectors in any position . 

In the wave form of Fig. 43, the current wave is the reference 
since it passes through zero at the time the angle a is equal to 
zero, and its equation is i = I m sin a. The vector diagram 
corresponding to the time when a is equal to zero, i.e., for the 
instant when the current vector is the reference, is shown in 
Fig. 44. The vector relations in Fig. 44 are the same as in 
Fig. 43, except that they are shown for the time a = 0„ instead 
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of when a. = a l} as in Fig. 43, but to a different scale. The 
vectors are identical in .magnitude and position relative to each 
other in the two cases, but they have different positions in space 
owing to different reference axes. Since there is always a con¬ 
stant ratio between the maximum and the effective value of any 



Fig. 46.—Two coils in series. 


sine wave, the effective values of emf and current may be used 
for the vector diagram, as shown in Fig. 45. 

47. Two Coils in Series.—The relations derived in Art. 30 for 
a circuit such as shown in Fig. 46 may be represented by vectors 
as shown in Fig. 47, using current as the reference vector, since 



Fig. 47.—Vector diagram for two coils in series. 


the same current flows in all parts of the circuit. The resistance 
drops are all in phase with the current, and the reactance drops 
are all 90 deg. ahead of the current. The following relations, 
derived mathematically for such a circuit as in Art. 30, are now 
evident from the geometry of the vector diagram in Fig. 47, as 

Jr 0 = jEV o = E rx + #r a = In + Ir 2 volts, 


(172) 
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and 

r 0 = n + r 2 ohms, (100) 

Ixq = E Xq = E Xi + E X2 — lx i + lx 2 volts, (173) 

and 

x 0 = Xi + x 2 ohms, (101) 

Izo — E o == \^E r 2 + E Xq 2 = JvVo 2 + £o 2 volts, (174) 

where 

Zo = Vro 2 + 2 q 2 ohms * (105) 

It is seen that the voltage drop across coil 1 is 

Ex = \/E Tl 2 + E x 2 = IVVi 2 + Xi 2 = Izt volts, (175) 
and the voltage across coil 2 is 

2 +• x 2 2 = Jg 2 volts. (176) 

#0 is the vector sum of E ± and E 2 and is less than the arithmetic 
sum of the two voltages. Hence, although the total resistance of 
the circuit is the sum of the several resistances and the total reactance 
is the sum of the several reactances , the total impedance of the circuit 
is neither the arithmetic nor the algebraic sum of the several 
impedances. 

48. Electromotive Force and 
Impedance Triangles for Cir¬ 
cuits Containing Resistance and 
Inductance in Series.—From 
the trigonometry of the figure , 

formed by the emf vectors, Fig. Flo . 48 .-Emf diagram for circuit con- 
48, it is seen that the resistance taming resistance and inductance in 

drop, the reactance drop, and senes ’ 

the impedance drop form three sides of a right triangle with the 
resistance drop in phase with the current. From previous equa¬ 
tions, using effective values, 

E = Iz volts (87) 

= lyjr 2 + x 2 volts 
= V" Pr 2 + Px 2 volts 



(174) 
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where E r and E x are the component of E projected on the current 
axis and on an axis at right angles with the current vector. 
Also, since 

Iz = iVr* + x* volts, 

( 80 ) 

(177) 

When the values in Eq. (174) are divided by the current, the 

relations are those of resistance, 
reactance, and impedance; i.e., an 
; zs/n 0 impedance triangle is formed simi- 
lar to the emf triangle, but to a 
<& different scale, as shown in Fig. 

. ---—w 49. The quantities r, x. and z 

Flo. 49.—Tho impedauco triangle. ***7 bo expressed ilS Vectors, blit 

it is to be noted that they do not 
represent quantities of the frequency of E and /, since the values 
of r, x , and 2 are not periodic. 

49. Electromotive Force and Impedance Triangles for Circuits 
Containing Resistance and Capacitance in Series.—In Chap. II, 
Art. 34, it was shown that the voltage wave across a capacitive 
reactance lags the current wave in tho circuit by 90 dog., the 



Fig. 50.—Circuit contain- Fig. 51.—Emf diagram for tho circuit 
ing resistance ancl capacitance of Fig. 50. 

in series. 


capacitive-reactance drop being in opposition, or 180 deg., with 
the inductive reactance drop. A circuit containing resistance 
and capacitance in series is shown in Fig. 50. The emf equations 
for this circuit are 


or 


tan 6 


E* 

E r 


lx 

Ir 


x m 

r 


= \/E r 2 + E 0 2 volts, 
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the vector diagram being as shown in Fig. 51. The correspond¬ 
ing impedance diagram is shown in Fig. 52, the number repre¬ 
senting the capacitive reactance being negative. 

r 


Fig. 52. I m p e d ance Fig. 53.—Circuit containing resist- 
diagram for the circuit of Fig. ance, inductance, and capacitance in 
50. series. 

50. Vectors for Circuits Having Resistance, Inductance, and 
Capacitance in Series.—A further investigation of the above 
construction will show that, for a circuit having a combination of 
resistance, inductance, and capacitance in series, with a sine 
wave of current flowing, the same m 
method may be used and a set of 
vectors may be drawn representing 
the relative phase relations of the 
emfs and currents at any instant 
of time on the waves and circles. 

Such a set of resulting vectors is 
shown in Fig. 54 for the circuit of 
Fig. 53. It is seen that the vectors 
for El and Ec are 180 deg. out of 
phase with each other and that 
each is 90 deg. out of phase with 
the current, the inductive reactance 
drop leading the current by 90 deg. FlG * 54 '^y c e ^t°of F^s?! f ° r the 
and the capacitive reactance drop 

lagging 90 deg. behind the current. An impedance diagram may 
be drawn for this circuit corresponding with Fig. 54. 

Example 17 

In a circuit, Fig. 53, containing a resistance of 10 ohms, an inductive 
reactance of 18 ohms, and a capacitive reactance of 8 ohms, a current of 
12 amp is flowing. Find the emf drop caused by the resistance, the induc¬ 
tance, and the capacitance, and the impressed emf. 

The drop across the resistance is 

E r = It - X IQ « IZQ volts, 
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that across the inductance is 

El = Ix L = 12 X 18 = 216 volts, 
and that across the capacitance is 

E c = Ix c = 12 X (—8) = —96 volts. 
The resultant horizontal component is 
Er — 120 volts, 

and the resultant vertical component is 


E x — El A" E c - 216 - 96 - 120 volts. 


The impressed emf becomes 

En = \Zl20* + 120 2 = 169.7 volts. 
The angle between the current and the impressed emf is 


e 


tan - " 1 


El + E c 
E r 


tan* 


-i 

120 


= 45°. 


51. Complex Notation, Rectangular Coordinates.—From algo- 
bra, the mathematics of the vector in a plane is obtained by the 
use of the complex quantity. In Fig. 55 the components of 

vector A are a and a r , written 

A = a + ja\ (178) 

a = A cos 0, (179) 

a' “ A sin 9, (180) 

form, 

Fig. 55. —Components of a vec- . 

tor in a plane, rectangular coordi- A == A COS 9 + jA Sill 6 

nat6s - = A (cos B + j Hill 9). (181) 

The dot above the letter is used to designate a vector quantity. 
The operator j = V-A turns the vector through 90 deg. in a 
counterclockwise direction each time it is used as an operator, 
Fig. 56. Hence, multiplying by j twice, or by j 2 , where 

jXj = p = - 1 , 



where 


and 


-X or, in th< 


( 182 ) 
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turns the vector through 180 deg. in a counterclockwise direction 
from any position. Multiplying by j three times or by j\ as 

j X j X j = f - - j , (183) 

turns the vector through 270 deg. in a counterclockwise direction 
or through 90 deg. in a clockwise direction. The operator, 
cos 8 + j sin 6, turns the vector 
through 6 deg. in a counterclock¬ 
wise direction from any position. 

The quantities with the j prefixed 
are called the u imaginary or quadra¬ 
ture” components and those with¬ 
out the^ the “real” or “in-phase” 
components. Both components 
have real numerical values, the 
designation being purely arbitrary, 
their numerical relations depending 
upon the magnitude of the vector 
and its angular position in respect 
to the reference axis. 

52. Addition and Subtraction of Vectors.—Addition of two 
vectors is performed as follows: let the vector 

A = a + ja', (178) 

be added to the vector 

B = b + jb (184) 

so that 

C^A+B = (a+ b)+ j(af + V) = c + jc r , (185) 

or the 'projection of the sum of two vectors upon a given set of axes is 
equal to the sum of the projections of the vectors on the same axes, 
since 

c = a + b, 

and 

c r = a' + b r 
Also, by subtraction, 

D = A - 6 = (a - b) +j{a f - V) = d +jd', (188) 


(186) 

(187) 
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where 

d = a-b, (189) 

and 

d' = a' - ( 19 °) 

or the projection of the difference of two vectors on a set of axes is 
the difference of the projections of these vectors on the same axes. 

53 Product and Division of Complex Numbers in Rectangular 
Coordinates.—The product of two complex numbers is found as 


follows: 



G = AB = (a + ja')(b + jb'), 

(191) 

or 

= ab + jab' + ja'b + j 2 a'b', 


and 

G = (ab - a'b') + jffl'b + ab') = a + j(f, 

(192) 

where 

g = ab — a'b', 

(193) 

and 

( f = a’b + ab'. 

(194) 

Division is accomplished as follows: 



■ A a + ja' 

H ~ 5 - b + jb' 



(a + ja')(b - jb'), 

~ (b + jb’)(b - jb') 

(195) 

or 

• (ab + a'b') + j(a'b - ah') _ ^ + - ht 

M b 2 + b'* 

(196) 

where 

_ ab + a'b' 

h ~ VTV’ 

(197) 

and 

a'b - ab' 
h ~ b’ + b"' 

(198) 


54. Use of Complex Notation in Vector Expressions for Resist- 
ance. Inductance, and Capacitance in Series Circuits, Current as 
the Reference.—The use of current as the reference is expressed 
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in the mathematics of complex numbers as 

i = i + jo amp. ( 199 ) 

In a circuit consisting of resistance and inductance in series, the 
impedance of the circuit is expressed as 

z = r + jx ohms. (200) 

Then the voltage drop caused by the current in Eq. (199) flowing 
through the impedance of Eq. (200) is 

E = Iz = I(r + jx) volts (201) 

= It + jlx volts (202) 

= e + je' volts. (203) 


The vector diagram for this circuit is shown in Fig. 57, in which 
the triangle of emfs is built on current as the reference axis. 



Fig. 57.—Vector and impedance dia- Fig. 58.—Vector and impedance 

gram for an inductive circuit. diagram for a capacitive circuit. 


When each side of the triangle of emfs in Fig. 57 is divided by 
the current, there results an impedance triangle that is similar 
to the emf triangle, but to a different scale. For the inductive 
circuit, the sign of the numerical value of x is positive, so that 
both lx and x are 90 deg. ahead of the current. 

For a circuit with resistance and capacitance in series, Eqs. 
(199) to (203) are .also used, but the numerical value of x is now 
negative. The combined vector and impedance diagram for such 
a circuit is shown in Fig. 58. 

When resistance, inductance, and capacitance are connected 
in series, the equation for the voltage drop across the combination 
becomes 
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E = It + jIx L + jlx c volts (202) 

= Ir + j(Ix L + Ix c ) volts (204) 

= It + jl(x L + x c ) volts. (205) 


The vector diagram is given in Fig. 59, the emf Ix L being 90 deg. 



Fig. 59. —Vector diagram for 
circuit containing R, L, and C in 
series. 


ahead of the current vector and Ix a 
being 90 deg. behind it. If Ix L is 
greater than Ix c , the impressed emf 
for the circuit leads the current; if 
Ix L is less than Ix c , the impressed emf 
lags the current. If Ix L is equal to 
Ix c the impressed emf is in phase 
with the current, and the condition 
of series-phase resonance exists. 

For the condition of several imped¬ 
ances in series, in which group both 
inductive and capacitive impedances 
may be included, the voltage drop 
across the different impedances will be 
expressed as 


Ei = Ir x + jlxi = e x + jei' volts, 
E 2 = Ir 2 + jlx 2 = e 2 + je 2 ' volts, 


En = Ir n + jlx n = e n + je n ' volts. (206) 

?he voltage impressed across these series impedances will be 

?o = E x -J- E 2 ”b E n volts (207) 

= 7(ii + 22 + . . - + Zn) = Iio Volts (208) 

= 7[(ri + r 2 + . . . + r n ) + ^‘(^i + x 2 + . . . + x n )] 

volts (209) 

= (e x + e 2 + . . . + e n ) + j(e x + e 2 + . . . + ej) 

volts (210) 

= 6 0 +, volts. (211) 


Hence, for a series circuit, the components of the sum of the emfs 
is equal to the *sum of the components of the emfs. This is illus¬ 
trated for two impedances in series in Figs. 60 and 61. 

If the sum of the resistances and the sum of the reactances are 
obtained in Eq. (209), it may be written as 

E 0 = I(ro + jx 0 ) volts, 


( 212 ) 
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r 0 = r± -f- r 2 + . . . + r n ohms, (213) 

#o = xi + x 2 + . • . + x n ohms. (214) 

Eq. (212) may be written in the form 

Eo = I£q volts, (215) 

wnere zo is a single impedance that produces an effect equivalent 



Fig. 60.—Circuit diagram for two coils 
in series. 



Fig. 61.—Vector diagram for two 
coils in series. 


to the group of impedances in series and may be substituted for 
the group in calculations involving only the total effect of the 
group. This is illustrated for the 
case of two coils in series in Fig. 

62. 

Example 18 

An impedance z\ having a resistance 
of 6 ohms and an inductive reactance of 
10 ohms, an impedance z 2 having a 
resistance of 2 ohms and an inductive 
reactance of 8 ohms, and an impedance 
z 3 having a capacitive reactance of 6 
ohms a,re connected in series, a current 
of 10 amp flowing through the circuit. 

Calculate the drop across each impedance and the total impressed emf. 
Using current as the reference, 

I — 10 + j0 amp. 

Expressing the impedances in complex notation, 



Fig. 62.- 


-Impedance diagram for tv 
coils iii series. 


zi = 6 + jlO ohms, 
g 2 = 2 + iB ohms, 
z 3 = 0 — j6 ohms. 
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Then 

Ei = 10(6 4- jlO) = 60 + jlOO volts, 

having a magnitude, 

Ei - V60 2 + 100 2 = 117 volts. 

E» = 10(2 + j8) = 20 + j'SO volts* 

having a magnitude, 

= V20 2 + 80 2 = 82.5 volts. 

E, = 10(0 - j6) = 0 - j6 0 volts, 

having a magnitude, 

jB 7 3 = 60 volts. 

From Eq. (200) the impressed emf is 

E q - 10[(6 -h 2 + 0) + ;(10 -h8-6)] volts 
= 10(10 + jl2) = 80 +il20 volts, 
or 

■ (60 4 - 20 + 0) 4 - y(100 4 - 80 - 60) volts 

80 4- jl20 volts, 
having a magnitude, 

E a = V80 2 4- 120 2 - 144.5 volts. 

55. Multiplication of a Vector Current by an Impedance.—To 

make a study of the multiplication of a current, which is not in 


Fig. 63.—The vector product IZ and its components, when I leads the reference 

axis. 



phase with the axis of reference, by an impedance, let Fig. 63 
represent a vector diagram of any circuit with the current leading 
the reference axis, and expressed by 

i = i 4- ji' amp. 


(216) 
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This is to be multiplied by the impedance, 

2 — r + jx ohms. (200) 

In the definitions of r, x, and z in Chap. II, the common current is 
taken as the reference vector; hence, It must be in phase with 7, 
lx 90 deg. ahead of I, and Iz must be the vector sum of Ir and 
lx, the three forming a right triangle with Iz as the hypotenuse. 
These emf drops must now be resolved into components in 
phase with, and at right angles with, the new axis in order to be 
able to add these emfs to other emfs referred to the same axes. 



Fig. 64.—The vector product IZ and its components, .when I lags the reference 

axis. 

The component of Ir in phase with the reference axis is 

Ir cos 6 = (I cos 6)r — ir volts, (217) 

and at right angles with the axis it is 

Ir sin d = (I sin 6)r = i'r volts. (218) 

Hence, the components of the Ir drop, referred to the new axes, 
are the resistance drops of the components of I (i and i r ), referred 
to the same axes. In a similar manner, the component of Ix in 
phase with the axis is 

lx cos (90° + 0) = — (Z sin 6)x ==’ —i'x volts, (219) 
and at right angles with the axis it is 

lx sin (90° + 0) = (Z cos 6)x = ix volts. (220) 

Hence, the components of the lx drop, referred to the new axes, 
are the reactive drops of the components of I (i and i'), referred to 
the new axes. An analysis of Eqs. (217) to (220) shows that each 
component of current referred to any set of axes produces its ir, 
ix, i'r, and i'x drops in the proper phase relation with each current 
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component, and that the total impedance drop is the vector sum 
of the separate resistance and reactance drops of the individual 
components of current. The operation of multiplying the cur¬ 
rent by z = r + jx is that of determining the magnitude of Iz 
and of rotating this impedance drop from the current axis as a 
reference to the new reference axis. The impedance drop may 
then be added to any other emf, referred to the same set of axes, 
by adding like projections of this emf and of Iz. The construc¬ 
tion for the case in which I lags the reference is shown in Fig. 64. 

This analysis follows also from the mathematics of the complex 
number. With the equations for the voltage impressed across an 
impedance where the current is not the reference, 

E q = Iz volts, (221) 


Expanding, using Eqs. (216) and (200), 

E 0 = (i + ji r ) (r + jx) volts (222) 

= ir — i'x + j(i'r + ix) volts (223) 

= eo + je </ volts, (224) 

where 

Co = ir — i'x volts, (225) 

Co = i'r + ix volts. (226) 


The current may be found from Eq. (221) if the emf and 
impedance are given by solving for I, i.e ., 


/ 


_ E __ c + je' 
z r + jx 
= i + ji' amp. 


amp 


(227) 

(228) 


If the emf is chosen as the reference, Eqs. (227) and (228) 
become 

I = —amp (229) 

r+jx v J 

= i + ji' amp. (216) 


Example 19 

An emf of 120 volts is impressed on a circuit consisting of three impedances 
in series, impedance z\ having a resistance of 6 ohms and an inductive react¬ 
ance of 10 ohms, impedance z 2 having a resistance or 4 ohms and an inductive 
reactance of 6 ohms, and impedance z% having a capacitive reactance of 
9 ohms, (a) Find the current using the emf as a reference. (6) Find the 
current using the emf 60 deg. ahead of the axis. 
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From the statement of the problem, 

Z i ~6 + jf '10 ohms, 

Zi = 4 + j ‘6 ohms, 

Z 3 =0 — j9 ohms, 

Zo = Zi + Zi + Z-i ~ 10 + j7 ohms. 

a . If the emf is taken as the reference, then 

E — E -f = 120 4* jO volts, 
i = ^ = xo 1 ^? = 8,06 ~-? 5 - 63 am P,^ 

having the magnitude, 

I — a/ 8.06 2 + 5.63* = 9.83 amp. 

b . If the emf is 60 deg. ahead of the reference axis it is expressed as 

E — 60 jl 04 volts, 

and 

I = ^xT + JT = 8 ' 92 +i4.17amp, 
having the magnitude, 

I = a/ 8.922 -f- 4.172 = 9 83 amp . 

56. Exponential Form of Vectors.—For addition and subtrac¬ 
tion of vectors, the rectangular forms, 

A = a + ja\ (178) 

or 

A = A (cos 6 ± j sin 6 ), (181) 

of the vectors are the most convenient for use. For most other 
mathematical operations, either the exponential or the polar form 
is more easily used. In Eq. (181) the quantity (cos d + j sin 0) is 
the operator, and A is the magnitude of the vector. The angle 
6 is the phase of the vector in reference to some arbitrary axis. 
From calculus, the values of cos 6 and j sin 6 may be expanded by 
Maclaurin’s theorem as an infinite series such that 

02 04 06 

c OS 0 = l- ^ + g- jg + . . . (230) 



and 


(231) 
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where 6 is measured in radians. Hence, 


02 03 04 05 

cos e ± j sin e = 1 ± jd — [2 + Jjg + ± J|g - . . . . (232) 

But, from the same theorem the expansion of e° gives 


! d 2 0 3 0 4 

€ » = i + 0 + _ + _ + _ + 

(233) 

and 

6 =l+^-j2-^)3 + ]4+^-- + + • • 

. (234) 

= cos 6 + j sin 0, 

(235) 

and in a similiar manner 


e -iQ = cos d — j sin 6. 

(236) 

Combining Eqs. (235) and (236), 


& + e-io 

' cos 6 = -^ ; 

(237) 

and 


JO _ ,-ifl 

sin 0 = e * • 

2j 

(238) 


A similar combination of expressions holds for the hyperbolic 
functions, which will be used later in the development of the 
equations of the long transmission line, as 

cosh 0 = - ' (239) 

and 

sinh e = -—~— (240) 

In the expansion of a quantity representing a vector or a 
complex number, as x + jy , it is necessary to obtain another 
group of expressions similar to Eqs. (237) to (240) for the imag¬ 
inary quantities, as cos jx, sin jx, cosh jx, and sinh jx. These 
values may be derived from Eqs. (237) to (240) by substituting 
jx for 6, as 
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0*) -L. x ( f x 

cos jx -- - - =- ZLL = eos h Xi 

. . — £—3(3*) g—x _ -a! 

sm jx =-gy- = —^— = 3 sinl1 

€ ?x J_ € —/* 

cosh jx =-s-r— * cos a?, 


. , . € ix ~ €“ J ' X . . 
smh ^- = j sm 3. 
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(241) 

(242) 

(243) 

(244) 


From Eqs. (237) to (244) inclusive it is possible to expand 
functions of a complex variable, as 

sin (x + jy ) = sin a cos jy + cos x sin jy 

= sin # cosh y + j cos x sinh (245) 

cos (.x + jy) ~ cos x cos jt/ — sin x sin jy 

= cos # cosh y — j sin # sinh y. (246) 

gX-HV — e ”(x+?V) gXg3> — 6 —Xf,—W 
sinh (a; + 72/) = -2-:— = - 2 - 

_ e x (cos y + j sin y) — e“ a (cos y — j sin ?/) 

2 

/e* - e“A ... /e* + 

= COS y {-2- J +J Siny (-^— ) 

= sinh x cos y + j cosh x sin y. (247) 

, , . . >. e+to + € * e iv + <r x €-™ 

tfosh (x + jy) = - 2 - = -2- 

_ e® (cos y + j sin y) + e~ x (cos y — j sin y) 

2 

(e° + €~ x \ , . . /V — 

= COS y (- 2 — J + 3 sm y 1-g- ) 

= cosh # cos y + j sinh a? sin 2 /. (248) 

From Eqs. (235) and (236), it is seen that the vector may be 
expressed also in the form 

A = Ae±* 9 , (249) 

where e is the base of the Naperian system of logarithms 
(2.71828 . . . ) and 6 may be any number real, imaginary, or 
complex, the angle being expressed in radians. 

57. Polar Form of a Vector.—Another method of expressing a 
vector is by means of the magnitude and the angle the vector 
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makes with some predetermined reference axis, the polar form of 
the vector, as 

A = A/6, (250) 


where A is the magnitude of the vector and 6 is its angle in 
radians with the assumed reference axis. The angle may also be 
expressed in degrees by multiplying its value in radians by 
360/ 2ir or by 180 /tt. In this form, it is usually written as 

A - A/JP. (251) 

Negative angles may be expressed as 

A = A/- 6°. (252) 


58. Interchangeability of Forms of the Vector.—It is often 
necessary to convert from one form of the vector to another. 
This may be done by remembering that 

A = a + ja ', (178) 

= A (cos 6 + j sin 6) (181) 

= Au d (249) 

and 

= A/0 (250) 

express the same vector. The conversion is made by use of the 
quantities, 


or 


Hence, 


and 

or 


A = 

a = A cos 0 , 

a' = A sin 6; 

. a' 
tan 6 = —; 
a 

6 — tan” 1 — 
a 

A = A/_6_ = Va 2 + a' 2 j tan” 1 --, 

A = a + ja' — A (cos 6+3 sin 
A = 


(179) 

(180) 


(253) 

(254) 


are all expressions for the same vector. 
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59. Multiplication and Division of Vectors.—It has been seen 
that vectors expressed in rectangular coordinates may be multi¬ 
plied or divided as binomials. It is, however, easier to perform 
the operation by first expressing the vectors in either the exponen¬ 
tial or the polar form. The product of 

A = A (cos 0 + j sin 0) = A/0 = Ae 1 ' 9 (255) 

and 

B (256) 

is 

C = AB — AB(cos 0 cos 0 — sin 0 sin 0) + 

jAB(cos 0 sin 0 + sin 0 cos 0) 
= AB[ cos (0 + 0) + j sin (0 + 0)], (257) 

or 

C - (258) 

The product of the vectors has for its new magnitude the product of 
the magnitudes of the individual vectors and for its angle in refer¬ 
ence to any axis the sum of the angles of the individual vectors in 
respect to the same axis. 

Vectors may be divided by the same method as is used for 
multiplication, as 

n — ^ - A (cos 0 + j sin 0) 


" B B (cos 0 + j sin /3) 


A (cos 0 + j sin 0) (cos 0 — j sin 0) 

B 


= -g[cos (8 — fi) + j sin (6 — £)] 

(260) 

= i/(0 - fi) -■ D/(8 - fi) 

(261) 


(262) 


' The division of vectors in the polar form is performed by finding 
the quotient of their magnitudes and the difference of their angles 
with respect to the reference axis. The reciprocal of a vector is 
found by taking the reciprocal of the magnitude and by changing 
the sign of the angle with the reference axis, as 

1 1 
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60. Involution and Evolution of Vectors. —To perform involu¬ 
tion of vectors it is only necessary to remember that any power 
of a number is the product of that number multiplied by itself as 
many times as the power; or 

C = (. A) n = ( Ae J ' d ) n = A n e’ nd } 
or 

6 = (A/0)” = A"/n0. (264) 

The nth power of any vector is found by taking the nth power of the 
magnitude and multiplying the number of degrees or radians in 
its angle by n. 

In a similar manner/ the nth root of a vector is found as 

1 i _ .0 

D = (i)« = (Ae")» = \/A/» 

= (A/ey- = Va /^ (265) 

which should be investigated for the number of roots. In general, 
the nth root of a vector is a vector having for its magnitude the 
nth root of the magnitude of the original vector, and for its direction 
the angle of the original vector in degrees or radians divided by n, 
or the original angle plus 2t divided by n. 

61. Logarithms of Vectors.— To obtain the logarithm of a 
vector the exponential form is the most convenient to use. Let 

B = log, A = log, (A* 6 ) = log, (A/6); (266) 

find the value of B. Expand Eq. (266), 


JB = log, A + log, 4 9 
= log, A + jti log, € 



= log. A + j(d + 2jm) 

= b+jb', 

(267) 

where 


b = log. A, 

(268) 

and 


b' = 8 + 27 m, 

(269) 


8 being measured in circular radians. 

The Naperian logarithm of a vector may be found in the rec¬ 
tangular form as a new vector having as its real part the logarithm 
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of the magnitude of the vector and as its imaginary part the angle 
of the original vector expressed in circular radians. 

62. Application of the Polar Form of Vector to the Solution of 
Series Circuits.—The polar form of notation for vectors affords 
a very convenient method for the multiplication and division 
of vector quantities and is particularly advantageous where 
several quantities are involved in the process of multiplication 
and division. However, in order to add the vector quantities 
they must be reduced to the rectangular form. Both forms 
will be used in the illustrative examples throughout the text, 
and it is recommended that the student acquire command of 
both methods of computation. 

Example 20 

Solve the circuit of Example 19 using the polar form, i.e., find the current 
in the series circuit composed of the three impedances, Z x = 6 +il0, 

= 4 + j6, and Zz = 0 — j9, (a) using the applied emf of 120 volts as 
the reference and ( b ) with this same emf 60 deg. ahead of the reference axis. 

From Example 19, 

Z Q = 10 + j7 ~ 12.2/34° ohms. 

а. Solving for the current, 

120 / 0 ° 

1 = 1 2 2 / 34° = 9 - 83 /~ 34 ° am P 

having the magnitude 9.83 amp. 

б. Solving for current with E taken 60 deg. ahead of axis, 

. 120/60° 

1 - " 9 *S3 /60° - 34° amp 

= 9.83/26° - 8.92 +j4.17 amp. 

Problems 

1- 3. Two vectors rotate at the same velocity and with the second vector 
45 deg. behind the first. If the first vector is 100 units long and the second is 
50 units, rotate these vectors and plot the corresponding waves by projection. 

2- 3. Two vectors 90 deg. apart rotate at a uniform velocity. The first 
vector is 200 volts and the second is 100 volts, (a) Plot the corresponding 
waves by projection. (6) Add these vectors, and plot the corresponding 
wave. 

3- 3. A coil having a resistance of 8 ohms and an inductance of 0.02 henry 
has a current of 100 amp. at 60 cycles flowing through it. Find the values of 
E ri E a r, E 0) cos 6 1 and the value of 6 in degrees. Draw the vector diagram 
with current as the reference. 
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4- 3. A coil having a resistance of 8 ohms and an inductance of 0.02 henry 
has a current of 100 amp at 40 cycles flowing through it. Find the values of 
E r , E x , E 0 j cos 0, and the value of 0 in degrees. Draw the vector diagram 
with current as the reference vector and also with E 0 as the reference vector. 

5- 3. Two coils having the constants Ri ~ 90 ohms, Li — 0.3 henry, 
R 2 — 40 ohms, L 2 — 0.2 henry are connected in series, and a current of 
100 amp at 25 cycles is sent through the circuit. Find the various resistance 
and reactance drops and the impressed emf and draw the complete vector 
diagram with current as the reference. 

6- 3. Use the same coils as in Prob. 5-3 but with 100 amp at 60 cycles 
flowing. 

7- 3. A resistor having a resistance of 6.3 ohms and a capacitor having a 
capacitance of 110 /zf are connected in series, and a current of 120 amp at 
60 cycles is passed through the circuit. Find the values of E r , E Xy E 0 , cos 0, 
and the value of 6 in degrees. Draw the complete vector diagram with 
current as the reference. 

8- 3. A capacitor having a reactance of 10 ohms is connected in series with 
a resistance of 20 ohms. A 60-cycle alternating current of 7.07 amp is sent 
through the circuit. With current as reference, draw the wave forms of i , 
e r , e c , and e 0 . Draw the circles for these wave forms, and locate the vectors 
7, E r , E 0 , and E 0 ior the angles 0,135, and 240 deg. from the reference. 

9- 3. A coil having a resistance of 8 ohms and an inductance of 0.2 henry 
is connected in series with a capacitor having a capacitance of 500 pi to a 
60-cycle a-c circuit. Find the values of E r , El, E c , E 0 , cos 0 , and the angle 0 
in degrees when 200 amp flows through the circuit. Draw the complete vector 
diagram with current as the reference vector. 

10- 3. Same as Prob. 9-3 but with 25 cycles as the frequency of the current 
flowing through the circuit. 

11- 3. A coil having a resistance of 10 ohms and an inductance of 0.02 
henry is connected in series with a capacitor having a capacitance of 30 pi 
to a 50-cycle circuit, the current flowing being 100 amp. Find the values of 
E r , E l , E C} E 0 , cos 0, and the value of 6 in degrees, and draw the complete 
vector diagram with current as the reference. 

12- 3. Add the vectors of emf E x = 100 + 7100, E 2 — 60 + 780, and 
E a = 80 —'760, and show the result in a vector diagram. 

13- 3. Subtract the vector Ei = 100 + 7100 from the vector = 80 — 760, 
and show the result in a vector diagram. 

14- 3. Multiply A — 40 — j5Q by & = —20 — 720 by the rectangular- 
coordinate method. 

16-3. Divide A = 800 + 7600 by B = 40 — 730, using the rectangular- 
coordinate method. 

16- 3. Multiply 7 = 12 4- 720 by cos 30° + j sin 30°. Draw the two 
vectors, and show that multiplying by this operator turns the vector through 
30 deg. in a counterclockwise direction. 

17- 3. When an emf E = —86.6 — 750 is applied to a certain circuit, a 
current 7 = —17.3 -f-710 flows. Rotate these vectors so that E coincides 
with the reference axis, and find the new rectangular expressions for E, 7, and 
Z. 
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18- 3. A current I =~ 100 + jQ amp is sent through an inductor, the 
impedance oi which is Z = 40 + i40 ohms. Find E rj E x , E 0 in vector quan¬ 
tities and in magnitude. Draw the vector diagram with current as the 
reference. Use complex quantities in the calculations. 

19- 3. A current I = 12 4~ ^20 amp is passed through a circuit containing a 
resistance of 8 ohms and a capacitive reactance of 16 ohms. Find the values 
of E f j E c , and E 0 in vector values and in magnitudes, and draw the vector 
diagram. Use complex quantities in the calculations. 

20- 3. Given two impedances Z x = 10 + j20 and Z 2 = 6 — j8 connected 
in series with 240 volts impressed, determine the current, the emf drop across 
each impedance, and the power factor of the total circuit and of each imped¬ 
ance, and draw the complete vector diagram using E as the reference. Use 
complex quantities in the calculations. 

21- 3* A coil having a resistance of 2.5 ohms and an inductance of 
0.07 henry is connected in series with a capacitor having a capacitance 
of 100 juf across an a-c source. Find the frequency at resonance. A current 
of 700 amp is sent through the coil at resonant frequency; determine the 
various resistance and reactance drops and the impressed emf in vector value 
and in magnitude, and draw the complete vector diagram with current as 
the reference. Use complex quantities in the calculations. 

22- 3. A coil having a resistance of 10 ohms and an inductance of 0.3 henry 
is placed in series with a capacitor, having such a capacitance as to produce 
resonance at 50 cycles, across an a-c circuit. Calculate the capacitance of the 
capacitor. An emf of 500 volts at 50 cycles is applied to this circuit. Deter¬ 
mine the values of the current and various emf drops, and draw the complete 
vector diagram with impressed emf as the reference. 

23- 3. Two impedances Z x and Z 2 are connected in series across an emf 
E = 80 — j'60, and a current 1 — 40 4- .7*30 amp flows. The drop across Z 2 
is E 2 = 30 — j25; what are the constants of the impedances? 

24- 3. Two impedances Z x — 8 — j 10 and Z 2 — 10 4~ j’20 are connected in 
series, and the voltage drop over Z 2 is found to be E 2 = 300 4-^500 volts. 
Find the voltage drop across the other impedance, the impressed emf, the 
total power, and the power factor. 

26-3. Two impedances Z\ and Z 2 are connected in series across an a-c 
circuit. The emf applied to the circuit is E 0 = 86.6 — y50 volts, and the 
current is 1 o = 17.3 4-il0 amp. If the impedance Z i = 2 — j2, find the 
resistance and reactance of the second impedance. 

26- 3. A coil having an impedance of Zi =5 4- jl2 ohms is to be connected 
in series with a second coil across a 2,300-volt circuit. The second coil is to 
be so designed that the total current will be 100 amp, and the power factor of 
the total circuit will be 0.707, current lagging. Find the impedance of the 
second coil, and draw the vector diagram showing the current, voltage 
across each coil, and the total voltage, using current as the reference. 

27- 3. Express the vector E = 55 + ;95.6 in polar form. Express the 
operator cos 60° — j sin 60° in the polar form, and multiply the vector E by 
the polar operator. Change the resultant vector into rectangular coordi¬ 
nates, and compare with the components of the original vector rotated 60 deg. 
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in a clockwise direction that are obtained by using the complex form of the 
operator in the calculations. 

28- 3. When an emf E = 150 / —70° is applied to a circuit, a current 
t — 1 2/ — 105° flows. Rotate these vectors so that I coincides with the 
reference axis, and find the new polar and rectangular expressions for E, /, 
and Z. 

29- 3. Change the vector E = 700 + /200 into the polar and exponential 
forms. 

30- 3. Change the vector I — l,000e~* 7 - 0 to the polar and rectangular 
forms. 

31- 3. Change the vector E — 500 / —162° to the rectangular and exponen¬ 
tial forms. ^ _ 

32- 3. Multiply / — 20 0/60° by Z = 10e yi °, and express the result in polar 
and rectangular forms. 

33- 3. A voltage# = 190.5 — jllO produces a current / — 9.53 +>5.5 amp. 
Express the two vectors in polar form, solve for the impedance Z in polar 
form, and change to the rectangular form. What are the resistance and the 
reactance of the circuit? 

34- 3. A current 1 — 100 /37° flows through a circuit whose impedance is 
2 — 2 5/ —53° . What is the impressed emf? Draw the vector diagram. 

36-3. A voltage E = 5,000 / —45° is impressed on a circuit, and a current 
I = 2 5/15° flows. What is the impedance of the circuit expressed in polar 
form? What are the resistance and reactance of the circuit? Draw the 
vector diagram. 

36- 3. Two impedances Z\ = 1 0/45° and 2* = 10/—90/ are connected 
in series across an a-c circuit. The voltage E i across the first impedance is 
found to be Ei = 1,00 0/60° ; find the current and the impressed emf in polar 
and rectangular forms. Draw the vector diagram. 

37- 3. Draw the vectors representing the sine waves of Prob. 3-2: (a) when 
the current wave is passing through zero from negative to positive values; 
(6) when the impressed emf is passing through zero. 

38- 3. A coil having a resistance of 5 ohms and an inductance of 0.03 henry 
has a current of 10 amp at 60 cycles flowing through it. Find the values of 
E ri E X} E o, cos 6 , and the value of 0 in degrees. Draw the vector diagram with 
E 0 as the reference vector. Draw the wave forms of i, e r , e x , and e„. 

39- 3. Two inductors are connected in series across a 1,000-volt 60-cycle 
a-c circuit. The resistances and reactances of the inductors are as follows: 
Ri = 8 ohms, Xi = 8 ohms, Rz = 12 ohms, X 2 = 7 ohms. Find the vector 
values and the magnitudes of I and all the emf drops in the circuit and find the 
various phase angles of the vectors*. Draw the vector diagram with emf 
impressed as the reference vector. Draw the impedance diagram. 

40- 3. An inductor having a resistance of 10 ohms and an inductance of 
0.03 henry is connected in series with a capacitor having a capacitance of 
100 iuf across a 2,000-volt 60-cycle a-c circuit. Find the vector values and 
magnitudes of E r , E Ct El, and I, and draw the vector diagram using impressed 
emf as the reference vector. 
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41- 3. Multiply the quantity / = 100 +J100 by the impedance 
Z = 5 — ,/8.66. Show the results in a vector diagram and by the use of 
rectangular coordinates. 

42- 3. In the circuit shown in Mg. 42-3, assume that the resistance R% 
is the load on a transmission circuit and that Ei is kept constant. Find the 
value of each emf and its phase relation to the current and also the power 
factor at each point and draw the vector diagram of the circuit. 

R~1 

x il 4 x c = ~ s / 72=2 x c ~~4 xjj- 7. 

% -W—{{x~AAy~- y T(T N -'- A A AA—11 Ji -TftRT'-- f- 

£5 e* e 3 e 2 Ej 

i : i : ! 

Cr l i- l 

Fig. 42-3.—Figure for Prob. 42-3. 

43- 3. Two impedances Z\ =5 + j7 and Z 2 = 3 ~ j4 are connected in 
series across an a-c circuit. The emf applied is E 0 — 100 -f jO volts. Find 
the vector values and the magnitudes of the current and the numerous emf 
drops, and draw the vector diagram with E 0 as the reference vector. 

44- 3. Two impedances Zi = 10 +y20andZ2 = 0 — yiQ are connected in 
series, and the voltage drop across the second impedance is found to be 
E 2 ~ 120+^120. Find the current and the impressed emf. 

46-3. Multiply 1 ~ 400€“ 3 8 by Z ~ 5e 3l °, and express the result in polar 
and rectangular forms. 

46- 3. Divide 4 = 75 0/45° by B — 200 — il00, and express the results in 
both polar and rectangular forms. 

47- 3. Two impedances Z\ = 0. 5/30° and Z 2 — 0. 7/ —60° are connected in 
series. An emf E — 78 /150° is impressed. Find the current flowing in the 
circuit in polar form. Draw the vector diagram. 

48- 3. Cube the vector E = 40 + j'40, and express the result in both the 
polar and rectangular forms. Plot the original and the final vectors. 

49- 3. Take the square root of E = 40 -b.7'40, and express the result in 
polar and rectangular forms. 
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PARALLEL CIRCUITS 

In a-c as well as in d-c distribution, the loads are connected 
across parallel wires between which the emf is maintained at 
approximately the same value over the whole length of line. 
In a-c distribution, however, owing to the extensive use of the 
transformer, it is possible to use and control much higher voltages, 
standard voltages ranging from 110 volts for the incandescent 
lamp and small-motor circuits to 285,000 volts for some of the 
longest high-power transmission systems. In parallel systems of 
a-c distribution, the values of current taken by the different 
loads must be added in the proper phase relation to obtain the 
current flowing in the common line wires. In this chapter, the 
effect of the constants of the line wires will be neglected, the emf 
across all branches being assumed constant in value and phase 
relation, the effect of the line wire constants being considered in 
subsequent chapters. 

63. Addition of Currents.—It has been found in Chap. II that 
when a current, 


i — Im sin a amp, 


(44) 


flows through a series circuit the impressed emf may be expressed 
as 


where 


e 0 = zlm sin (a + 0) volts, 


(45) 


tan 6 — 


x 

r 


( 81 ) 


of the circuit, 0 being the angle by which the emf differs in phase 
from the current. In parallel or branched circuits, each branch 
has the same impressed emf, and it is convenient to use this 
emf as the reference quantity. Writing this as 


e « E m sin « volts, 
120 
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the currents in the several branches may be expressed as 
• , 

H — — sm (a + 6 1 ) amp 
= sin (a + dj) amp, 

jnj 

i 2 = — s in (qj # 2 ) amp 
Z 2 

= Im 2 sin (a + 0 2 ) amp, 


in = — sin (a + #n) amp 

^71 

— Im n sin (a + 0n) amp. (270) 

By KirchhofFs laws, the instantaneous value of the total current 
taken by the several branches must be 

io = ii + + • - . + in amp (271) 

= I m% sin (a. + 6 x) + Im 3 sin (a + t 
+ . . . + Im n sin (a + 9 n ) amp. (272) 

Expanding the terms in Eq. (272), 

io = I sin a cos d± + Im x cos a sin di + I m 2 sin a. cos 62 

+ I m cos a sin 62 + . . . + Im sin a cos 6 n + 

2 n 

Im n cos a sin 9 n amp. 

Collecting terms, 

io = [Im x cos 61 + Im t cos 02 + . . . + Im n cos 9 n ] sin a 

+ [Im x sin Ox + Im 2 sin 9% + ... + Im n sin 9 n ] cos a 

amp (273) 

= I mo cos 6 o sin a + I m(j sin 6 0 cos a. amp 
= Im 0 sin (a + 0 O ) amp, (274) 

where 

Im Q COS 6 0 = lm x COS 9i + I m „ COS 0 2 + . . . + Im n COS 6 n 

amp, (275) 

and 

Im Q sin 6 0 — Im x sin 9 X + Im 2 sin 6 % + , . . + Im n sin 9 n 

amp. (276) 
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Dividing both sides of Eqs. (275) and (276) by \/2, to reduce 
from maximum to effective values of current, 

I o cos $o = 1 1 cos 6i 1 2 cos 0 2 d - • - • In cos 6 n 

amp (277) 

Io sin 0 O = 1\ sin 0i + 1% sin 0 2 + . . . + I n sin d n 

amp. (278) 

From Eq. (277), if vectors are used to represent the waves, it is 
seen that the projection of the total current on the reference axis 
is equal to the sum of the projections of the several branch current 
vectors on the same reference axis. In the same manner, from 
Eq. (278), the projection of the total line current on the axis at 
right angles with the reference axis is equal to the sum of the 
projections of the several branch current vectors on the same 


axis. Hence,** Eqs. (277) and (278) may be rewritten 


io = ii + 12 + ^3 + • • 

. + in amp 

(279) 

•and 



iV = ii + + it' + • 

. . + in amp, 

(280) 


where the small letters here designate components of the several 
currents instead of their instantaneous values. Using vector 
notation, the branch currents may be written as 

1 1 = ii + jii = Ji(cos 0i + j sin 00 amp, 
jf 2 = + jiy = I 2 (cos 0 2 + j sin 0 2 ) amp, 

in = in + jin = /«(cos d n + j sin 6 „) amp, (216) 

where 

in = In cos 0 n amp, (281) 

and 

in = In sin On amp, (282) 

each current being referred to the common emf, 

JEJ = E + jO volts, (283) 

used as the reference. The total current will be, by Kirchhoff $ 
laws, 

lo = Ji + J 2 + * . . + In amp, (284) 
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or 

/o = (ii + jii) + (i 2 -f ji 2 ') + . . . + (in + jin) amp 

= (^1 + ^2 + . . • + in) + j(il + + . . . + in) 

= io + jio' amp, (285) 

where 

io = (ii + i% + . • • + in) amp, (279) 

and 

io = (ii + ^Y + . . . + in) amp. (280) 

The currents represented by these equations and correspond¬ 
ing to the circuit of Fig. 65 are represented by a vector diagram in 
Fig. 66. The components of the 
branch-circuit currents as i\, i 2 , 
is, etc., and of the total current 
u, are called the “ in-phase com¬ 
ponents^ of the currents, and 
the components ii, i 2 , is, W, 
etc., of these currents are called 
the u quadrature components.” 

It is seen that the in-phase com¬ 
ponent of the total current io is equal to the sum of the in-phase com¬ 
ponents of the branch currents and that the quadrature component of the 



Fig. 66.—Vector diagram for a parallel circuit. 


total current i$ is the algebraic sum of the quadrature components of the 
branch currents. The branch currents are in phase with, behind, 
or ahead of the emf according to whether the individual branch 
is nonreactive, inductive, or capacitive. When the emf is 



Fig. 65.—A simple parallel circuit. 
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taken as the reference, the in-phase component of current is the 
projection of the current vector upon the emf line. This com¬ 
ponent is in phase with the emf and is known as the “ active 
component ’ 1 of the current. The quadrature component in this 
case is at 90 deg. with the emf and is known as the “ reactive 
component” of the current. The sign of the active component 
of the current is positive for power input to the circuit, that of 
the reactive component is positive for capacitive loads and 
negative for inductive loads. The sum of the active compo¬ 
nents, as indicated in Eq. (262), is an algebraic sum, and the sign 
of the reactive component of the total current may be positive 
or negative depending upon whether the sum of the numerical 
values of i' with positive signs is greater or less than the sum 
of those with negative signs. 

Active Component.—The active component of current in a circuit 
is the active power divided by the voltage. It is the projection of 
the current upon the emf. 

Reactive Component.—The reactive component of current in a 
circuit is the square root of the difference between the square of the 
current and the square of the active component of the current. 

The magnitude or ammeter reading of the total current is 

Io = Vfo 2 + io'“ amp. (286) 

The vector relations of these currents is shown in Fig. 66, cor¬ 
responding to the circuit of Fig. 65. The total current is the 
vector sum of the currents in the several branches or loads and is 
less than the numerical sum of the several load currents unless 
these branch currents are in phase with each other. This fact 
has an important bearing on the total load current to be supplied 
by any source of energy, and consequently upon the investment 
required for the equipment necessary to furnish this energy as 
well as upon the losses in the equipment and line wires. As will 
be seen later, advantage is taken of this condition in the control 
of transmission-line voltages and losses. 

64. Power Consumed and Power Factor.—The power con¬ 
sumed by each of the branches becomes 

Pi = Eli cos 0i = Eii watts, 

Pjj = El 2 cos 02 = Ei 2 watts, 


P n i= EI^ cos d n = Ei n watts, 
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and the total power consumed is 

P 0 — Pi + P 2 + . . . +P n watts (288) 

- Eix + Eh + . . . + Ei n 

= E(ii “b + . . . + in) 

= Eio = El o cos do watts. (289) 

From Eqs. (287) and (289), it is seen that the power factor of 
each individual circuit is 


P.F. n 


P n 

Bin 


Ei n 

Bin 


I'n 

In’ 


(290) 


and of the complete circuit it is 

Po 


P.F.o = 


ii 

U 


(291) 


_ 

Eh " EIo 

If the power consumed and the power factors of the loads are 
known, the active components of the currents may be found by 
definition as 

El cos 0 n 


%n 


Pn 

E 


E 


and 


Po El o cos 


t0 = P = 


E 


= I n cos 0 n amp 


= h cos do amp. 


(292) 

(293) 


The reactive components of the currents are, by definition, 


in = 's/In — in — In sin 0 n amp, 

amp. 




Vh 2 


io 2 = Jo sin 


(294) 

(295) 


Example 21 

Four circuits taking the currents, 

1 1 — 100 amp, nonreactive, 

' 1 2 = 100 amp at 0.8 P.F., lagging current, 

Is — 100 amp at 0.6 P.F., leading current, 
h - 40 amp at 0.2 P.F., lagging current, 

respectively, are supplied from a 1,000-volt a-c line. What is the total 
current and its power factor? 


From Eqs. (292) and (294), 


ii = 100 amp, 


ii' 

ia = 100 X 0.8 

= 80 amp, 

it' 

is = 100 X 0.6 

= 60 amp, 

it' 

U - 40 X 0.2 > 

« 8 amp, 



0 amp, 

-VlOO 2 - 80 2 - —60 amp, 
VlOO 2 - W = 80 amp, 
i — ViO 2 — 8 a - —39.2 amp. 
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The components of the total current are 


and 


to = 100 + SO + 60 + 8 = 248 amp, 
tV = — 60 + 80 — 39.2 ~ —19.2 amp, 


and its magnitude is 

Io = V248 2 4- FO 2 = 248.7 amp. 


Its power factor is 

P.F.o 


248 

248.7 


- 0.997. 


The total current lags slightly behind the emf E , as indicated by the negative 
sign before the reactive component. These currents and their components 
are illustrated in Fig. 67. 


T 3 =/OOct 



Fig. 67.—Vector diagram for the currents of Example 21. 

65. Admittance Method of Considering Parallel Circuits.—If 

the impedances of the branches are given, it is necessary to deter¬ 
mine each branch current, the total current, and the individual 
and total power factors. For convenience, use E , the common 
emf, as the reference, and take the values of the branch imped¬ 
ances as 

h = r x + jx i ohms, 
z 2 = r 2 + jx 2 ohms, 


Zn — r n + j%n ohms, (200) 

where z h z 2 ... z n represent any impedances with either 
inductive or capacitive reactance or any combinations of these. 
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The signs of the numerical values of the constants of such circuits 
will, of course, be determined by the particular kind of circuit 
considered, as was discussed in the chapter on series circuits. 
The individual branch currents will be found by the application of 
Eq. (133), using the emf E as the reference as 


where 


E 


Ix = ~ 


E 


zi rx + jxx 
E(rx - jx i) 


amp 


i rx 2 + Xx 2 

= -%! + j&ll 


"4 

* By : 


r i 


+ k 


-Xi 


n 2 + sx 2 1 ‘V + x x 2 
h + jii amp, 


(296) 

(297) 

(298) 


Qi 


Ti 

r x 2 + X! 2 


Il 

£i 2 


mhos, 


(299) 


and 




-Xi 

Ti 2 + %l 2 




~ mhos, 


or 


and 


Vi = 9i+ jh mhos, 


(300) 


/ (3j01) 

i 


yx = Vgx 2 + 6i 2 mhos. 


- (302) 


From Eq. (298), the components of the current are 


ix - Egx amp, 


(303) 


and 


ix — Ebx amp, (304) 

the magnitude of the current being 

Ix = V*i s + *Y* = Eyx amp. (305) 


From Eqs. (297) to (305), the relations of the current components 
in the branch circuits, in respect to the constants of these circuits, 
are established, and from these relations the definitions of the 
new constants g, b, and y for parallel circuits are obtained as 
follows: 
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Conductance.—Conductance is the factor by which the emf 
across a circuit is multiplied to obtain the component of the current 
(the active component) in phase with the emf. Its value is equal 
to the resistance divided by the square of the impedance of the circuit , 
and its unit is the reciprocal ohm or mho. 

Susceptance.—Susceptance is the factor by which the emf across 
a circuit is multiplied to obtain the component of current (the reactive 
component) at 90 deg. with that emf. Its value is equal to the 
negative of the value of the reactance divided by the square of the 
impedance , and its unit is the reciprocal ohm or mho. 

Admittance.—Admittance is the factor by which the emf across 
a circuit is multiplied to obtain the current flowing in that circuit. 



Fig. 68.—Vector and admittance diagram for an inductive circuit. 

Its value is equal to the reciprocal of the impedance , and its unit is 
the reciprocal ohm or mho. 

The quantities conductance, susceptance, and admittance 
are used, for convenience, for the calculation of parallel circuits to 
replace their equivalent expressions. They have the same physi¬ 
cal significance as the factors resistance, reactance, and imped¬ 
ance used with series circuits, since they are defined in terms 
of these factors. In d-c circuits, the conductance is defined 
as the reciprocal of the resistance. From the new definition 
and Eq. (299), this is seen to hold only at the limiting frequency 
of zero where x becomes zero or for a circuit where x 2 may be 
neglected as small with respect to r 2 . The susceptance is 
defined with the negative sign before the value of x in the numer¬ 
ator, in order to retain the positive sign before the j in Eq. (300). 
This is done also so that the numerical value of x, determined by 
the characteristic of the reactance, may be substituted with 
its proper sign in this definition to give the proper sign to the 
numerical value of b. The sign of the numerical value of b must 
also agree with the position of the reactive component of the 
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current in reference to the emf impressed on the branch. The 
emf being used as the reference, the current vector diagram 
for an inductive circuit is shown in Fig. 68. If the vector quanti¬ 
ties in Fig. 68 are divided by the voltage, the admittance triangle 
is obtained. The sign of the numerical value of b must be the 
same as that of the reactive component of current from which 
it is derived. From the preceding equations and definitions, 


i - E 

r» H - jx n •m 

(296) 

= E[g n + jb n ] = Ey n amp, 

(298) 

where 


Sn = ^ + «lh0S 

(299) 

and 


6n = r n 2 + xj mhoS - 

(300) 

The total current taken by the circuit is 
i 0 = h + I 2 + - . . + L amp 

(284) 

= E[yi + fa + • • . + Vn] amp; 

(306) 


or 

1 0 = E[(gi + jb\) + (#2 + jbz) + • * • + {Qn + jb n )] amp 
= E[(gi + 02 + • • • + gn) + j(bi + &2 + . . . + b n )] 

amp. (307) 

This current may be expressed as 

Jo = E(go + j&o) = Eyo amp, (298) 

since 

2/o = yi + y% -F • • • + Vn mhos, (308) 

where 

0o * Qi ■+ 02 + . • • + g n mhos, (309) 

and 

bo ~ bi + &2 *+■ • • - ~f &»*nihos, (310) 

from Eqs. (307) and (308). The ammeter reading or magnitude 

pf the total current taken by the circuit becomes 

h = V*V + V* amp, (286) 
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where 

to = Ego amp, (303) 

and 

tV = Eb 0 amp. (304) 

Hence , m a parallel circuit the total conductance is equal to the 
sum of the individual conductanceSj and the total susceptance is 
equal to the sum of the individual susceptances of the branches. 
From these values of admittance and its components, the admit¬ 
tance diagram may be drawn. In this diagram, it should be 
noted that inductance causes the current to lag the impressed 
emf, the corresponding numerical value of b being negative, as 
shown in Fig. 68; whereas capacitance causes the current to lead 
the impressed emf, the corresponding numerical value of b being 
positive. 

Finding the total admittance yo for a group of parallel admit¬ 
tances gives the admittance of one circuit that is equivalent 
to the combined group. The equivalent admittance may be 
substituted for the group under the given conditions in deter¬ 
mining the current and potential relations associated with the 
group as a whole, i.e., at the points of entry into the circuit. 

The power consumed in a circuit when the constants of the 
circuit and the current flowing are known is usually obtained 
from the expression 

P — RP watts. (311) 

This power may be computed directly when the conductance and 
the impressed emf are known, since from Eq. (311) 

P = = jr 2 # 2 = gE 2 watts. (312) 


Example 22 

Three impedances represented by 


and 


zi = 0.8 -f i0.6 ohms, 
Z 2 - 0.3 — ^'0.4 ohms, 

£3 = 1.0 4- jO ohms, 


are connected in parallel across a 100-volt 60-cycle a-c circuit; find the 
branch currents and the total current. * 
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0.8 „ „ , 

Qi ” q 32 _|_ q 02 ~ 0-8 m h°> ii = 100 X 0.8 = 80 amp, 

bi " 0 32 0 . 6 2 = “^*0 mho, ip — 100 X (—0.6) = —60 amp, 

yi = a/0.8 2 + (—0.6 ) 2 = 1.0 mho, h = 100 X 1.0 = 100 amp, 

0.3 

9* ~ 0 3 2 + 0 4 2 ~ m ^ os > it — 100 X 1.2 — 120 amp, 

0 4 

62 = 67 3 2 + " o T 4 ~ 2 = 1,6 mhos ’ **' “ 100 x L6 = 160 am P> 

V 2 = \/ 1.2 s -f 1.6 2 = 2.0 mhos, / 2 = 100 X 2.0 = 200 amp, 

g * “ O “ l ’° mho ’ *• = 100 x 1 -° * 100 am P» 

bs “ Td " 0 mho ’ *V = 100 X 0 = 0 amp, 

2/3 = 1.0 mho, /„ = 100 X 1.0 = 100 amp. 

Hence, the values of conductance, susceptance, and admittance for the total 
circuit become 

go = 0.8 + 1.2 + 1.00 « 3.0 mhos, 
b Q - - 0.6 + 1.6 + 0 - 1.0 mho, 

and 

Vo = Vf. f+W = 3.17 mhos, 
and the total current and its components, 

to — 100 X 3.0 = 300 amp, 
io’ — 100 X 1.0 — 100 amp, 

and 

It = V300 2 + loo 2 = 317 amp = 100 X 3.17 amp. 

The power factor of the circuit is 


P.F .o - ~ - 0.945. 

The vectors of current are illustrated in Fig. 69, the admittance diagram 
being shown in Fig. 70. 



Fig. 69,—Vector diagram for Exam- Fig, 70.—Admittance diagram for 
pie 22, Example 22. 
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Example 23 

Three impedances Zi = 3 +j4, Z 2 = 6 + j 8 , and Z A — 0 — j20 ohms 
are connected in parallel to a 120-volt 60-cycle circuit. Find the admittance 
of each path, the admittance of a circuit equivalent to these three paths in 
parallel, and the current flowing in the circuit. 

From the above impedances, 

2 /i = 3 = °- 12 - -?’ 0 ' 16 mho ’ 

Vi = Q-^Tj g = °- 06 - io.os mho, 

2/s = q= = 0 + i0.05 mho, 

= V\ + it + yt = 0.18 — j'0.19 mho. 

Taking the impressed emf as the reference, 

U = Ey 0 = 120(0.18 — jO.19) amp 
= 21.6 — y22.8 amp, 


having the magnitude, 

h - V21.6 2 + 22 8 2 * 3 L4 am P- 

66. Resonance in Parallel Circuits.—In a parallel circuit as 
in a series circuit, a resonant condition is produced when the effect 


( 2 ) 



Fig 71.—A resonant parallel circuit. 



Fig. 72.—Vector diagram for a 
resonant parallel circuit. 


of the inductive reactance is equal to the effect of the capacitive 
reactance so that the sum of the currents (the total current) is 
in phase with the impressed emf. In Fig. 71, let the circuits 
1 and 2 be in resonance. Representing the currents in these 
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circuits by 

Ji = i x -j_ ji x ' amp, 

j 2 = -f ji 2 ' ampj (216) 

and the total current as the sum of these branch currents as 

7o = 7i ~\~ 1 2 amp (284) 

or 

— (ii + 12 ) + j(ii + i%) — H + ji 0 ' amp, (285) 

resonance can occur only when this total current is in phase with 
the impressed emf E, or when 

io = ii + W = 0 amp, (313) 

or as seen in Fig. 72. Hence, from Eq: (313) 

ix = —iz amp (314) 


is the condition of resonance in this circuit. Dividing both sides 
of Eq. (314) by E, 

ix — ij 

E “ E amp ’ 
or 

hi = —62 mhos, (315) 

corresponding to Fig. 72. Hence, substituting the values of bi 
and from Eq. (300), 


—xi 

n 2 + #i 2 


J* 2 2 + ^2 2 


mhos 


(316) 


is the condition of resonance in terms of the resistances and react¬ 
ances of the circuits. It is seen from Eq. (316) that xi and 
must be opposite in sign or that if Xi is an inductive reactance, X 2 
must be a capacitive reactance. Letting 


and 


Xi = 2tt/L = ccL ohms, 
Xt = 2tfC = ° hmS ’ 


(71) 


( 118 ) 
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and, substituting these values into Eq. (316), 


— uL 

r i 2 + co 2 L 2 




uL wC _ n 

f! 2 + W *L* “ rlWTT _ ’ ' 

L _ C 1 . 

"Ln 2 + <o 2 L 2 r s VC* + lj ’ 

co[co 2 C 2 r 2 2 Z/ + L - Cri 2 - co 2 I/ 2 C] = 0, 
co^LCCCV — L) — (Cn 2 - L)] = 0. (317) 

There are three conditions that satisfy Eqs. (317) and (316), 


co = 0 or / = 0, 


1 Cr x 2 - L 


VLC\CrS-L 


or / = 


1 HCn 2 - L) 
2xVLCV(Cr 2 2 -L)’ 


n = »-2 = (319) 

The condition shown in Eq. (319) is interesting, since when 


r x 2 = r 2 z = r 2 = 


ri 2 + xi 2 L 2r 2 

^ + CO 2 !/ 2 

— oiLC _ -co C 

L(i» 2 LC + 1) co 2 LC + 1 


hence 


, _ —aj 2 _ 1/wC 

2 ~ r 2 2 + a 2 2 ~ L 1 
C ■*" co 2 C 2 
coC 

= w 2 LG + 1 ; 
bo = bi + 62 — 0 , 


for all values of co, and the circuit is in resonance for all values of 
frequency . Also, from this condition, 
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and since 


and 


0i 


T1 


ri 2 + Xi 2 r 2 + co 2 L 2 


n 


32 r 2 2 + Xi 2 „ . 1 


r 2 + 


6) 2 C 2 


C = - 2 > 

r 2 

roi 2 L 2 


u 2 L 2 


r 2 + 


r 2 co 2 L 2 + r 4 r(r 2 + a> 2 L 2 ) 


(322) 


co 2 L 2 


go = 01 + 02 

r , co 2 Z / 2 
~ r 2 + co 2 L 2 + r(r 2 + c o 2 L 2 ) 

r 2 + co 2 L 2 = 1 (323) 

r(r 2 + co 2 !/ 2 ) r 


Therefore, at any frequency the total line current will be 

Io = EYo = -E0 + j 0 ) = 7 ^ 324) 

a constant quantity and in phase with the emf impressed. 

The condition shown in Eq. (318) gives the value of frequency 
to produce resonance in a parallel circuit, except for the special 
case of Eq. (319). This equation may be written 

/ -- 

2 t\/LC 


where 


K 


fC^ 

“ 'SjCn 2 - 


- L 

t 


(325) 


and 1/2tt y/LC is the value of frequency to produce resonance in a 
series circuit having the same values of L and C. Where n and n 
are equal and have any other value than s/LjC, Eq. (318) 
reduces to Eq. (134), or the resonant frequency is the same as for a 

series circuit. . , .' 

Resonance in a parallel power, circuit is a desirable condition 

since, at resonance, the total current will be the least and its 
power factor will be unity. Resonance in a senes power circuit 
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may be an undesirable condition since this condition is usually 
accompanied by dangerous voltages across some part of the 
circuit. 


Problems 

1- 4. Three circuits taking the currents Ji = 100 amp at 0.90 power factor, 
lagging current; 1 2 = 50 amp at 0.85 power factor, lagging current; and 
/a = 100 amp at 0.50 power factor, leading current; respectively, are sup¬ 
plied from a 40,000-volt a-c line. What is the total current and its power 
factor? Draw the complete vector diagram, using the impressed emf as the 
reference. 

2- 4. A coil having a resistance of 10 ohms and a reactance of 10 ohms is 
connected in parallel with a resistor having a resistance of 50 ohms. If a 
current 7 = 100 — J100 flows in the coil, what are the total current, the 
impressed emf, and the current through the resistance? Draw the vector 
diagram. 

3- 4. A branch having a resistance of 20 ohms and a capacitive reactance 
of 20 ohms is connected in parallel with a resistance of 50 ohms across a 
480-volt 60-cycle circuit. What are (a) the total current, (6) the total 
active power consumed, and (c) the power factor? 

4- 4. A resistance of 12 ohms, an inductive reactance of 10 ohms, and a 
capacitive reactance of 10 ohms are connected in parallel across a 250-volt 
60-cycle a-c circuit, (a) Calculate the values of the total and branch 
currents. (6) Find the active and reactive components of the total current, 
the power factor, and the total active power consumed, (c) Draw the vector 
diagram, using the impressed emf as the reference, (d) Draw the vector 
diagram with total current as the reference. 

6-4. An inductor having a resistance of 10 ohms and an inductance of 
0.015 henry is connected in parallel with a capacitor and resistance in series, 
the capacitance being 400^f and the resistance 12 ohms. An emf of 2,300 
volts at 60 cycles is impressed on the circuit, (a) Determine the value of 
each of the currents and the total current. ( b ) Find the active and the 
reactive components of the total current, the active and reactive power 
inputs, and the power factor, (c) Draw the vector diagram showing E 0 , 
I 01 7i, and 7 2 . 

6- 4. Calculate the values of conductance, susceptance, and admittance 
for a coil having a self-inductance of L — 0.036 henry and a resistance of 
R = 8.6 ohms, when.used on a 35-eycle and also on a 750-cycle circuit. 

7- 4. Calculate the values of conductance, susceptance, and admittance 
in a 60-cycle circuit having C = 30 ,uf and R = 40 ohms. 

8- 4. Two impedances Z 1 =6 +78 and Z 2 — 0 — jS are connected in 
parallel across a 400-volt circuit. Find the values of the branch and total 
currents using the admittance method of calculation. Draw the vector and. 
admittance diagrams. 

9- 4. A coil having a resistance of 0.5 ohm and an inductance of 0.0082 
henry is connected in parallel with a capacitor having a capacitance of 
6.3 X 10" 3 farad on a 110-volt 25-cycle circuit. Find the current in each 
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branch and the total current using the admittance method of calculation. 
Draw the admittance and vector diagrams. 

10- 4. Two impedances, Z x = 12/45° and Z 2 = 5 /-60° , are connected 
in parallel across a 110-volt 60-cycle circuit. Find the current in each 
branch and the total current, using the admittance method of calculation. 
Draw the admittance and vector diagrams. 

11- 4. A circuit having a resistance of 20 ohms, an inductance of 0.2 henry, 
and a capacitance of 200 pi is connected in parallel with a reactor having 

12—5 ohms and Xl = 5 ohms across a 2,500-volt 60-cycle a-c circuit. 
Find the total current and the current in each branch. Draw the vector 
diagram, using the impressed emf as the reference, and the admittance 
diagram. 

12- 4. An emf E 0 = 500 — j'866 is impressed on three impedances in 
parallel, the values of the impedances being Zi - 30 + jl 10, Z 2 — 50 -f JO, 
and Z 3 = 10 — jlO. Find the total current and the current in each branch. 
Draw the admittance and vector diagrams. 

13- 4. Three impedances Z i — 1 6/60° , Z 2 = 5/45° , and Z z ~ 1 0/—30° 
are connected in parallel across a 240-volt a-c circuit. Find I a and each 
of the branch currents. 

14- 4. Two impedances Zi = 0 — /10 and Z 2 = 10 + /10 are connected 
in parallel across an a-c circuit. The total current taken by the combination 
is lo — 100 + j 100. Find the value of the current in each branch and the 
impressed emf, and draw the complete vector and admittance diagrams. 

16-4. A circuit with a voltage E 0 = 200 -j- JO volts has a total current of 
1 0 — 60 + .7*30 amp. It is supplying two branches, the impedance of one 
branch being Z t — 3 +/4 ohms. Determine the impedance of the other 
branch and the current in each of the branches. Solve the problem by the 
admittance method. Draw the vector and admittance diagrams. 

16- 4. An inductor having a resistance of 20 ohms and a reactance of 
40 ohms is connected in parallel with a branch having a resistance of 5 ohms 
and a capacitive reactance of 10 ohms. A current of 100 amp flows through 
the second branch,* determine the total current and the impressed emf, 
and draw the complete vector diagram, using the current in the second 
branch as the reference. 

17- 4. Three admittances Yi = 0.0 5/45° , ? 2 — 0.2 0/ —40° , and F 3 — 
0.10/0^ are connected in parallel across an a-c circuit. The current in branch 
one is ti — 100 /0°, when L is used as the reference; find the other branch 
currents and the total current and the impressed emf. Draw the vector 
diagram, with h as the reference. 

18- 4. A resistance of 7.9 ohms, an inductance of 0.012 henry, and a 
capacitance of 93 pi are placed in parallel across a variable-frequency 
115-volt circuit. What frequency is required to produce resonance? Cal¬ 
culate the current in each branch and the total current at resonant frequency. 
Draw the vector diagram and the wave forms for this condition. Find the 
branch and total currents at 20 cycles above and below resonant frequency. 

19- 4. A capacitor with a capacitance C\ = 40 pi and an inductor having a 
resistance of 10 ohms and an inductance of 0.2 henry are placed in parallel 
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across a 2,300-volt circuit. Find the frequency at which parallel-phase 
resonance occurs. Find the values of the total and branch currents at this 
frequency. Draw the vector diagram. 

20- 4. A coil having a resistance of 20 ohms and an inductance of 0.05 
henry is connected in parallel with a circuit having a resistance of 10 ohms in 
series with a capacitor having a capacitance of 100 juf, 200 volts at resonant 
frequency being impressed across the two branches. Find the frequency for 
resonance, the total current, and the current in each branch. Draw the 
complete admittance diagram. 

21- 4. A coil having a resistance of 10 ohms and an inductance of 0.2 
henry is connected in parallel with a capacitor across a 230-volt circuit. 
Find the capacitance of the capacitor required to produce resonance at 
60 cycles. Determine the vector values and magnitudes of the currents in 
both branches and the total current. Draw the vector diagram. 

22- 4. Two impedances Z i = 10 + jS and Z 2 = 12 — j20 are connected 

in parallel, and a current h = 300 ^400 flows in the first impedance. 

Find the current in the second impedance, the impressed emf, and the total 
current. 

23- 4. Same as Prob. 4-4 but with 250 volts at 25 cycles impressed. 

24- 4. A coil having a resistance of 2 ohms and an inductance of 0.0016 
henry is connected in parallel with a capacitor and resistor in series, the 
capacitance being 4 X 10 -3 farad and the resistance 1.8 ohms. An emf of 
87 volts at 625 cycles is impressed on the circuit. ( a ) Determine the value 
of each of the branch currents and the total current. ( b) Find the active and 
reactive components of the total current, the active and reactive power input 
and the power factor. ( c ) Draw the vector diagram. 

25- 4. A voltage E = 230 / —40° is impressed on three impedances in 
parallel where Z\ — 8/70° , Z% — 1 5/ —20° , and Z z — 5/30° . What are the 

current taken by each branch, the total current, and total admittance of the 
circuit? Draw the admittance and vector diagrams. 

26- 4. Two admittances Y x and Y 2 are placed in parallel across an a-c 
circuit. The emf applied is E = 110 volts, and the total current is / 0 = 
21.8 amp. The power factor is 0.60 with current lagging, and the admittance 
is Yi =0.1 -f- jO.l; find the admittance Y 2 . 

27- 4. An emf E 0 = 500 — j'866 is impressed across three impedances in 
parallel, a current Ji = 30 — jlO flowing in the first impedance. If the 
values of the other impedances are Z 2 = 100 + j0 and Z z = 10 — jT10, 
find the current in each of these impedances and the total current. 

28- 4. A coil having a resistance of 40 ohms and an inductance of 0.3 henry 
is connected in parallel with a circuit having a resistance of 40 ohms and a 
capacitance of 100 yi. Find the frequency to give resonance. Calculate 
the total admittance of the circuit for frequencies of 10, 30, 40, 60, and 100 
cycles. 

29- 4. An inductor having a resistance of 12 ohms and a reactance of 
8 ohms is placed in parallel on a 220-volt 60-cycle circuit with a capacitor 
having a capacitance of such a value as to produce resonance. What is the 
capacitance of the capacitor? Find the current in each branch and the total 
current. Draw the vector diagram and the wave forms. 



CHAPTER V 


ACTIVE POWER, REACTIVE POWER, VECTOR POWER, 
APPARENT POWER, AND POWER DIAGRAMS 

This chapter presents a method, which will be found convenient 
in many cases, for the rapid solution of composite single-phase 
circuits with fundamental symmetrical alternating currents and 



Fig. 73.—Emf and current in an inductive circuit. 


voltages by the use of power diagrams. This method will also 
be found useful for polyphase circuits with balanced loads where 
only fundamentals of voltages and currents are to be considered. 

67. The Power Diagram.—The emf impressed on an inductive 
circuit and the current flowing 
in the circuit are shown in Fig. 

73, the phase displacement be¬ 
ing indicated by the angle 0. 

Projecting the current vector 
upon the emf vector gives 
i P — I cos 0, the active com¬ 
ponent of current. Projecting 
the current upon a line at right 
angles to the emf gives i q = 1 sin d, the reactive component of 
current, the two components with I forming a vector triangle of 
currents. The relations expressed by the diagram are independ¬ 
ent of the reference axis, and so, for convenience in making cal¬ 
culations. the emf may be chosen as the reference, as in Fig. 74. 

139 


/cos O 



Fig. 74.—Vector diagram for an induc¬ 
tive circuit, emf as the reference. 



140 


ALTERNATING-CURRENT CIRCUITS 


[Chap. V 


If each side of the current diagram of Fig. 74 be multiplied 
by the emf impressed on the circuit, Fig. 75 results, having the 
same relative sides as Fig. 74, but to a different scale, that of 

Active power 



Fig. 75.—Power diagram for the circuit of Fig. 74. 

power. The components of current for Fig. 74 may be expressed 
as 

I = I cos 8 + jl sin 6 amp, (326) 

which, when multiplied by E, gives the equation 

El = El cos 6 + jEI sin 8 vector volt-amp 
Equation (327) may be expressed as 

V = P + jQ vector volt-amp, 

where P is the active power in the circuit; 

Q is the reactive power in the circuit; and 
V is the vector power in the circuit. 

The magnitude of V is given by 

V = \4P 2 + Q 2 vector volt-amp.. (329) 

Active Power.—Active power is the time average of the values of 
instantaneous power when the average is taken over a complete cycle 
of alternating current . 

Active power was shown in Art. 22 to be equal to El cos 6. 
Typical illustrations of the power wave were shown in Figs. 16, 
17, and 18 for different values of the phase angle 6. 

Reactive Power of a Two-wire Single-phase Circuit.—Reactive 
power of a two-wire single-phase circuit is equal to the product 
obtained by multiplying the effective value of the current by the 
effective value of the potential difference and by the sine of the angular 
phase difference by which the current leads the potential difference. 
Under sinusoidal conditions, the definition gives a positive sign to 
reactive power , if the current leads the potential difference as in the 


(327) 

(328) 
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case when the flow of energy is into a capacitive circuit The unit 
of reactive power is the var , which is derived from the expression 
“volt-ampere reactive/' 

In Art. 41, the energy relations are shown for an inductive 
circuit. It is found that the energy stored in the magnetic 
field during the first quarter cycle after the current passes 
through zero, i.e., during the 
time the current is increasing in 
magnitude, is returned to the 
circuit during the next quarter 
cycle, during which interval the 
current is decreasing in magni¬ 
tude. This process is repeated 
for each half cycle, so that no 
net energy is required and there 
is no active power in the circuit. 

There is, however, a continual flow of energy between the source 
and the circuit, creating the inductive-reactive power in the 
circuit. The same phenomenon occurs in the dielectric field 
of the capacitor, the energy being stored in the field each quarter 
cycle in which the voltage is building up and being returned 
to the source during the next quarter cycle when the emf is 
decreasing, as shown in Art. 42. This continual change in 



Icos 9 E 

Fig. 76.—Vector diagram for a 
capacitive circuit, emf as the reference. 



Fig. 77.—Power diagram for the circuit of Fig. 76. 


energy creates the capacitive-reactive power in the circuit. It 
was shown in Art. 42 that the flow of reactive power is opposite 
in direction in the two types of fields, so that when the two fields 
occur in one circuit, energy flows from one field to the other, only 
the excess energy required by one over that required by the other 
coming from the source of supply. 

Figure 76 shows the vector diagram for a capacitive load and 
Fig. 77 the corresponding power diagram. The numerical value 
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of Q , the reactive power, is positive for the capacitive circuit, 
Fig. 77, and is negative for the inductive circuit, Fig. 75. 

Vector Power in a Two-wire Single-phase Circuit.—Vector 
power is equal in magnitude to the square root of the sum of the 
squares of the active and reactive power. Vector power is con¬ 
veniently treated as a vector of which the components are two mutually 

perpendicular vectors that have the 
magnitudes of active and reactive 
power. The unit of vector power 
is the vector volt-ampere. 

The power diagram may be 
derived, with current as the 
for an re ^ erence ? as shown in Fig. 79, 
is th© which is the power diagram cor¬ 
responding to Fig. 78. The 
equation for the voltage referred to the. current, from Fig. 78, is 

(330) 



A 

& 


——■—> 

E x - Esin 6 
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Fig. 78.—Vector diagram 
inductive circuit, current 
reference. 


E = E cos 6 + jE sin 8 volts, 


which, when multiplied by the current flowing in the circuit, 
gives 

El = El cos 8 + jEI sin 8 volts, (331) 

or expressed as 

V = P + jQ vector volt-amp. (332) 


Equation (332) is the same in form as Eq. (328); however, the 
sign of the numerical value of reactive power in an inductive 



Active power 

Fig. 79.—Power diagram for the circuit of Fig. 78. 

circuit, as used in Eq. (332), is positive whereas it is negative 
in Eq. (328). 

Comparison should be made between Figs. 74 and 78 and also 
between Figs. 75 and 79. In the case of the diagrams with 
current as the reference, the reactive power is positive for 
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an inductive circuit; whereas, in the case of the diagrams with 
emf as the reference, the reactive power is negative (cf. the 
signs of x and b for the same circuit). The sign of the numerical 
value of reactive power in an inductive circuit may be taken as 
either positive or negative as long as the initial assumptions are 
given. Throughout this text the sign of the inductive reactive 
power will be taken as negative in agreement with present 
Standardization Rules, A.I.E.E., and with the definition. 

There is another type of power that is frequently used in the 
circuit, the apparent power. 

Apparent Power.—Apparent power of a two-wire single-phase 
circuit is equal to the product of the effective current in one con¬ 
ductor multiplied by the effective potential difference across the 
circuit. The unit of apparent power is the volt-ampere. The 
apparent power is, from the above definition, 

TJ = El volt-amjD. (333) 

In the single-phase circuit with simple sinusoidal waves of emf 
and current of the same frequency, the magnitudes of the vector 
power and the apparent power are equal, i.e., 

V = 's/p' 1 + Q 2 = v 7 {El cos 6 ) 2 + {El sin 0) 2 vector volt-amp 
= El = U volt-amp. (334) 

The power factor of the circuit is defined in Art. 22 as the 
factor by which the apparent power must be multiplied to obtain 
the active power. It may also be expressed as the ratio of the 
active power to the apparent power, i.e., the ratio of P to El. 
The term “reactive factor” has been derived in a similar manner 
to express the relation between the reactive power and the appar¬ 
ent power. 

Reactive Factor.—Reactive factor is the ratio, of the reactive 
power to the apparent power. It is the factor by which the 
apparent power must be multiplied to obtain the reactive power 
in the circuit. For the single-phase circuit with sinusoidal 
current and emf it is equal to the sine of the phase angle between 
current and emf. Its sign may be either positive or negative 
according to the sign of the reactive power, since the apparent 
power is always positive. 

68. Expressions for Active Power, Reactive Power, and Vector 
Power*— Expressions for active and reactive power in terms of 
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the in-phase and quadrature components of emf and current 
may be developed as follows: The active power consumed in 
any circuit was found to be 

P = El cos 6 watts, (51) 

where 6 is the angle between E and 7. Let Fig. 80 represent the 
current and emf vectors of any circuit, both referred to the same 
axis, and with the phase displacement of 0 deg. between them. 


e ' 


Fig. 80.—Vector diagram for a simple circuit, both E and I being in the first 

quadrant. 


e' 


E 

Fig. 81.—Vector diagram for a simple circuit, both E and I in fourth quadrant. 

Referring to Fig. 80, the angle 0 may be expressed as 0 — (3 — a, 
where (3 is the angle between I and the reference axis and a is the 
angle between E and the same reference axis. Hence, 

P = El cos (p — a) watts (335) 

= El (cos p cos a. + sin p sin a) watts 
= E cos al cos p + E sin al sin p watts 
= ei + eV watts. (336) 

Equation (336) is a general expression for the power in a 
circuit where neither E nor I is in phase with the axis of reference. 
In Fig. 80 both E and 7 are in the first quadrant; however, the 
derivation is general, holding for any values of the angle 0, 
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whether positive or negative, where a and p are measured in a 
positive direction from the reference axis. From Eq. (336), the 
active power may he expressed as the sum of the product of the 
in-phase components of current and potential difference and the prod¬ 
uct of the quadrature components of current and potential difference. 
In applying this expression, the signs of the numerical values 
of the components must be included in the multiplication, and 
the algebraic sum of the products must be taken. For example, 
in Fig. 81 the values of emf, current, and phase angle are the same 
as in Fig. 80. The values of e f and i f are both negative, but the 

algebraic sum of the products is the same as for Fig. 80. When S 

becomes more than 90 deg., the numerical value of cos 6 becomes 
negative and the numerical value of power becomes negative. 

The expression for the reactive power may be derived in a 
manner similar to that for the active power. The expression 
for reactive power in the single-phase circuit is 

Q = EI sin (fi — a) vars (337) 

= EI (sin p cos a — cos p sin a) vars 
= E cos al sin p — E sin al cos p vars 
= ei f — e'i vars. (338) 

This expression is independent of the position of the vectors 
with respect to the reference axis and gives the positive sign 
for capacitive-reactive power and the negative sign for inductive- 
reactive power. 

The vector power, which is expressed as 

V = P + jQ vector volt-amp, (328) 

may be written in terms of the components as 

V = ei + e'i' + j(ei' — e'i ) vector volt-amp. (339) 

If the vector expression for current is multiplied by the conjugate 
of the vector expression for the emf, the equation becomes 

IS = (i + ji')(e — je') vector volt-amp (340) 

= ei + e'i' + j(ei' — e'i) vector volt-amp. (339) 

The right-hand member of Eq. (339) is identical with that of 
the expression for vector power derived by trigonometry, so that 
Eq. (340) may be written 

Y — IE vector volt-amp 


(341) 
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and the vector power may be found as the product of the vector 
expression of current times the conjugate of the expression for 
the potential difference. 

Example 24 

A current of 7 = 40 — j'30 is supplied from a station whose voltage, 
referred to the same axis, is E — 240 + y40. What are the values of the 
active power, the reactive • power, the apparent power, the power factor, 
and the reactive factor of the load referred to the station voltage? 

■ From the problem, 

e — 240 volts, e' = 40 volts, 

i = 40 amp, i' = —30 amp. 


Then, since 


P = ei + e'i f watts, 


the active power becomes 

P = 240 X 40 + 40 X (-30) 

= 9,600 — 1,200 = 8,400 watts. 

The reactive power is 

Q = ei' — e'i volt-amp 

= 240 X (-30) - 40 X 40 
= —7,200 — 1,600 = —8,800 volt-amp, 

and the apparent power is 
U = EI, 

but 


and 

or 

and 


I = V40 2 + 30 2 = 50 amp, 

U = 243.3 X 50 = 12,160 volt-amp 

V = Vp ~ 2 + Q 2 


V8,400 2 + 8,800 2 

1,000 


12.16 vector kva. 


The power factor becomes 

P - F - = cos 5 - °- 69 - 
and the reactive factor, 


R . F . = sin 9 = = -0.725. 


(336) 


(337) 
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Example 25 

An inductive circuit has an impressed emf of 110 volts and a current of 
12 amp flowing in it, the phase displacement between them being 30 deg. 
Find the active and reactive power if the emf and current are represented 
by the vectors: (a) E ,= 110 /60° and 1 = 1 2/30° ; ( 6 ) E = 110 /150° and 
1 = 12 /120° ; and (c) E = 110 /285° and 1 = 12 /255° . 

a. E = 110/60° - 55 -f y95.3 volts, 

1 = 12/30° = 10.39 +76 amp, 

P = 55 X 10.39 + 95.3 X 6 = 1,143 watts, 

<9 « 55 X 6 - 95.3 X 10.39 = -660 vars. 

b. E = 110 /150° = —95.3 + j55 volts, 

1 = 12 /120° = -6 + jl0.39 amp, 

P = (-95.3) (- 6 ) -f 55 X 10.39 == 1,143 watts, 

Q ~ (”95.3)(10.39) — (55)( — 6 ) = —660 vars. 

c. E = 110 /285° = 28.5 -J106.3 volts, 

I - 12 /255° - -3.11 — yil.59 amp, 

P = (28.5)(—3.11) -f (— 106.3)( —11.59) - 1,143 watts, 

Q - (28.5)( — 11.59) - ( —106.3)(—3.11) = -660 vars. 

69. Addition of Values of Power.—In series circuits, it was 
found necessary to add the emfs in their proper phase relations 
referred to the common current as 

$0 = El + E 2 + . . . + En volts (207) 

= (ei + G 2 + . . . + e n ) + j(ei + e 2 + . . - + e»') 

volts. , (210) 

Multiplying both sides of Eq. (210) by the current /, there results 

EqI = (ei/ + e<iI +...+• e n I) + j(ei'I + e 2 I + . . . 

+ e n 'I) vector volt-amp, (342) 

having the magnitude, 

EqI = -\/(C1/+C2/+ . . . +e n /) 2 + {exl-^e^l^r - * * 

volt-amp. (343) 

The.value EJ is the total apparent power taken by the circuit; 
the quantities e \/, e 2 I, e z I, etc., are the values of the active 
power consumed by the several parts of the circuit; and the 
quantities ci e 2 I, e$I, etc., are the values of the reactive 
power consumed in these same parts of the circuit. Since I is a 
positive number, these components of reactive power will take 
the same signs as the respective components of E h E 2 , E Z} etc. 
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From Eq. (343), it is seen that the individual values of apparent 
power cannot be added directly as numbers but that their 
component parts must first be added for the same reasons as those 
applied to the addition of emfs in series circuits. 

Equation (342) may be written 

Eol = (Pi + P 2 + . . ■ + P») + KQi + Q* + • - . + Qn) 

vector volt-amp, (344) 

which is the expression for the vector power in the circuit. It 
can be seen from Eq. (344) that the total active power consumed 
in the circuit is equal to the sum of the active power consumed 
in the individual parts of the circuit and that the total reactive 
power consumed in the circuit is equal to the algebraic sum of 
the reactive power consumed in the individual parts of the 
circuit, and Eq. (344) may be expressed as 

Eol = 7 0 = P 0 + jQo vector volt-amp, (345) 

where 

Po = Pi + P 2 + . . . +Pn watts, (346) 

and 

Qo = Qi + Q2 + • . ■ + Qn vars. (347) 

The magnitude of the vector power is 

Vq - \/Po 2 4- Qo 2 vector volt-amp, (348) 

which is the same as the value of apparent power expressed by 
Eq. (343). 

In parallel circuits the currents are added, as 

io = h + U + • • • + in amp (284) 

= ,(fi + in + . • * + in) 4- j(ii + i* 4- . - - + in) 

amp. (285) 

Multiplying both sides of Eqs. (284) and (285) by the impressed 
emf E, 

EIo = Ely 4- EI 2 4- ... 4- EI n volt-amp (349) 

= (Eiy 4" Ei 2 4" ... 4“ Ei n ) 4" jiEiy 4" Ei*{ + . . . 

4- Ein) volt-amp, (350) 
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having the magnitude, 

El* = 

V(Bii + Ei 2 + . . . +Eu)*+(Ei l '+Ei t '+ . . . +W7T 2 

volt-amp. (351) 

Since Eii, Ei% . . . Ei n are equal to the values of active 
power consumed in the circuit and Eii, Ei% . . . Ei n ' are equal 
to the values of reactive power consumed in the circuit, Eq. (351) 
may be expressed as 

EIo “ (Pi + P 2 + . . - + P») + j(Ql + Q 2 + . . . + Qn ) 

vector volt-amp, (352) 

which is the vector power in the circuit. Since the sum of the 
active powers in the parts is equal to the total active power 
in the circuit and the algebraic sum of the reactive powers in the 
parts is equal to the total reactive power in the circuit, Eq. (352) 
may be written 

Eio = V = P 0 + jQ 0 vector volt-amp, (353) 

where 

Po = Pi + P 2 + . . - + Pn watts, (354) 

and 

Qo = Qi + Q 2 + • • . + Qn vars. (355) 

The magnitude of the vector power is given by Eq. (348), the 
same as for series circuits. 

70. Derivation of and I from Power Diagrams.—The pre¬ 
ceding method of analysis is convenient in many cases where the 
emf or current in the circuit is not important in the calculation. 
The emfs and currents an^l their components may be derived 
from the foregoing values of power as follows: the active com¬ 
ponent of the emf is 

^ = active_20wer = P voItS; (356) 

the total impressed emf, 

Eo = ap pa m it p ower = U = vectorpower = V ^ (357) 
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the reactive component of emf, 


reactive power Q 
e x = - j-H - = ^ volts, 

the active component of the current, 

. __ active power _ P 


** E E 

the reactive component of the current, 


amp, 


reactive power __ Q 


E 


= ^ amp, 


(358) 


(359) 


(360) 


and the total current, 

y apparent power U vector power _ F __ /oai\ 
lo - % ~ E ~ E ~ E amp ' 

71. Determination of the Constants of the Circuit from the 
Power Diagram. —Figure 82 shows graphically the relation 



Fig. 82 .—Impedance, vector, and power diagram for a series circuit. 

between the impedance diagram and the power diagram for 
the series circuit; and Fig. 83 shows a similar relation for the paral¬ 
lel circuit between the admittance diagram and the power diagram. 
Referring to these two figures, the following relations are seen 
to hold: 
the resistance, 

r = ~ ohms, (362) 


the reactance, 


x = j ~2 °hms, 


( 363 ) 
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the impedance, 
the conductance, 
the susceptance, 
and the admittance, 
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U V , 

z = p - p ohms, 

S' = mhos, 

b = -^ mhos, 

U V . 

v = w = W mhos - 
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(364) 

(365) 

(366) 
(367) 





Fig. 83.—Admittance, vector, and power diagram for a parallel circuit. 

The preceding relations and the uses of the equations may be 
shown by the following examples. 

if 

Example 26 

An induction motor takes 10 kw from a line at 0.80 power factor. What 
is the apparent power, the reactive power, the reactive factor, and the 
current and its components if the impressed emf is 250 volts? 

A pparent power, 


reactive power, 


u = o^ = 12 - 5kva ’ 


Q = -a/12.5 2 - 10 2 = —7.5 kvar, 


the minus sign indicating inductive load, emf as reference. The reactive 
factor becomes ^ 

reactive factor = — - x- v = —0.60. 


12.5 


Hence, the total current is 


12.5 X 1,000 
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the active component of current, 

. 10 X 1,000 

^ 250 


40 amp, 


and the reactive component, 

_ —7.5 X 1,000 
* 250 


—30 amp. 


Example 27 

A lighting load of 10 kw is added to the line in parallel with the motor in 
Example 26. Find the values required in Example 26 for the combined 
loads. 

Active power for the motor = 10 kw. 

Active power for the lights — 10 kw. 

The total active power is then 

Po « 10 + 10 = 20 kw, 

Reactive power for motor = —7.5 kvar 
Reactive power for lights — 0.0 kvar. 

The total reactive power is then 

Q — —7.5 + 0 = —7.5 kvar. 

The vector power is 

7 0 == \ // 20 2 + 7.5 2 = 21.4 vector kva, 

(not 22.5 kva, the arithmetical sum of the two apparent powers). The 
total power factor becomes 

20 1 

PE .o = - 0.935 = 93.5 per cent 

and 

— 7 5 

R.F .o = = —0.35 = —35 per cent. 


The total current taken by the two loads is 


Jo 


21.4 X 1,000 
250 


85.6 amp, 


the active component, 


20 X 1,000 
250 


— 80 amp. 


and the reactive component, 

,, -7.5 X 1,000 


fco = • 


250 


— —30 amp. 


The total current for the lighting load is 


• 10 X 1,000 . A 

h - - 250 — = 40 amp ’ 



153 


Art. 71J POWER DIAGRAMS 


and the current for the motor load 


h 


12.5 X 1,000 
250 


= 50 amp. 


The lighting load has a power factor of 1.00 and a reactive factor of 0; the 
motor has a power factor of 0.80 and a reactive factor of -0.60; and the 


To foil active power-20 kw- 
!0 kw 



Lighting load 

Fig. 84.—Power diagram for Example 27. 




total load has a power factor of 0.935 and a reactive factor of —0.35. 
The results are shown in diagram in Fig. 84. 


Example 28 

A synchronous motor consuming 10 vector kva (leading) with 2-kw losses 
is connected in parallel with the induction motor of Example 26. What are 
the total results of the combination of loads? 1 
Active power for the induction motor = 10 kw 
Active power for the synchronous motor = _2 kw 
Total active power * — 12 kw 

Reactive power for induction motor = —7.5 kvar 
Reactive power for synchronous motor = 9J5 kvar 

Total reactive power = 2.3 kvar. 

The reactive power for the synchronous motor is found as 

<2. = Vio 2 - 2 2 = 9.8 kvar. 

The total vector power for the two loads is 

Vo — V / 12 2 + 2T3 2 = 12.2 vector kva. 


The total load power factor is 

19 

P.F.„= = 0.984, 

and the reactive factor for the total load, 

R.F. 0 = = 0.188, 

1 The synchronous motor current leads the impressed emf in this case, 
owing to the excitation of the machine, and produces the same effect as a 
capacitive reactance. 
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the current leading the impressed emf. The summaries of the problem 
are as follows: 

Power factor for induction motor load = 0.8, reactive factor, —0.60 
Power factor for synchronous motor = 0.20, reactive factor, 0.98 

Power factor for total load = 0.984, reactive factor, 0.188. 

Current taken by the induction motor load = 50 amp 

Current taken by synchronous motor load = ^ = 40 amp 

Total current taken from the line X 1,000 _ ^g g am p # 

250 

Less current is required for the combination of the two loads than is 

required for the induction-motor 
load in Example 26. The addition 
of the synchronous motor load has 
lowered the total current and im¬ 
proved the power factor of the sys¬ 
tem. This use of apparatus for the 
control of load conditions is discussed 
in its physical and economic aspects 
when the machines are studied. The 
power diagram for this load is shown 
in Fig. 85. 

Example 29 

What should be the vector leva 
input to the synchronous motor in 
Example 27 to bring the power fac¬ 
tor of the circuit to unity, the active 
power input to this motor being assumed constant? 

To bring the total power factor to 'unity the reactive power for the syn¬ 
chronous motor must exactly balance that for the induction motor, or 

Reactive power for induction motor = —7.5 kvar 
Reactive power for synchronous motor — 7\5 kvar 

Total reactive power = 0.0 kvar. 



For the synchronous motor then, 


Vector power = V^ 2 + 
Total active power 
Total vector power 
Current for induction motor 

Current for synchronous motor 
Total current taken from line 


7.5 2 — 7.77 vector kva 
= 12 kw 
= 12 vector kva 


= 50 amp 
7.77 X 1,000 


31.2 amp 


250 
12 X 1,000 

25 0 . - -48 amp 


This example is illustrated in Fig. 86, 
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Example 30 

What should be the vector kva input to the synchronous motor in Example 
27 to bring the power factor of the circuit to 0.90 with lagging current, with 



ample 29. 30. 


the same active power input to the synchronous motor as given in Example 
27? 

For a power factor of 0.90 lagging current the total reactive factor becomes 

R.F. = - 0 90 2 = -0.436. 

The total active power is 

10 + 2 — 12 kw, 

the vector power, 

12 

= 13.3 vector kva, 

and the reactive power, 

Qo = 13.3 X (—0.436) = —5.8 kvar. 

The reactive power for the induction motor is —7.5 kvar, hence, the reactive 
power to bp consumed by the synchronous motor becomes 

Q a = —5.8 - (-7.5) = 1.7 kvar. 

The vector power input to the synchronous motor is 

V. = -VT + T7 2 = 2.62 vector kva. 

These results are shown in diagram in Fig. 87. 

Problems 

1-5. An induction motor takes a load of 4.2 kw at 0.75 power factor from 
a 230-volt line. What are the reactive power, the yector power, and the 
reactive factor? Draw the power diagram. ' 
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2- 6. An inductive load of 7.8 kva at 0.82 power factor is taken from 
a 240-volt source. What are the values of reactive power, active power, 
and reactive factor? Draw the power diagram. 

3- 6. An impedance of Z ~ 5.1 + j6.8 is connected to a 220-volt source. 
Find the active component, the reactive component, the total current 
and the active, reactive, and vector power. Draw the current vector 
diagram, using emf as the reference, and the corresponding power diagram. 

4- 6. A load on a 160-volt circuit draws 42 amp at a phase angle of 35 deg. 
current lagging the emf. (a) Find the active and reactive components of 
current and from them the active and reactive power. Draw current 
vector diagram using emf as the reference. (6) Find the active and reactive 
components of emf and from them the active and reactive power. Draw the 
voltage vector diagram and the power diagram, using current as the 
reference. 

6-6. A test on an electric motor showed the reading of the voltmeter 
was 219 volts, of the ammeter 39 amp, and of the wattmeter 5.7 kw. What 
are the apparent power and the reactive power demand of the load? What 
is the power factor of the load? 

6- 6. From calculations on the input to an electric circuit, it is found that 
the current is t = 9.53 — j5.5 amp when the applied emf is E — 104 + j60: 
From the components of emf and current, find the active and reactive power. 
What are the vector power and the power factor? » 

7- 5. The input into a group of impedances was found to be I = 
—26 + yi6.8 amp when the impressed emf to the same reference was 
E = —164 — j*67. By means of these component expressions, find the 
active and reactive power. What are the vector power and the power 
factor? 

8- 6. A lighting load of 8 kw is connected in parallel with an induction 
motor taking 15 kw at 0.75 power factor to a 230-volt supply. Find the 
active power, the reactive power, the vector power, the power factor, and the 
reactive factor for the combined loads. Draw the power diagram for each 
component load and the total load. Find the active component, the reactive 
component, and the total current taken by the combined load. Draw the 
current vector diagram, using emf as the reference. 

9- 6. Two induction motors are supplied from the same circuit. One of 
the motors takes 8 kva at 0.72 power factor, and the other takes 10 kva at 
0.50 power factor. Find the total active, reactive, and vector power sup¬ 
plied by the circuit to these two loads. Find the power factor of the supply 
circuit, and draw the power diagram. 

10- 6. A lighting load of 125 kw at unity power factor and an induction 
furnace drawing 200 kva at 0.40 power factor are connected in parallel to a 
feeder. Find the active, reactive, and vector power demand on the feeder, 
and draw the power diagram. 

11- 6. An inductive load of 30 kw at 0.90 power factor and a capacitive 
synchronous motor load of 18 kw at 0.65 power factor are taken from the same 
line. Find the active, reactive, and vector power taken by these two loads* 
and draw the power diagram. 
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12- 5. A substation has three feeders supplied from a transformer. At the 
time of the peak load, the feeder loads are as follows: On feeder A, the 
reading of the wattmeter is 185 kw and the reactive power meter is 134 kvar 
inductive. On feeder B, the reading of the wattmeter is 217 kw and of the 
reactive power meter is 183 kvar capacitive. On feeder C, the reading of the 
wattmeter is 296 kw and of the reactive power meter is 384 kvar inductive. 
Find the total active, reactive, and vector power supplied by the transformer 
and the power factor at which it is operating. Draw the complete power 
diagram. 

13- 5. An inductive load of 12 kw operates at a power factor of 0.52. It is 
designed to bring the power factor of the load demanded from the feeder to 
unity by the addition of capacitors. What is the kilovolt-ampere rating of 
the capacitors? Draw the complete power diagram. What is the total 
kilovolt-ampere input to the combined loads? 

14- 6. A small shop has a lighting load of 7.5 kw operating in parallel with 
an induction motor load of 15 kva at 0.65 power factor. Capacitors are to 
be connected in parallel with these loads to bring the power factor to unity. 
What is the kilovolt-ampere rating of capacitors required? What are the 
active, reactive, and apparent power of the combined load? Draw the 
power diagram. 

15- 5. An industrial substation supplies a lighting load of 100 kw and an 
induction motor load of 150 kva at 0.50 power factor. What kilovolt¬ 
ampere rating in capacitors must be connected in parallel to bring the power 
factor of the combined loads to 0.85, current lagging? How much was the 
apparent power of the load reduced by the addition of these capacitors? 
Draw the power diagram. 

16- 6. A substation supplies a lighting load of 200 kw and a motor load of 
400 kva at 0.70 power factor, current lagging. How many kilovolt-amperes 
in capacitors must be added in parallel to bring the power factor of the 
combined load to 0.95, current lagging? What are the active, reactive, and 
vector power supplied by the substation before and after the addition of the 
capacitors? Draw the complete power diagram. 

17- 5. A factory has an induction motor load of 500 kw at a power factor 
of 0.65. A synchronous motor is to be installed, having sufficient capacity 
to take 200 kw additional load and to raise the power factor of the combined 
load to 0.90, current lagging. What is the kilovolt-ampere rating of the 
required synchronous motor? At what power factor does it operate? What 
are the active, reactive, and vector power supplied to the factory? Draw 
the power diagram. 

18- 6 . A 110-volt washing-machine motor is rated at { hp. It has an 
efficiency of 70 per cent and a power factor of 65 per cent at full load. What 
current does it draw from the line? What are the active and reactive com¬ 
ponents of current? What are the reactive and vector power? Draw the 
power and the current diagrams. 

19- 5 . A feeder circuit has two branches with inductive loads. There are 
meters in the feeder circuit and in one of the branches. On a test, the follow¬ 
ing readings were taken: voltage 2,300 volts, feeder ammeter 90 amp, feeder 
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wattmeter 152 kw, branch A ammeter 40 amp, branch A wattmeter 83 kw. 
What are the active power, reactive power, and vector power, and the power 
factor of the feeder and of each branch? 

20- 5. A group of impedances is tested as a unit, the impressed emf being 
196 volts, the current 0.68 amp, and the active power 88 watts. Find the 
active and reactive components and the total current. Draw the current 
vector diagram. Find the equivalent resistance, impedance, conductance, 
susceptance, and admittance of the circuit. 

21- 5. The load on a distribution circuit was found to be 6.1 kw of active 
power and 4.3 kvar of inductive reactive power. The emf impressed was 
117 volts. Find the active and reactive components and the total current. 
Draw the current vector diagram. Find the equivalent conductance, 
susceptance, resistance, and reactance of the load. 

22- 6. A 288-volt load of 8,000 watts, unity power factor, is made up of two 
branches. The impedance of one branch is Zi = 8.4 + j‘6.3 ohms; what is 
the impedance of the other branch? 

23- 6. A load of 80 kw at 0.65 power factor, current lagging, on a 2,450-volt 
circuit is made up of two impedances in series. The first impedance is 
Z i == 25 /75° ohms; find the value of the second impedance. 

24- 6. A transformer carries a load to three feeders. At the time of the 
peak load, the loads on the separate feeders are: feeder 1 taking 300 kva at 
0.40 power factor inductive; feeder 2 taking 100 kva at unity power factor; 
and feeder 3 taking 200 kva at 0.70 power factor inductive. Find the 
active-power, the reactive-power, and the apparent-power output of the 
transformer. 

26-6. A lighting load of 80 kw at unity power factor is connected in 
parallel with an induction motor taking 100 kva at 0.70 power factor. 
What kilovolt-amperes of capacitors must be connected in parallel with these 
loads to bring the combined power factor to unity? What is the total 
input to these three loads at this power factor? 

26- 6. An industrial plant has an induction motor load of 500 kva. at 
0.50 power factor. A synchronous motor is to be installed to carry an 
additional load requiring 500 kva input and to bring the power factor of 
the combined load to 0.90 inductive. What is the rating of the synchronous 
motor? 

27- 6. A 3,000-volt load of 100 kw at unity power factor is composed of 
two branch loads. The impedance of one branch load is Z\ = 50 /45° ; what 
is the impedance of the second load? 

28- 5. Three loads Y l = 0.1/45°, F 2 = 0. 2/-80° , and 1 3 = 0.05/50° are 
connected in parallel across a 1,000-volt a-c circuit. Calculate the total 
active power, the total reactive power, and the total apparent power, the 
power factor, and the reactive factor of the combined loads. Draw the 
power diagram. 

29- 6. Three impedances Z i = 2.5 - j6.8, Z* = 7/60°, and Z , « 10 /-80° 
are connected in parallel across a 500-volt a-c circuit. Find the total and 
branch currents and the total and branch active power, reactive power, and 
apparent power. 



CHAPTER VI 

COMPLEX ALTERNATING-CURRENT CIRCUITS 

In the study of transmission lines, distribution circuits, and 
electrical machines, many of the circuits are composed of parallel 
branches in series with impedances. Such circuits are called 
u complex ’’ because they are composed of combinations of 
simple series and simple parallel circuits. The solution of this 



type of circuit involves the successive reduction of groups of 
parallel and series impedances into equivalent single impedances 
according to the laws already developed for series and parallel 
circuits. Though the process of solution of the complex circuit 
will vary, depending upon the particular portions of the circuit 
that are known, the procedure in general is that of the application 
in successive steps of the principles of the series and parallel 
circuit. Two particular cases of the complex circuit that occur 
frequently will be outlined. 

72. Case I. Electromotive Force across the Parallel Branches 
Given. —This case is one that frequently occurs in the solution 
of transmission, distribution, and equivalent machine circuits, 
the branch circuits constituting the loads with the voltage across 
them being known. The impedances of the supply circuit are 
known, and it is required to determine the supply voltage. 
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wattmeter 152 kw, branch A ammeter 40 amp, branch A wattmeter 83 kw. 
What are the active power, reactive power, and vector power, and the power 
factor of the feeder and of each branch? 

20- 5. A group of impedances is tested as a unit, the impressed emf being 
196 volts, the current 0.6S amp, and the active power 88 watts. Find the 
active and reactive components and the total current. Draw the current 
vector diagram. Find the equivalent resistance, impedance, conductance, 
susceptance, and admittance of the circuit. 

21- 5. The load on a distribution circuit was found to be 6.1 kw of active 
power and 4.3 kvar of inductive reactive power. The emf impressed was 
117 volts. Find the active and reactive components and the total current. 
Draw the current vector diagram. Find the equivalent conductance, 
susceptance, resistance, and reactance of the load. 

22- 5. A 288-volt load of 8,000 watts, unity power factor, is made up of two 
branches. The impedance of one branch is Zi ~ 8.4 +^’6.3 ohms; what is 
the impedance of the other branch? 

23- 5. A load of 80 kw at 0.65 power factor, current lagging, on a 2,450-volt 
circuit is made up of two impedances in series. The first impedance is 
Z i = 25 /75° ohms; find the value of the second impedance. 

24- 5. A transformer carries a load to three feeders. At the time of the 
peak load, the loads on the separate feeders are: feeder 1 taking 300 kva at 
0.40 power factor inductive; feeder 2 taking 100 kva at unity power factor; 
and feeder 3 taking 200 kva at 0.70 power factor inductive. Find the 
active-power, the reactive-power, and the apparent-power output of the 
transformer. 

26-6. A lighting load of 80 kw at unity power factor is connected in 
parallel with an induction motor taking 100 kva at 0.70 power factor. 
What kilovolt-amperes of capacitors must be connected in parallel with these 
loads to bring the combined power factor to unity? What is the total 
input to these three loads at this power factor? 

26- 5. An industrial plant has an induction motor load of 500 kva. at 
0.50 power factor. A synchronous motor is to be installed to carry an 
additional load requiring 500 kva input and to bring the power factor of 
the combined load to 0.90 inductive. What is the rating of the synchronous 
motor? 

27- 6. A 3,000-volt load of 100 kw at unity power factor is composed of 
two branch loads. The impedance of one branch load is Z\ = 50 /45° ; what 
is the impedance of the second load? 

28- 5. Three loads Fi = 0.1/45°, Y % - 0. 2/-80° , and f 3 - 0.05/50° are 
connected in parallel across a 1,000-volt a-c circuit. Calculate the total 
active power, the total reactive power, and the total apparent power, the 
power factor, and the reactive factor of the combined loads. Draw the 
power diagram. 

29- 5. Three impedances Z x = 2.5 — /6.8, F 2 = 7 /60° , and Z 3 = 10 / —80° 
are connected in parallel across a 500-volt a-c circuit. Find the total and 
branch currents and the total and branch active power, reactive power, and 
apparent power. 
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In the study of transmission lines, distribution circuits, and 
electrical machines, many of the circuits are composed of parallel 
branches in series with impedances. Such circuits are called 
“complex” because they are composed of combinations of 
simple series and simple parallel circuits. The solution of this 



type of circuit involves the successive reduction of groups of 
parallel and series impedances into equivalent single impedances 
according to the laws already developed for series and parallel 
circuits. Though the process of solution of the complex circuit 
will vary, depending upon the particular portions of the circuit 
that are known, the procedure in general is that of the application 
in successive steps of the principles of the series and parallel 
circuit. Two particular cases of the complex circuit that occur 
frequently will be outlined. 

72. Case L Electromotive Force across the Parallel Branches 
Given. —This case is one that frequently occurs in the solution 
of transmission, distribution, and equivalent machine circuits, 
the branch circuits constituting the loads with the voltage across 
them being known. The impedances of the supply circuit are 
known, and it is required to determine the supply voltage. 
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Let Fig. 88 represent the circuit diagram to be considered. 
Assume that E is given and remains constant and that either the 


current in branches 1, 2, and 3 



h 

Fig. 89 .—Vector diagram for a complex 
circuit. 


Jo — ii +12 + . 


>r their impedances are known; 
it is required to find E 0 , Jo, and 
the total power factor of the 
circuit. The given emf E will 
be used as the reference vector, 
or 

E = E + jO volts. (283) 

The total current taken by the 
parallel branches is 

. . + In amp, (284) 


or, if the impedances are given, the total current may be found as 


Jo + 2/2 + . . . + y n ] amp (306) 

= E(g a + jbo) = Eyo/dp amp (307) 

= i 0 + jio' = Io/Jo amp, (285) 

where 

tan 0„ = ~ (368) 

yo 


This current, flowing through the impedance z 4 , causes an imped¬ 
ance drop that the impressed emf must supply in addition to 
the emf E across the parallel branches, or 



= E +• E 4 volts , 



— E + J 0^4 

(369) 


= E + (i 0 + ji o') (n + jx 4 ) 

(370) 


= E + i 0 n — ia'xi + j(i 0 Xi + t 0 V 4 ) 

= e 0 + je 0 ' volts, 

(371) 

where 


e 0 = E i Q r 4 — ; volts, 

(372) 

and 


eo = +- io'r 4 volts. 

(373) 


The magnitude of the impressed emf, or voltmeter reading, is 


E 0 = Veo 2 ~\r <?</ volts, 
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and the magnitude of the current, or ammeter reading, is 

I = V^o 2 + if amp. (286) 

The vector diagram with E as the reference is shown in Fig. 89. 

Example 31 

A 220-volt motor takes 50 amp at 0.8 power factor inductive over a 
circuit having a resistance of 0.5 ohm and a reactance of 1 ohm. What 
is the station voltage, the power factor at the station, and the power sup¬ 
plied by the station? 

Io 

i 0 

io' 

From Eq. (370), 

Eo = 220 -f* (40 — i30)(0.5 + jl.0) volts, 

E 0 « 270 -}- j25 volts, 

and 

= V270 2 + 25* = 271 volts. 

P 0 ~ + < 

e Q i 0 ~ 270 X 40 — 10,800 watts, 

= 25 X (—30) = —750 watts, 

and 

P 0 = 10,050 watts, 

P = 220 X 40 = 8,800 watts. 

This example is illustrated in Fig. 90. 


Fig. 90.—Vector diagram for the complex circuit of Example 31. 

73. Case II. Impressed Emf and Constants Given.—Another 
common case is the one in which the emf applied to the circuit 
and the circuit constants are known, and it is desired to deter¬ 
mine the unknown currents and emfs. Such a circuit is shown 
in Fig. 91, where Eo and the impedances Zi, z 2 , z 3 , z 4 , and zs are 
known. The steps are, first, to reduce the impedances in the 
parallel groups to equivalent admittances; then each parallel 
group is combined into a single admittance. These single 



— 0.8 X 50 = 40 amp, 

= ~VW - 40 2 = -30 amp. 
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admittances are in series and must be converted into equivalent 
impedances so that they may be combined into a single resultant 
equivalent impedance. 

In the first group of parallel impedances, the equivalent 



Fig. 91.—A complex cir¬ 
cuit of five impedances. 


admittances are 

yi = i = 9i + jbi mhos, (374) 

$2 = I = ga -+- jb 2 mhos, (375) 

yz = i- = gs + jbs mhos, (376) 

#3 

and the combined equivalent admittance is 

#13 = #1 + #2 + #3 mhos. 

This combined admittance must be con¬ 
verted into an equivalent impedance, the 


impedance being expressed as the reciprocal of the admittance, or 



zi 3 = ohms 

(377) 


#13 


= - r~T r — ohms 

0i3 + JO 13 

(378) 


0i3 , « ~b 13 , 

= — t + 0 — n \ ohms 

013“ + b 13 " 013 2 + ^>13 2 

(379) 


== ris + jx 13 ohms, 

(380) 

where 

t 13 = — ^rTTT~> - ~2 ohms 
gn + b 13 2 yu 2 

• (381) 

and 

— 613 — b 13 i 

X 11 = 0,7,,= , ohms 

g is 2 + b 13 2 y i3 2 

(382) 


are the equivalent resistance and reactance of the parallel 
branches. In the definition of x , the numerator of the fraction 
is made negative so as to retain the positive sign in the general 
definition of x. When the proper sign is given to the numerical 
value of b , the numerical value of the resulting x will have its 
proper sign, capacitive susceptance being positive whereas 
capacitive reactance is negative; and inductive susceptance is 
negative whereas inductive reactance is positive, 
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The equivalent impedance of the second group of parallel 
impedances is formed in a similar manner as 

Zis — r 4 5 + jx 45 ohms. (383) 

The single impedance equivalent to these two combined imped¬ 
ances is 

2 o = 0 i 3 + 045 ohms (384) 

= (ris + ns) + j(x 13 + ^ 45 ) ohms 
= r 0 + jx 0 ohms. (385) 

The total current taken by the combined circuit is then 

j 0 = ^ = E 0 yo amp, (386) 

00 

where Eq, the known value of emf, is taken as the reference. 

If the current and potential distributions in the complex 
circuit or network are desired, the inverse process is followed. 
In this case, the impedance drops across the equivalent imped¬ 
ances may be obtained from the equations 

Eis = .7o 0 i 3 volts (387) 

and 

Ea 5 - io045 = Eo - E 13 volts. (388) 

Then each branch current may be obtained from the emf across 
the branch and its admittance, e.g., as in branch 1 , 

Ii = Eizyi = i\ +jii amp. (389) 

In this manner, the emfs and currents may be broken up into 
components, until the drop across each impedance and the current 
in each impedance are known in reference to the emf E 0 . 

Example 32 

In Fig. 88 consider the impedances as 

zi = 10 +jQ = 10/0° ohms, 
z 2 = 3 +/4 = 5 /53°8' ohms, 
z z = Q — j'4 = 4 /-90° ohms, and 
z 4 = l + j2 = 2.24 /63°26' ohms, 

with the impressed emf Eo = 100 volts. Find the emf E, the total current, 
and the current taken by each branch. 
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For the parallel branches, 

yi ~ 0.10 + /0 — 0.10/0° mhos, 

2/2 = 0.12 -/0.16 = 0.20 /--53 o 8 / mhos, 

2/3=0+ j'0.25 = 0.25 /90° mhos. 

Then 

y — Vi + 2/a + yz — 0.22 + j0.09 — 0.237 5/22°13 r mhos, and 
z — ~ = 4.22/ —22°13 / = 3.88 - jl.59 ohms. 

The total impedance of the circuit becomes 

£o = ’* + = 4.88 + i0.41 = 4.8 9/4°49 / ohms, 

y 0 = A = 0.2037/-4°49'mhos. 

Zo - 

Using E o as the reference, 

1 0 = F 0 £ 0 = 100 X 0.2037 / —4°49' amp 
= 20.37 /-4°49 / = 20.3 -jfl.71 amp. 

9 

The emf across the parallel branches is 

S - ioz = 20.37 /-4°49' X 4.22 /-22°13' volts 
- 85.5 / -27°2' = 76.08 - /39.05 volts. 
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The currents in the branches are 

ii - Eyi = 85.5 /—27°2 / X 0.10/0° amp 
= 8.55 /—27°2 / - 7.608 - i3.905 amp, 

/ 2 = Ay, = 85.5 /—27°2 / X 0.20 /-53°8' amp 

- 17.1 /~80 o 10' = 2.90 - ^15.88 amp, 

A = ift/s = 85.5 /-27°2 / X 0.25/90° amp 

- 21.38/62^58/ = 9.77 + il9.02 amp. 


These values of current and voltage are shown in Fig. 92, Eq being used as 
the reference. 


74. Simplification of Networks. —Sometimes it is necessary to 
convert a mesh circuit to a star circuit or the reverse before 
combining the circuit with other impedances or admittances, or 


to reduce a network of imped¬ 
ances to a single equivalent 
impedance. There are three 
general cases given below for 
such transformations. 

a. Mesh-star Transformation. 
Three impedances may be con¬ 
nected into a mesh circuit, Fig. 
93. Assume that these three 
impedances z^, 232 , and Z 21 are 
connected into a mesh; that it 
is required to replace these 
impedances by three other im- 


3 



Fig. 93.— Star- and mesh-connected 
impedances. 


pedances Za-i, z a - 2 , and z a s, 

connected in star to the common point a; and that these new 
impedances will produce the same drop in a given a-c circuit as 
is produced by the original impedances. By transformations 
similar to those in the previous paragraphs, 


2 , __ il3g21 : - ohms, 

2X8 + 221 d" 232 

(390) 

i 2 __ W**. ohms, 

Z \3 4" Z21 + ^32 

(391) 

£ — _-232^13 -__ 0 h ms . 

#13 + 221 + 232 

(392) 


These impedances may be changed to equivalent admittances, 
giving 
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2/a—1 

//21//32 + 2/322/13 + 2/I3//21 m J 10 „ 

(393) 

Z/»3 ' ’ 

2A-2 

■folfoi + //32//13 + /yi3//2I , , 

(394) 

— --—.. 1 XXUJ.UD. 

y i3 

Va -3 

2/212/32 + 2/322/13 + 2/132/21 

2/21 

(395) 


b. Star-mesh Transformation .—When the given circuit, Fig. 93, 
is connected in star and the equivalent mesh is required, the 
transformation equations become 


or 


«3I 

ZZ2 

ZlS 


Z a —lZ a —2 I Za—2^a —3 ~F~ 3 Za —1 

Z a ~Z 

Z a — iZa —2 "4 Za — 2>Za —3 I Za —3 Za —1 

Za —1 

Zg-lZg^.2 + Zg-^Zq-Z ~f~ Zg-ZZg^l 
Za —2 


ohms, 

ohms, 

ohms, 


Vn = 

2/32 = 

Viz = 


_ 2/a—l2/a~2 _ 

2/a-1 + Va~ 2 + 
_ y a—22/ a—3 _ 

2/a—1 + 2/o~2 + 2/«~3 
ya-lt/a-3 

2/a-l + 2/a-2 + 2/«-3 


mhos, 

mhos, 

mhos* 



4 3 

Fig. 94.—Star- and complete mesh-connected impedances. 


(396) 

(397) 

(398) 

(399) 

(400) 

(401) 
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c. Star-complete Mesh .—A star-connected circuit may be con¬ 
verted into a complete or partial mesh-connected circuit by the 
use of the proper transformation equations. The star-connected 
circuit, shown in Fig. 94, may be converted into equivalent mesh- 
connected triangular mesh connections and these in turn into 
the outside mesh by transformations given in Eqs. (396) to (401). 
Applying these equations to any star circuit, 


212 — Za^li a -2(y n -l + # 0-2 + • 
^23 — 2«-2<2a— s(.y a -l 4~ 2/a—2 + • 


&mn a —1 2/a—2 ~h 

or in terms of the admittances, 

jja— llja —2 


y 12 


y 23 — "T 


2/a-1 + 2/a—2 + . . . 

■ + 2/a-rt 

2/a—:22/a—3 


2/a—1 + 2/a—2 + . . . 

+ Va-n 

2/a—m2/a—n. 


2/a—1 + 2/a—2 + • • 

• + 2/a~» 


x - n ) ohms, 

(402) 

i—n) ohms, 

(403) 

'**_») ohms. 

(404) 

mhos, 

(405) 

mhos, 

(406) 

mhos. 

(407) 


These equations will hold for any star-mesh transformation, but 
a general case of a mesh-star transformation does not hold for 
all circuits. 

75. Mutual Inductance.—In Chap. II, Art. 25, it was noted 
that a current flowing in a coil produces a flux which interlinks 
that coil. This flux in a circuit of constant permeability was 
found to be proportional to the current, to the number of turns 
in the coil, and to the dimensions of the coil. By the application 
of Faraday's law it was found that the emf induced in the coil 
is given by 


* = -IrJ volts, , ■ (57) 

where L is the coefficient of self-inductance of the coil. 

If the flux from this coil also interlinks a second coil, there is an 
emf induced in this second coil by the change of flux, or current, 
in the first coil. This second induced emf is proportional to the 
number of turns in the second coil and to the rate of change of 
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the flux threading that coil, or 

e 2 i = -iVs^rlO" 8 volts. (408) 

at 

If all the flux from the first coil threads the second coil, then 
by the application of Eq. (408), 

e* = 1L )l°~ 8 volts 

= 10-8 volts, ( 409 ) 

li at 

an equation similar to Eq. (56). The coefficient of dii/dt in 
Eq. (409) is known as the mutual inductance of coil 2 with 
respect to coil 1, and Eq. (409) may be written as 

e 2i = volts, (410) 

where 

M U = 0 - 4T ^ liV ^ 1 10-8 henrys _ ( 411 ) 

n 

Mutual Inductance.—Mutual inductance is the common property 
of two associated electric circuits that determine , for a given rate 
of change of current in one of the circuits, the emf induced in the 
other. 

In most circuits, not all the flux from the first coil threads the 
second, but Eq. (410) holds for such a condition, the value of M 
being less fhan when all the flux threads both coils, since for 
this condition <f >i in Eq. (408) becomes ki<f> i, where ki is a factor 
less than unity, it being the proportional part of the flux enclosed 
by coil 2. From Eq. (409), it is seen that the emf induced in 
the second coil is proportional both to the value of flux interlink¬ 
ing the second coil and to the number of turns in the second coil. 
This principle of interlinked circuits has a wide application in 
electrical engineering problems, especially in its application in 
the transformer. In the transformer, the relative leakage of 
flux between the coils is kept to a low value, giving a high value 
of mutual flux, whereas in most other circuits there may be very 
little mutual flux threading a second, circuit. 
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If the current is made to flow in coil 2, a similar flux to that 
already mentioned threads coil 1, and Eq. (410) may be written 

eu = volts, (412) 

where M 2 i is the mutual inductance of coil 1 with respect to 
coil 2. The mutual inductance of each coil with respect to the 
other is the same, so that 

= M henrys. (413) 

If the coils are wound on a common core with turns side by side, 
nearly all the flux produced in coil 1 threads coil 2 and the 
condition of perfect mutual inductance is approached, where 
there is no leakage of flux between the coils. For such a condi¬ 
tion, Eq. (411) may be written 


M 12 = “ALi henrys, 

(414) 

and similarly, 


— ^rL 2 henrys. 

Iy 2 

(415) 

Multiplying Eqs. (414) and (415) there results 


M = -y/LiL -2 henrys. 

(416) 

For all practicable coupled coils, the actual flux in 
coil is less than that in the first, so that 

the second 

M = k\ZLiL 2 henrys, 

(417) 


where k is the coefficient of coupling of the coils, a quantity 
less than 1. 

Coefficient of Coupling.—The coefficient of coupling is the 
ratio of the mutual inductance to the square root of the product 
of the coefficients of self-induction. 

For transformers with steel cores, the value of k approaches 
unity, whereas, for air-cored coils and most mutual circuits, 
k is much less than 1. In Eqs. (416) and (417), the value of M 
may be either positive or negative, whereas the value of L is 
always positive. 
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When a current flows in both coils, the differential equations 
for the two sides of the circuit may be written 

ex = Rxk + volts > 

and 

e 2 = R 2 i 2 + volts, 

where ei is the instantaneous emf impressed on coil 1; 
e 2 is the instantaneous emf impressed on coil 2; 

Li is the coefficient of self-inductance of coil 1, henrys; 

Z /2 is the coefficient of self-inductance of coil 2, henrys; 

M is the mutual inductance of the two coils, henrys; 

11 is the instantaneous current flowing,in coil 1, amp; and 

1 2 is the instantaneous current flowing in coil 2, amp. 

For steady-state conditions in the circuit, Eqs. (418) and 

(419) may be solved by methods similar to those used in the 
previous chapters into 

Ei = Rih +' jcoLiIi + volts, (420) 

and 

E 2 — R 2 I 2 + ja>L 2 I 2 + juMIi volts, (421) 

where E i is the emf in volts impressed on coil 1; 

E 2 is the emf in volts impressed on coil 2; 

1 1 is the current, amp, flowing in coil 1; 

1 2 is the current, amp, flowing in coil 2; 

Ri is the resistance in ohms of coil 1; 

R 2 is the resistance in ohms of coil 2; 

and L h L 2: and M have the same definitions as in Eqs. (418) and 
(419), it being understood that the emfs and currents are all 
referred to the same reference. Equations (420) and (421) may 
be solved simultaneously for 7i and I 2 . 

» Example 33 

Two coils are placed close together so as to have their magnetic circuits 
interlinked. The self-inductance of coil A is 0.174 henry and of coil B is 
0.113 henry. The mutual inductance between them is 0.105 henry. Find 
the coefficient of coupling of the coils. 

7 _ _ M 0.105 

VLM >76.174 X 0.113 
= 0.748. 


(418) 

(419) 
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Problems 


. 1-6- Three impedances represented by Z t = 10 + jO, Z 2 = 7 - / 8 , and 
Zs = 10 + /10 are connected in parallel, and an emf drop of 1,000 volts 
results^ across the combination. This combination is fed through an imped¬ 
ance Z 4 = 0.3 + jOA, as shown in 

Fig. 1 - 6 . Find the vector value and _j- , ?o _ 

the magnitude of the impressed emf \ —]T— J] 4 ] 4 ] 

and the total and branch currents. \ * ll fl I 

2-6, A group of three impedances E 0 Z, Z 2 Z 3 

in parallel, represented by Z\ = j 

10/60°, Z 2 - 5/-30° , and Z z = | III 

4/ —90°, is connected in series with — 1 ——----1-1-1 

a third impedance Z< = 2 /-45°, Fig * 1 “ 6 *” Figure for Prob - 2 ~ 6 * 


lA h\ Is 


Eo 

i 


Z, 


L_I LJ L 


Fig. 1 - 6 . If a voltage of 500 volts is impressed across the parallel branches, 
calculate the values of the branch currents, the total current, and the 


Eo 


Io 


Z 9 


j; 


\6 


E Z t 


_L 


J? 


Fig. 3-6.—Figure for Prob. 3-6. 


impressed emf. 

3-6. Two loads having imped¬ 
ances Z\ = 4 -J- jO and Z 2 = 5 4-/8 
are connected in parallel and fed 
from a 440-volt circuit. This com¬ 
bination is supplied from a station 
over lines having an impedance Z s 
composed of a resistance of 0.05 ohm 
and an inductive .reactance of 0.06 
Find the station voltage and the total current. 


Y Y 


ohm as shown in Fig. 3-6. 

Find the total active, reactive, and vector power taken by the loads, and 
also delivered from the substation. 

4-6. Two loads having admittances Yi = 0.0 8/—60° and Y 2 = 0.1 0/30° 
are connected in parallel and an emf E = 1,00 0/45° is applied to these two 


branches. This combination is supplied over lines having the impedance 
Zz — 0 . 2 / 20 °, the circuit being shown in Fig. 3-6.. Calculate the station 
voltage Eo, the current I 0J and the power and power factor of the total 
circuit. 

5 - 6 . In the circuit shown in Fig. 3-6, Zz = 0.1 /45° , Fi = 0 . 6 / —30° , 
Y 2 = 0.5 /90°, and i 2 = 100 /45°. Find the vector values of E , I, and E 0y 
and draw the vector diagram. 

6- 6. Two loads having impedances Y 1 = 0.25 4-/0 and Y 2 = 0 + /0.125 
are connected in parallel across a distribution circuit in which the voltage E 
is kept constant. The current in branch 1 is 30 amp. The parallel branches 
are fed through a circuit having a resistance of 0.3 ohm and an inductive 
reactance of 0.6 ohm. Compute the other currents and emfs for this circuit, 
and draw a vector diagram using the known current as the reference. 

7 - 6 . In the circuit shown in Fig. 3-6, Zi = 5 4-/5, Z 2 — 0 — /5, Zz = 
4 _j_ an( i Eo = 400 volts. Using E 0 as the reference, find I Q and E, 
and draw the vector diagram. 
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8- 6. In Fig. 3-6, Z l = 3 + j 6 , Z's = 3 /-60° , Z t = 2/30^, and E 0 = 
1,000 /20° . Calculate the values of the total and branch currents and of the 
emf drop across the parallel branches. Draw the vector diagram. 

9- 6. A group of three impedances Zx = 0.3 + /0.6, Z 2 = 0.8 — j0.3, 
and Z 3 = 0.5 -f jO are connected in parallel. A second group of two 
impedances Z 4 = 0.3 -f j0.4 and Z 5 = 0.5 - jl are also connected in 
parallel. The two groups are connected in series, and an emf of 84 volts 
is applied. Find the total current and the current in each branch. 

10- 6. Two impedances, Zx = 1 0/40° and Z 2 = 1 0/-90° , are connected 
m parallel. This combination is connected in series with an impedance 
Zs = 5/45° , Fig. 3-6, and an emf of 400 volts is applied to the total circuit. 
Calculate the values of the total currept, the branch currents, and the 
emf across the branches. Draw the vector diagram with the impressed 
emf as the reference. 

11- 6. The current I a taken by the circuit of Prob. 8-6 is 20 amp at 0.60 
power factor lagging, and the emf is E 0 = 100 volts. Find the values . 
of E and /, and draw the vector diagram using E 0 as the reference, 
assuming that Y x = 0.05 /-60° , Z z = 2 /30° and that 7 2 is to be 
determined. 

12- 6. An emf E = 86 volts is applied to the network of Fig. 12-6. The 
impedances are Z 2 = 0.08 - j 0 . 6 , Zx = 0.2 + j 0 . 3 , Zz - 0.05 + jQ. 7 , 



13-6. 


Z 4 — 1.0 + iO. 6 , and Z 5 — 0.09 — j0.2. Find the current delivered to the 
network. 

13- 6. An emf of 293 volts applied to the network of Fig. 13-6. The 
impedances are Zi = 8/34° , Z 2 = 4.6/0°, Z z = 7.3 /-16° , Z 4 = 1.8/78°, 
and Z 5 — 2. 7/ —60° . Find the current supplied to the network. 

14- 6. In the network of Fig. 14-6, the impedances are Z x = 106 /30° , 
% = 8 3/ -20° , Z z = 25/25°, Z A = 45/0_°, Z z = 30/90°, Z 6 = 126/0^ ? 
^7 = 4 0/90° , and Z s = 7 0/ —45° . An emf of 1,164 volts is applied to the 
network. Find the total current. 





Art. 75] COMPLEX CIRCUITS 173 

15- 6. Two coils having self-inductances of L\ — 0.0645 henry and 
L 2 = 0.0218 henry are so placed as to 
have a mutual inductance of 0.0263 
henry. What is the coefficient of 
coupling? 

16- 6. Two coils have self-inductances 
of Li = 0.738 henry and L 2 — 0.536 
henry. What must be the mutual in¬ 
ductance in order to have a coefficient 
of coupling of K — 0.7? 

17- 6. Two coils having self-induc¬ 
tances of Lt = 0.016 'henry and L 2 = 

0.021 henry and a mutual inductance 
of M = 0.009 henry are connected in 
series. What is the combined indue- 

tance of the coils? _ Fig. 14-6.—Figure for Prob. 14-6. 

18- 6. Two admittances, Yi 0.25 /45° and 1t 2 — 0.12 5/ —90° , are 
connected in parallel across a distribution circuit that supplies an emf of 
E volts. The circuit supplying the two branches has an impedance 

= 0.5 /60° , Fig. 3-6, and the current flowing through impedance 1 is 

= 250 /30°. Calculate the value of the station voltage E 0y the emf drop 
across the branches, the current in branch 2, 
and the total current. 

19- 6. Given the same circuit and con¬ 
stants as in Prob. 1-6, but with the impressed 
emf given as 300 volts. Find the total cur¬ 
rent, the branch currents, and the emf drop 
across the branches. 

20- 6. Two loads, of which one is Fi = 
0.02 — j'0.08, are fed from a station supply¬ 
ing 400 volts over a line having the imped¬ 
ance Zz = 4 — j4 ohms. The current taken 
from the station is 20 amp at 0.90 power 
factor, current lagging; find the value of the 

Z 7 other admittance Y 2 . 

Fig. 21-6.—Figure for Prob. 21-6. In the network of Fig. 21-6, the 
21 ' 6 - impedances are Z l = 24 /-75°, = 10/0°, 

Z 3 = 16.1/30°, Zi = 20/90°, ‘ = 5 /10° , Z 5 « 12 / -90° and Z 7 = 8/T. 
A current of 26.4 amp flows into the network; find the emf impressed and the 
distribution of current in the network. 

22 - 6 . In the network of Fig. 21-6, the impedances are Zi - 0.05 4* j‘0.1, 

Z 2 = 0.1 +/0.05, Z z = 0.005 -j- j0.06, = 0.1 +/0, Z 5 = 0.05 ~i0.06, 

Z 6 — 0.1 -h jO.8, and Z 7 = 0.01 +/0.07. Find the current if an emf of 
45 volts is applied. Find the distribution of current in the network. 

23- 6. Two coils with self-inductances of La ~ 3.25 henrys and Lb = 2.63 

henrys are so placed as to have a coefficient of coupling of 0.4. (a) Find the 

combined inductance if the two coils are connected-in series with the fluxes 
in the same direction, (b) Find the inductance of the two if connected in 
series with the fluxes opposing. 












CHAPTER VII 


THREE-WIRE ALTERNATING-CURRENT CIRCUITS 

In order to avoid confusion in making an analysis of a circuit 
involving a combination of emfs or currents, certain basic 
principles or rules must be established and followed in the 
solution of the problem. First, a definite reference time must 
be established, and all quantities must be stated with reference 
to this time in order that they may be combined. Second, the 
direction in which the quantities being considered are acting 
in the circuit must be established before they can be used in the 
combination. A direct emf may be connected into the circuit 
in either of two ways: either its emf is in the direction through 
which the circuit is being traversed when it is considered positive; 
or else it is opposite to the direction taken through the circuit, 
under which condition it is considered negative. 

Double subscripts are used in equations and vector diagrams 
to indicate the direction in the circuit in which the quantities 
are being considered; e.g ., E ab indicates that the emf between 
points a and & of a circuit is being considered from a to b, and the 
numerical value of Eab is positive if the emf E ab creates a rise in 
potential. If the circuit is being considered from b to a , the 
emf is denoted as E &«. If the emf between a and b is in such a 
direction that E ^ is positive, then the same emf, denoted by 
Eba 7 is negative, i.e. } 

Eba = — Eab volts. (422) 

The same relations hold true in respect to current flowing, and 

Iba = —lab amp. (423) 

In the following paragraphs, a short discussion of the three- 
wire d-c circuit will first be given as a review and foundation 
for the analysis of the a-c three-wire circuit. 

76. Three-wire D-c Circuit Equations.—Consider first the 
three-wire d-c circuit in Fig. 95, where the positive brush b 
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of machine be is connected to the negative brush b of machine ha , 
and the neutral wire is connected to the common junction b. 
The generator ba maintains the point a 110 volts above the 
point 5. Since a source of emf sends a current from 
a point of low potential to a point of high potential within 
the source, Eba = +110 volts, and sends the current 7& a from b 
to a within the generator. In the external load, the current 
I AB flowing through the resist¬ 
ance Ri produces a voltage drop V 

Eab = IabRi — 110 volts, 


fOot 


(424) 



J/Ou 


v Oct 


220v 


IfOo 


10 CL 



so that B is 110 volts below A t> 
in potential. The current 

Iba = Iab 

may be .considered as being 

produced by the potential rise Fig. 95.—Three-wire d-c circuit with 
.t . ta balanced loads. 

in the generator E ba or as pro¬ 
ducing the voltage drop Eab across the load. 

Applying KirchhofPs law that the sum of the potential rises in a 
closed circuit, such as baAB , must be equal to the sum of the 
voltage drops, it is seen that 


Eba = Eab , 

(425) 

Eba — Eab — 0, 


Eba — IabRi = 0, 

(426) 


110 - 110 = 0 volts. 


Similar relations exist for the closed circuit cbBC. 

The voltage relations in the entire three-wire circuit may be 
considered from the point of view of cC, bB, or aA. When the 
generator voltages are considered from the point of view c, 

b is above c + 110 volts, or the potential rise E C b =110 volts, 
a is above b + 110 volts, or the potential rise E ba — HO volts; 

hence 

a is above c + 220 volts, or the potential rise E ca = 220 volts. 
This may be expressed in the form of an equation, 

Eca = Eob + Eba = 110 + 110 = 220 volts. (427) 
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Considering the voltage across the load from the point of view C, 
C is below B 110 volts, or the voltage drop 

Esc — IbcR* = 110 volts, (428) 

B is below A 110 volts, or the voltage drop 

Eab = IabRi = 110 volts; (424) 

hence, C is below A 220 volts, or the voltage drop Eac = 220 volts, 
and the equation of the voltage drops is 

Eac = Eab + Ebc (429) 

= IabRi + IbcRz 
— 110 + 110 = 220 volts. 


Applying KirchhofPs law to each of the closed circuits, 


Ecb — Ebc — 0, 

(430) 

Eba — Eab = 0, 

(431) 

and adding Eqs. (430) and (431) 


E c b + Eba — Ebc ~ Eab — 0, 

(432) 

Ecb + Eba — IbcRz — IabRi = 0, 

(433) 

or 


E ca Eac = 0. 



From the point of view b, 

c is above b — 110 volts, or the potential rise Eu — —110 volts, 
a is above b + HO volts, or the potential rise Eba = +110 volts; 

hence, a is above c + 220 volts, or the potential rise E ca = 220 
volts, or 

Eca — Ecb + Eba (434) 

= —Ebc + Eba 

= -(-110) + 110 = 220 volts. (435) 

From the point of view B , 

B is below A + 110 volts, or the voltage drop 

Eab = IabRi = 110 volts, (424) 

B is below C — 110 volts, or the voltage drop 
Ecb — — IbcRi — —110 volts; 


(428) 
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Eac = E ab + Ebc (429) 

= Eab — Ecu 
= IabRi ( — IbcR 2 ) 

= IabRi + IbcRi — 220 volts. 

From the point'of view a, 

Potential rise E ah = —110 volts, 

Potential rise E bc = —110 volts, 

Potential rise E ac = —220 volts, 


E ac = E (1 b + Ebc . (436) 

From the point of view A, 

Voltage drop Eab = IabRi = 110 volts, 

Voltage drop Esc = /sA = 110 volts, 

Voltage drop Eac = 220 volts, 

(429) 

The preceding consideration of a familiar problem is given to 
demonstrate the necessity of differentiating between a potential 
rise produced by a source of emf and a voltage drop produced 
by a current. It also shows the necessity for establishing a 
systematic form of notation for the consideration of several 
related emfs. This will be still more apparent in the later con- 
sideration of emfs out of phase as in a polyphase circuit. The 
point of view must always be known in the statement of the equa¬ 
tions or in drawing the vector diagram of a circuit in order to 
determine the direction of the quantities under consideration. 
From a comparison of Eqs. (427) to (436) it is seen that reversing 
the order of the letters in the subscript reverses the sign of the quan¬ 
tity, reversing the sign and the order of the letters of the subscript 
does not change the sign of the numerical value of the quantity, i.e., 
if E ha = +110 volts then E a b = -HO volts and — E^ = +110 
volts. 

77. Current Equations in Three-wire D-c Circuits.—The cur¬ 
rents in a three-wire d-c circuit may be considered in a similar 
manner, as shown below, where Kirchhoff’s law of the sum 
of the currents flowing into, or out of, a point must apply at every 
point of consideration of the circuit. For the circuit of Fig. 95 
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the following conditions hold. At the point B of the load, 



I b B 4" Iab 4~ I cb — 0 amp, 

(437) 

or 

IbB = Ibc 4- I ba amp, 

I Bb — I cb 4“ I ab amp. 

(438) 

(439) 

At the point 6, 

I b B = let 4- lab amp. 

(440) 

Using the line currents, 



IbB = I Cc + IAa amp 

(441) 

or 

IbB + IcC + I a.A — 0 amp 

(442) 

expresses the conditions at the load. From Eq. (442) it is seen that 
the sum of the currents in a circuit , considered in a given direction 
passing through a plane of intersection with the three wires , must 



be equal to zero . 

78. Electromotive Force in Three-wire 
A-c Circuits.—Consider a three-wire cir¬ 
cuit supplied from, two a-c generators 
mechanically coupled in such a manner as 
to have their emf waves always of the 
same frequency and in synchronism, as in 

Fig. 96.—Three-wire a-c 96 ‘ The emf alld Current relations, 

circuit furnished from two expressed by Kirchhoff’s laws, must be 
smgLe-phase generators, satisfied at every instant of time in any 
closed circuit. When KirchhofPs law of generated emfs and 
voltage drops is applied to the circuit cbBC, Fig. 96, and when 
instantaneous values are used, the equation will be 

e C b — e B c volts. (443) 

For the circuit baAB and caAC, the equations are, respectively, 
e ba = e AB volts, (444) 


and 


e cb + e ba = e AB + e BC volts. 


(445) 


Equations (443) to (445) hold for the values of generated emf 
and impedance drop at all instants of time; and the trigonometric 
expression of the wave forms or the vectors may be substituted 
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for the instantaneous values, provided that- all expressions for the 
wave forms hi the original equations are given with reference 
to the same starting or zero time. 

Since Eqs. (443), (444), and (445) hold for the values of 
generated voltage and impedance drops at all instants of time, 
they may be written as vectors as follows: 


Ecb 
E bn 

Ecb + Eba 


= e bc =: i 

2 volts, 

(446) 

r —i 

ii 

II 

1 volts, 

(447) 

— EaB + 1 

= IabZi H~ IbcZ 2 volts. 

(448) 


In these vector equations, the time-phase relations of the various 
vector quantities are indicated by the magnitudes and the signs 
of the components in the complex form and, 
by the angles in the polar form, while the 
double subscripts indicate their space-phase 
relations. The use of the double sub¬ 
scripts enables one to designate clearly the 
voltages and currents in a-c circuits. 

Equations (446), (447), and (448) are FlG . 97 ._ Three-wire 

expressions of the statement of KirchhofFs a -c circuit furnished from 
, i- i x , an a-c source of energy, 

law as applied to a-c circuits, i.ethe vector emfs in ] 
sum of the generated emfs taken around a cir¬ 
cuit in a given direction is equal to the vector sum of the voltage 
drops taken around the circuit in the same direction , all vectors 
having the same time reference . 



Consider the two generators of Fig. 96 to be so coupled that 
their emf waves are in time phase. Figure 97 illustrates a method 
of designating two a-c machines connected in series with their 
generated emfs in phase, their wave forms being shown in Fig. 98. 
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This method is commonly used and will be adopted for future 
representation of coils in different phase relations where they are 
associated in the same machine or by connection. In Fig. 97, 
the voltage drop Eab is in time phase with the generated emf 
Eba, and the current flowing in the circuit baAB may be con¬ 
sidered as Iu, produced by the generated emf E h a, or as the 
current I as, produced by the voltage drop IabZ i. Since this 
text is limited to the consideration of outside receiving circuits 
and does not concern itself with the reactions within the source, 
further discussions will be based upon the voltage drop across the 
load rather than the generated emf within the source. 


-Zac --> h- -JS CA 

->■ -- >J ^-<- 

Ea 7? Eftfi E ba E cb 


Fig. 99.—Vector diagram for Fig. 97, Eab Fig. 100.—Vector diagram for Fig. 
as the reference. 97, Eab as the reference. 

Applying KirchhofFs law to the circuit of Fig. 97, using vector 
notation and point of view A, the equation is 

Eac = Eab “h Ebo volts. (449) 

With a double-subscript notation, the point of view is included 
in the subscript, the first letter indicating this point of view. 
This is true not only for the original vectors, as Eab and Esc, 
but also for the composite vector consisting of the sum of two 
or more vectors, such as Eac in Eq. (449); the subscripts indicat¬ 
ing that the voltage vector Eac is composed of the sum of all 
voltage vectors in the circuit between A and C, i.e., from the 
point of view A. The corresponding vector diagram is shown in 
Fig. 99, where Eab is chosen as the reference vector. 

From the point of view C, the equation would be written 

Eca = Ecb + Eba volts, (450) 

which is illustrated in Fig. 100, the same time reference being 
used for both vector diagrams. 

Since reversing the direction in which a circuit is being con¬ 
sidered shifts the phase position of the vectors by 180 deg., i.e., 
changes the sign of the voltage vectors, the solution of Fig. 97 
may be expressed as 

Eac = Ebc — Eba Volts. 


(451) 
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79. Current Relations in Three-wire A-c Circuits.—In con¬ 
sidering the current relations in three-wire a-c circuits, the 
direction in which the currents are taken must be considered, 
and all quantities must have the same time reference, usually 
one of the voltage vectors. KirchhofFs law expressing the 
current relations in the circuit may be stated thus: The vector 
sum of the currents flowing toward (or away from ) any point in a 
circuit is equal to zero. Two methods of procedure are open for 
use in this case. First, a suitable reference, usually the voltage 
across the load, may be chosen for each single-phase or two-wire 
load, the current being expressed in respect to this reference. 
Then the emf and resulting currents of all the loads must be 
rotated until all are expressed in respect to the same common 
reference. When this has been done, the equations derived by 
applying KirchhofFs laws may be used, or else graphical solu¬ 
tions made by means of vector diagrams. 

In the second method, all emfs are first expressed in respect 
to a common reference, and the various currents are found by 
applying these new voltages to the impedances of the loads or 
branches. Both methods lead to the same result, the final 
expressions being identical if the same reference is chosen. Both 
methods will be illustrated in the examples. 

Applying KirchhofFs law to point B of Fig. 97. the equation 
for the currents is 


IbB + Iab + Icb == 0 amp. 

(452) 

Solving for the current in the common wire, 


IbB = —Iab — fcB amp, 

(453) 

or 


IbB — Iba + Ibc, amp. 

(454) 


Equation (454) may be written in terms of the in-phase and 
quadrature components of the currents as 

lbs — iitA?~\~ jin a' + iBc + fisc amp (455) 

= (iba + iBc) + j(iBA + isc) amp. (456) 

It can be seen from Eq. (456) that there will be no current in 
the common return wire if Iab is equal to Ibc, i-e., if Iba is equal 
and opposite to /*<?. However, if these currents differ in amount 
or have a different phase relation in respect to the same reference, 
there will be a resultant current in the common return wire. If 
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JOOa 


I/Ov 


Oa 


I/OV 


100a 



the emfs across the loads are in phase with each other, as in 
Fig. 97, and the reference time is taken as coinciding with these 
two emfs, the in-phase components of the currents become the 
active components, and the quadrature components become the 
reactive components of their respective loads. This is the most 
useful method of analyzing this type of circuit, and the common 

emf vectors should normally be 
chosen as the reference. 

The vectors forming the cur¬ 
rents and voltages of an electric 
circuit, according to the laws of 
vectors, may be moved to any 
position on the vector diagram so 
long as the magnitudes and direc¬ 
tions of the vectors are kept the 
same. This leads to two types of 
diagrams in one of which the tails 
of all vectors are placed at the origin, the one commonly used 
heretofore, in this chapter, and the other in which the vectors 
are placed in consecutive order, the end of one vector being the 
starting point of the next, thus conforming, in general, to the 
relative space location of the loads. Such a diagram is shown in 
Fig. 102, where Ecu, E B a, , and E c ± have the same relative posi¬ 
tions as the space positions of the 
loads in Fig. 101, the current vec¬ 
tors Icb and Iba starting at the 
same point as their respective volt¬ 
age vectors. This type of diagram 
is often very useful in considering 
circuits containing two or more 

voltages that are not in phase. Combinations of these two types 
of diagrams are permissible, different combinations being 
applicable to different types of problems. 


Fig. 101.—Three-wire single-phase 
circuit, with balanced nonreactive 
loads. 






'BA 


X CB 


Z J3A 

Fig. 102.—Vector diagram for 
the loads of Fig. 101, Ecb as the 
reference. 


Example 34 

Two nonreaetive loads of 11 kw each are connected to a 110- to 220-volt 
three-wire a-c circuit (Fig. 101). Find the neutral current and the current 
in each outside wire. 

11 X 1,000 ^ 

% CB —-- = 100 amp = %ba amp, 

ic B ' = i B A f = 0 amp. 
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The neutral current becomes, from Eq. (454), 

IbB ~ 100 ft + jO — 100 — jO =0 amp, 
illustrated in Fig. 102. 


Example 35 


With the same circuit as in Example 34 but with load BC reduced to 5.5 kw 

nonreactive (Fig. 103), find the current 
in each wire. 



>Pf5.00 * BC ~ am P> iaj? —100 amp,, 
and from Eq. (454) 


5.5 k tv 
>PF=f.OO 


&BC 


J ;3C 


E, 


x bB 


-»» • - > 

X BA 


BA 


Fig. 103.—Three-wire single-phase 
circuit, with unbalanced nonreaetive 
loads. 


Fig. 104.—Vector diagram for 
the loads of Fig. 103, Eba as the 
reference. 


IbB — ijsc — iAB — — 50 + 100 — +50 amp, 
flowing from b toward B, or negative in regard to the emf vector Eab, or 
lx ib — Iab + icB — —100 + 50 = —50 amp, 
as shown in Fig. 104. 


Example 36 


Two inductive loads (Fig. 105) are connected across the line in place of 
the loads of Example 34. If these loads are as follows: 

Icb — 40 — jZO amp 


of magnitude, 

Icb = 50 amp, 

and 

Iba ~ 40 — ./30 amp 
of magnitude, 

Iba = 50 amp, 

find the current in each of the wires. 
From Eq. (457), 



Fig. 105.—Three-wire single-phase 
circuit, with balanced inductive 
loads. 


iBb = Icb — Iba amp 

= (40 - 40) +(30 - 30) - 0 amp, 



184 ALTERNATING-CURRENT CIRCUITS [Chap. VII 

as shown in Fig. 106, or 

IbB — Iba + Ibc amp 

- (40 - 40) + >(-30 + 30) = 0 amp, 


as shown in Fig. 107. 



loads of Fig. 105, Ecb as the reference. 



Fro. 107.—Vector diagram for 
the loads of Fig. 105, Eba as the 
reference. 


Example 37 

A nonreactive load BC , and an inductive load AB } each of 50 amp, are 
connected as shown in Fig. 108. Find the currents in each of the three wires. 
From the statement of the problem, 



Fig. 108. —Three-wire single-phase 
circuit with loads balanced in magni¬ 
tude, but unbalanced in phase. 


Ibc = 50 H~ >0 amp 
of magnitude, 

Ibc == 50 amp, 

and 

Iab = 40 -«• >30 amp 
of magnitude, 

Iab = 50 amp. 

From Eq. (454), 


i bB = (50 - 40) + >(0 + 30) amp 
= 10 4* >'30 amp 


of magnitude, 

IbB = VlO 2 + 30 2 = 31.7 amp, 


with vector diagram as shown in Fig. 109. The following solution is also 
useful: 

== Icb + Iab amp 

— — 50 + 40 — >30 = —10 — >30 amp, 


of magnitude, 


Im = V 10 s + 30* - 31.7 amp 
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and as shown in Fig. 110. The neutral wire carries all the reactive compo¬ 
nent and the unbalanced portion of the active component of current. 



Fig. 109.—Vector diagram for loads Fig. 110.—Vector diagram for loads of 
of Fig 108, Eab as the reference. Fig. 108, Ebc as the reference. 


Fig. 111.—Circuit for Exam¬ 
ple 38. 


Example 38 

In Fig. Ill, the emfs E^ and Eba are in time phase. The two load imped¬ 
ances are Zab — 5 + ^8.66 and Zbc = 5 — j‘8.66. 

What are the three line currents? °\ - x -*-> 

&A8 = &« = 1X0/02 volts I 220v. f* 

- 110 + jo volts, v 7 "1 fi 3 

E bc = Ecb = 110/0° volts | U0v. ; S? BC 

= 110 +i0 volts, c?-i- —i -Uc 

Eac — Eca — 220/0° volts Fig. 111.—Circuit for Exam- 

= 220 + JO volts. ple 

I AB — iba — amp 

Zab 

110 / 0 ° 

= 10/60° amp 
= 11 / —60° amp 
= 5.5 — /9.53 amp. 

Ibc = id, = amp 

Zbc 
110 / 0 ° 

= wS amp 

= 11 /60° amp 
= 5.6 + /9.53 amp. 

I Bb = I OB H - I AB 

= (-5.5 - i9.53) + (5.5 - J9.53) amp 

— 0 — j'19.06 amp. 

These relations are shown in a vector diagram in Fig. 112. 


Example 39 

An inductance Zsb = 0.433 + /0.25 is placed in the line Bb of Example 
38, as shown in Fig. 113. Find the line currents and the line voltages 
Eab and Ebc- 
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Fig. 112. —Vector diagram for the cir¬ 
cuit of Fig. Ill, Example 38. 


Z Bb 

-VW\r- / W v - 



Fiq. 113.—Three-wire a-c 
circuit with impedance in neu¬ 
tral wire for Example 39. 


Applying Earchhoff’s laws to the closed circuits baAB and caAC, 

Eba — IabZab — iBb%Bb = 0 volts, (457) 

E c a — IabZab — IbcZbc = 0 volts, *.-• (458) 

Ibi = Iab - Ibc amp. (459) 

Substituting Eq. (459) in Eq. (457), 

Eba — Iab(ZaB 4- Z Bb) 4" I BcZ Bb ~ 0 VOltS. (460) 

Combining Eqs. (460) and (458), 

EbaZsC + EcaZ Bb 


Iab 


- amp. 


ZabZbC + Z Bb{Z ab + Zbc) 

Substituting the known values of the problem, 

. _ 110/0^ 10 /-60 0 + 220/0^ 0.5/30° 

Iab ~ 10/60° 10 /-60° + 0. 5/30° (10/60° + 10 /-60 s ) amp 
1100 /-60° + 110/30° 


100/0° + 0.5(1/90° + 1 /—30° ) 
645.3 - j'897.6 


amp 


104.33 4- j2.o 
1105.5/-54.3' 


— amp 


= 10.59 7-55.65° amp 


104.35 /1.35° 

— 5.97 — ^8.74 amp. 

Eab = IabZab = 10.5 9/-55.65° 1 0/60° volts 
= 105.9/4.35° = 105.6 + j'8.02 volts. 


Substituting in Eq. (454), 

Eba — IabZab 


I Bb 

iBb 


Z Bb 


amp, 


(110 +i0) - (105.6 4- J8.02) 
0.5/30° 


4.4 - J8.02 
0.5/30° 


amp 
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9.14/-61.25° 

= — o 5/30° — = 18.2 8/—91.25° amp 

= —0.398 — j'18.28 amp. 

= 18.2 8/-91.25° 0.5/30° amp 

= 9.14 / —61.25° amp 
= 4.39 — /8.02 amp. 

Esc — Eac — Ea b 

= (220 +/0) - (105.6 +/8.02) volts 
= 114.4 — j'8.02 volts 
= 114. 7/—4° volts. 

. _Ebc _ 114.7 /-4° 

Ibc ~I7c~ 10/r 60 ° 

= 11.47 /56° amp 
= 6.4 + i9.5 amp 
Iab — iBh — Tbc = 0 amp. 

The vector diagram illustrating this example is shown in Fig. 114. 



iBb 

Fig. 114.—Vector diagram for circuit of Fig. 113, Example 39. 


Example 40 

Two loads represented by Fig. 115 and as 

ics = 40 + j30 amp 

and 

Iba =40 — j'30 amp 

are connected to a three-wire a-c circuit. Find the currents in the three 
wires. 

From Eq. (454), 

i Bh = (40 - 40) + 7(30 + 30) = i60 amp 


of magnitude, 


IbB = 60 amp. 
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The neutral wire carries the entire reactive component of the currents for 
the two loads, but the energy components of the load currents balance, as 
illustrated in Fig. 116. 4 



circuit for Example 40. the loads of Fig 115, Eba as the 

reference. 


Example 41 

Using the same loads between wires as in Example 37 and a load of 
t — 40 — J30 amp 

connected between wires A and C , find the current in each wire. 



Fig. 117. —Three-wire single-phase 
circuit with unbalanced loads and a 
load between outside wires. 


hence from Eq. (461), 

I a a = 40 — fi 
- SO — 


At point A , Fig. 117, 

la .a + Iba + icA' = 0 amp, (461) 
or 

laA = Iab + Ia'C amp. 

From the statement of the problem, 

Jab = 40 — j'30 amp, 

Ia'C' = 40 — ;30 amp, 

and 

Ibc = 50 + jO amp; 

► + 40 — J30 amp 
I amp, 


having the magnitude 


“ V&0 2 ^ 6Q a m 100 amp, 
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At the point B , 

iBb + Iba + Ibc — 0 amp, 

Ibi = Iab — Ibc amp 

= 40 — ^‘30 — 50 + i0 amp 
= —10 — j30 amp, 

having the magnitude, 

Im = VlO 2 + 30 2 = 31.7 amp, 

as in Example 37. 

At the point C, 

Ice + Icb + Ic'a' ~ 0 amp, 
or 

ice ~ Ibc + I a c amp 
= 50 + 40 — j'30 amp 
— 90 — j*30 amp 

of magnitude, 

Ice = *s/ 90 2 + 30 2 — 95 amp, 


as illustrated in Fig. 118. The current flowing in the neutral wire could 
also be found from the two line currents Iau and Ice , by the use of Eq. (441). 

For conditions where the emfs are 
of different values or where there are 
more than two emfs and three wires, 
the same methods apply as in the 
consideration of the three-wire a-c cir¬ 
cuit in the preceding examples. 



! IclA 

Fig. 118.—Vector diagram for loads 
of Fig. 117, Eab as the reference. 


80. Electromotive Forces 90 
Deg. Out of Phase in a Three- 
wire A-c Circuit. —The emfs sup¬ 
plying the three-wire circuit may be out of time phase with each 
too* A other, owing to the position of 

~~ the coils on the armature of the 

"pfcr.oo generator or to other causes. 
The same methods and the same 
equations apply, however, as 
have been developed in the pre¬ 
vious paragraphs. In view of 
the fact that the double sub¬ 
scripts indicate the space rela¬ 
tions of the voltages across the 



Ifktv. 

PF =/.00 


c 

jljlc 7.—Three-wire a-c circuit 
with emfs at 90 deg., and 
nonreactive loads. 


Fig. 


terminals of the generator, the equations for the voltages across 
the generator of Fig. 119 may be written as follows: 
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Eac = E ah + ^ volts 
= — E ba + Eic volts 

= E ah - E, h volts. (462) 

These equations hold regardless of the time-phase relations of 
the various voltages. The coils may be so arranged on the 
armature that, with a given direction of rotation, 

ecb = E mcb sin cot volts (463) 

and 

Cab = E*n ah Sin (cot + P) volts. (464) 

This means that the point b reaches its maximum potential 
above a , p deg. in time phase before b reaches its maximum poten¬ 
tial above c, or that E« b is p deg. ahead of E cb in time phase. A 
reversed connection of the coil ab will make a reach its maximum 
potential above 6, P deg. in time phase before b reaches its 
maximum potential above c, and the equations become 

e cb = Em ch sin at volts, (463) 

eu = Em ha sin (cot + P) volts, (465) 

or Eba is now p deg. ahead of E cb . The time-phase angle /3 may 
have any value, positive or negative, between 0 and 180 deg. In 
any particular case, it is, in general, unknown whether p is positive 
or negative, since this depends on the direction of rotation of the 
generator field or armature. It is always necessary to know, 
however, the magnitude of the time-phase angle p and whether 
this is the angle between E cb and Eah or between E ch and E ba - 
Since the sign of p is, in general, immaterial for the solution 
of the problem, it is customary to assume this as the time-phase 
relation between the voltages E eb and E ab or between E bc and 
Eba . It is also convenient, but not at all necessary, to draw 
the figure representing the circuit with the space angle between 
the coils the same as the time-phase angle p. 

Similar considerations apply, of course, to the load voltages. 
Thus, in Fig. 119, the emfs are given as being 90 deg. out of 
phase with each other. In such a circuit, it is common practice 
to consider the common point or junction of the coils as the 
“point of view,” the emf vectors being drawn outward from 
that point as shown by E B a and Esc in Fig. 120. In the consider¬ 
ation of this diagram, it is assumed that the maximum voltage 
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acting from B to A occurs one-quarter cycle before the maxi¬ 
mum voltage acting from B to C, or that Eba is 90 deg. ahead 
of E B c . Applying the equations as previously derived, the emf 
from C to A will be 


E ca — + E b a volts. 


(449) 


It is to be noted that Eq. (449) is a basic equation and is 
obtained from the circuit connections of Fig. 119, independent 
of the phase positions of the emfs in the circuit. In the vector 
diagram of Fig. 120, E B c is shown as the reference. For use in 
Eq. (449), Ecb must be obtained. 

This is very easily done by 
reversing E B c, as shown in Fig. 

120, since Ecb is the negative of 
Ebc- Then the vectors Ecb and 
Eba are combined to give E C a< 

E C a is seen to be of the same 
length as, and parallel with, the 
vector joining the ends of the 
vectors E BC and Eba, and either 
of these constructions may be 
used according to convenience. 

It is easier to judge the phase 
relations of these vectors if the 
“ tails ” of their arrows are joined 
at 0 as the origin. It is seen that Eca is 45 deg. ahead of E B a, 
45 deg. behind E cb , and 135 deg. ahead of Esc- The emf Eac is 
found by reversing E B a and adding this to Ebc veetorially, or * 



"Ebc 


''Eba Eao 

Fig. 120. —Vector diagram for loads of 
Fig. 119, Ebc as the reference. 


Eac ~ Ebc — Eba — — Eca volts. (466) 

i 

This emf is numerically equal to the emf E C a, but it is 180 deg. 
out of phase with it. 

81. Currents in a Three-wire Circuit with Emfs 90 Deg. Out of 
Phase.—The vector addition of currents is accomplished in a 
manner similar to that illustrated for the addition of currents 
when the emfs are in phase. The case of nonreactive loads is 
illustrated in Fig. 120. The current in the wire bB is found by 


IbB + IcB + Ijlb = 0 amp, (453) 

IbB = ~ Icb ~ Tab amp, 
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or 


= Icb + Iab amp. 


(467) 


In applying the above equations, the currents must be referred to 
the same axis before the actual vector addition can be made 
mathematically. To perform this operation, assume that E B c 
is in phase with the reference axis. To indicate the axis of refer¬ 
ence, the letters of the emf in phase with it may be used in 
proper order as an additional subscript, as E B c bc means that 
Ebc is referred to the reference axis BC. In a similar manner, 
Eba ba means that E B a is referred to the axis BA. To refer 
E B a to the axis BC , it is necessary to multiply it by the operator 
/6, the angle by which the axis BA differs in phase from the 
axis BC } as 

Eba bc = E B a /90° volts 
= jE B A volts. 

Hence, 

Eca bc — — Ebc + jE B A Volts 
= — Ebc + jE B A volts, 

since 

E B c = Ebc + jO volts, 

and 

E B a — E B a + jO volts. 

Hence, the magnitude of E C a is 

Eca — \/Ebc 2 Eba 2 volts, (470) 

and since Ebc = Eba by assumption, 

Eca — -\/2Ebc volts. (471) 

From Eqs. (469) and (471), it is seen that the emf between 
outside wires is 135 deg. ahead of E B c and is \ r 2 times Esc 
in value, corresponding with Eca in the vector diagram (Fig. 120). 
Consider the loads, 


(468) 


(469) 


and 


% ba — y B a + jx B A ohms 
iac = ybc + jx BC ohms, 
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connected between B and A and B and C, respectively, of the 
circuit of Fig. 119. The currents flowing will be 


and 


f EbA 
I BA = — amp 

Zba 


f Esc 
I bc — ~— amp, 
Zbc 


each referred to its own emf, as in single-phase circuits. These 
will be the currents in the wires A and C in reference to the emfs 
Eba and Ebc- The current in B will be found as 


IbB “h Iab H” icB — 0 amp, 

(453) 

or . 

I bB = Iba + Ibc amp, 

(454) 

where all the currents must he referred to the same axis before 

making the actual vector addition numerically, 
in phase with the reference axis, 

Choosing JhBc, 

E BAgc « Eba/ 90° volts, 

and 

. Eba bc 

Iba - . *- amp 

lBA ™ Zba 

Eba/ 90° 

= —r=== amp 

Zba 

(468) 

(472) 

= Iba/ 90° amp. 

(473) 


Hence, the current may be rotated mto rtfe ence mth another 
axis by the same method as is used with the emf. Another 
method that may be employed is to divide each emf by its 
impedance and then to rotate these currents to the common axis, 
as was done with the emfs. 

Example 42 

Consider the 

90 deg. out of phase, as in. rig, Utf. 
the emf between outside wires. 

From Efy (471), 

Ea - VI X 110 - 155-5 volts. 
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From the statement of the problem, 


Ibc = 1 ■ j jj- ’— - 100 amp, 
Ibc = 100 + jO amp, 


and 

Iba = 100 -h jO amp; 
hence from Eq. (473), 

1ba bc = 100/90° - jlOO amp. 

From Eq. (454), 

lbS BC = Ibc + isA BC amp ' (474) 

= 100 + jlOO amp, 

having the magnitude, 

I bB = VlOO 2 + MP - 141.4 amp. 


It is seen that the current Iba and the emf Eba are referred to the emf 

Ebc by multiplying each vector by 
SOa a /90 deg., the angle of phase difference 

between the two reference axes. Iba 
could first be found in reference to Eba 
; 7 o. 7 a <j ^ and, then be rotated by /9Q deg. and 

added to Ibc , as shown in Fig. 120. 



JtOv 


ISSv 


L I-40J30 


ffOv 


\f-40^/30 


50a 


1 C i 

Fig. 121.—Three-wire a 
with emfs at 90 deg. and 
inductive loads. 

the emf between wires. 


Example 43 

' Consider the same loads as given 
in Example 36, each current being in. 
reference to its own emf. Find the 
currents in each of the three wires and 
From Example 36, 


c circuit 
balanced 


and 


Ibc - 40 — jSO amp, Ibc =50 amp, 
Iba =40 — j30 amp, Iba — 50 amp, 


hence from Eq. (473), 

Iba bc = (40 - i30)/9CF amp 
30 amp. 


Ub = (40 - i30) + (30 +i40) amp 
= 70 + jlO amp, 


From Eq. (454), 
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IbB = V70 2 4- 10 2 * 70.7 amp. 
This is illustrated in Figs. 121 and 122. 


Example 44 

Consider the same loads as given in Example 40, circuit of Fig. 123. 
Find the currents in each of the three wires. 

From Example 40, 

Ibc = 40 + j30 amp, I B c — 50 amp, 

Iba = 40 — j‘30 amp, I BA = 50 amp. 

Er. From Eq. (473), 


1ba bc = 30 -f j‘40 amp, 



Fig. 122. —Vector diagram for loads Fig. 123. —Three-wire a-c circuit 

of Fig. 121, Ebc as the reference. with emfs at 90 deg. and loads bal¬ 
anced in numerical value but unbal¬ 
anced in phase. 


Ub bc = (40 + j'30) + (30 + j40)* amp 
- 70 + j70 amp, 


having the magnitude, 

I hB = V70 2 + 70* = 99 amp. 
and as illustrated in Fig. 124. 

Example 46 

Consider the loads of Example 44 inter¬ 
changed, as shown in Fig. 125. Find the cur¬ 
rents as in Example 44. 

From Example 44, 



Fig. 124.—Vector diagram 
for loads of Fig. 123. 


Isc = 40 - i30 amp, Ibc = 50 amp, 


and 


Iba « 40 -hi30 amp, I BA = 50 amp. 
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From Eq. (473), 


Iba bc = -30 + J40 amp. 


Frorp. Eq. (454), 


of magnitude, 


ibB sc = 40 — j30 — 30 + J40 amp 
= 10 +yi0 amp 

hs = Vlo 2 + 10 2 = 14.1 amp, 


SO a A 



Fig. 125.—Three-wire circuit with 
emfs at 90 deg. and same loads as Fig. 
123, but reversed in order. 


Eba 



Fig. 126. —Vector diagram for loads of 
Fig. 125, Ebc as the reference. 


as illustrated in Fig. 126. It is 
same loads produces a different 



Fig. 127. —Three-wire circuit with 
emfs at 90 deg. and the same loads as 
in Fig. T21, but with a load added 
between outside wires. 

in the new load is referred to E u 


en that a different association of the 
due of current in the common return 
wire. This phenomenon will be dis¬ 
cussed later in the chapter on poly¬ 
phase emfs and loads. 

Example 46 

A load of i A 'C' — 40 — j30 amp is 
added between the lines A and C of 
Example 43 as shown in Fig. 127. 
Find the currents in each of the wires. 

The current in the middle wire will 
remain unchanged from its value as 
found in Example 43. The current 
c. At the point A, 


or 


IaA 4 -1 ba + Ic'A' — 0 amp, 
IaA = Iab + Ia c' amp. 


From Example 41, 

}ab — “/ba = “40 -h j30 amp, 




Art. 81] 

and 


THREE-WIRE CIRCUITS 

Iab bc = -Iba /90! am P 
= — 30 — j'40 amp. 


Since Ea’C is 45 deg. behind Ebc, 

1a>c> bc = Iaw 7-45° amp 
= 7.1 — j‘49.5 amp. 



From Eq. (453), 

4 c =kc + ^am P 

= _30 - J40 + 7.1 - J49.5 amp 
= —22.9 — j89.5 amp 

having a magnitude 

I aA = \/22^ 2 + 89.5 2 - 92.5 amp. 

At the point C, 

Ice + Icb + Ic'A' - 0 am P> 

01 Jc c = 

and J Cc = 40 - j'30 + 7.1 - ji 9-5 amp 

= 47.1 — j'79.5 amp, 

having the magnitude, 

j Co = Vi7l s + 79.5* = 92.5 amp. 
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In Fig. 128, I (1 a and Ice are shown as indicated in the foregoing equations. 
Jhis is shown as the sum of Iba and Ibc and also as the sum of Iah and Ice 

82. Electromotive Forces 120 Deg. Out of Phase in a Three- 
wire A-c Circuit.—In the circuit of Fig. 129, with the emfs 
120 deg. out of phase, consider, as in the case of emfs 90 deg. 
out of phase, that the common point, or junction, of the vectors 
is the origin and that it is the point of view of the. vector diagram, 
as shown in Fig. 130, the emf vectors being drawn outward from 
that point. The emf E C a must be the vector sum of the vectors 
Ecb and Eba] hence 

Eca = Ecb + Eba volts, (475) 

all vectors being referred to the same axis. In Fig. 130, the 
vector for Eca is shown, in construction, to be the same in length 
and phase as that joining the ends of the vectors E B a and Ese¬ 
ll is seen that Eca is 30 deg. ahead Eca 
of Eba and 150 deg. ahead of Esc- 
It is also seen that Eca is 30 deg. i 
behind the vector Ecb . } \ ^ 



Fig. 129. Three-wire circuit with Fig. 130.—Vector diagram for loads 
emfs at 120 deg. and balanced, non- of Fig. 129. 

reactive loads. 


83. Currents in Three-wire A-c Circuits, Emfs 120 Deg. Out 
of Phase.—The sum of the currents at the point B (Fig. 129), 
must be equal to zero, as before, or 



IbB + Icb + Tab = 0 amp, 

(453) 

or 


lbs = Ibc + I ba amp, 

(454) 

and 


iBb = Icb + Iab amp, 

(467) 
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all currents being referred to the same axis before adding the 
values. The addition of emf and currents may be performed 
by choosing some emf, as E B c, in phase with the reference axis. 
Then, in reference to this axis, 

Ebc = E bc + jO volts. 



Eba B0 = Eba/ 120° volts 

(476) 


+ j0.866.FiM volts. 

(477) 

Hence, 

Ec — —E B c + E b , volts 



= —Ebc — 0.5 ?a + j0.8Q6E B A volts. 


When 

Eba = Ebc volts, 

Eca rg = — 1 .5E B a + j0. volts 

(478) 


= a/3 Eba(— + jo. 5 ] volts 

(479) 


= \/SEba(cos 150° + j sin 150°) volts, 

or E C a is a/3 times the length of E BA and 150 deg. ahead of 
E bc , as shown in Fig. 130. The currents may be referred to the 
same axis as follows: 


Ib£ = Ibc + 1ba bc amp, 

but 

. ' . Eba/ 120 ° 

Iba^ = Iba/ 120° = -== amp 

bc - Zba 

— —0.5 Iba + j0.86di B A amp. 
For nonreactive load, 

IbB B0 == Ibc — 0 .51 B a j0.800I B A amp 

and when, 

Ibc = Iba amp 

IbB = Iba — 0.5 Iba + jO.8661^ amp 
= 0 .5I B a + j0.800I B A amp 
= 1ba/_ 6CF amp. 


(454) 


(480) 

(481) 


which has the magnitude, 


Iw = [ Vo.5 2 + 0.866 2 ]/b4 = Iba amp 


(482) 
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or the currents in all three wires are equal and the current in the 
wire Bb is 60 deg. ahead of Ebc* 

Example 47 

Consider the same values of emf and loads as in Example 42, but with the 
emfs 120 deg. out of phase. Find the current in each wire and the emf 
across the outside wires. 

From Example 42 and Eq. (479), 

Ecjl — 110\/3 = 190.5 volts, 

and 

f 11 X 1,000 inA . ' i r\r\ 

Ibc --- = 100 + j 0 amp, Ibc = 100 amp. 

From Eq. (480) 

f 11 X 1,000(—0.5 +70.866) B/1 , e 

Iba bc *=- - - - - - = —50 + 786.6 amp 

having the magnitude, 

I BA = 'V 7 (—50)* + 80 s = 100 amp. 

Also from Eq. (438), 

IbB = 100 — 50 + 786.6 amp 
— 50 + 786.6 amp, 

having the magnitude, 

IbB — V50 2 + 86 . 6 2 = 100 amp, 
as illustrated in Fig. 130. 


Example 48 

Consider the same loads and values of emf as in Example 43 but with 
the emfs 120 deg. apart. 

From Example 43, 


and 

From Eq. (480), 


Ibc = 40 — jZO amp, I B c — 50 amp, 
Iba = 40 — 7*30 amp, I ba — 50 amp. 

Iba bc — (40 — 7’30) /120° amp 
— 6 + 7'49.6 amp, 


and from Eq. (438), 


ibB BC = 40 — 730 + 6 + 7*49.6 amp 
= 46 +7*19.6 amp, 
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Iib — "x/46 2 + 19.6 2 = 50 amp, 
as illustrated in Fig. 131. 


Example 49 

Consider the same loads and emfs as in Example 44, but with emfs 
120 deg. out of phase. Find the emf between outside wires and the current 
in each of the three wires. 



Fig. 131.—Vector diagram for a Fig. 132.—Vector diagram for a 
three-wire circuit with emfs at 120 deg. three-wire circuit with emfs at 120 
and balanced inductive loads between deg., and with loads balanced in 
common and outside wires. magnitude and power factor but 

unbalanced in phase. 


From Example 44, 

Ibc — 40 + jZO amp, Ibc =50 amp, 
Iba - 40 — J30 amp, I B a = 50 amp. 

From Eq. (480), 

1ba bc = (40 — j'30)(—0.5 +/0.866) amp 
= 6 + J49.6 amp, 


and from Eq. (438), 

Ub bc = 40 + J3 0 4- 6 + /49.6 amp 
= 46 -f J79.6 amp, 


having the magnitude, 

hs = VW + 79 V = 91 .8 amp, 


as illustrated in Fig. 132. 
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Problems 

1-7. A building is wired for three-wire d-c supply of 120 volts between 
neutral and each outside wire. A lighting load of 50 kw is connected 
between A and B and one of 35 kw between B and C. Find the current in 


each wire. 

2- 7. A motor load of 100 kw is also connected between the outside wires 
in Prob. 1-7. Find the current in each wire. 

3- 7. A 125/250-volt three-wire d-c circuit is located 250 ft. from a load. 
The outside wires are each No. 1 B. & S. copper and the neutral wire has 
one-half the cross section. A current of 100 amp passes over one outside 

wire, and one of 75 amp returns in the other 
outside wire. Find the emf across each load at 
the distant end. 

4-7. In Fig. 4-7, Iba — 100 + JO amp, and 
icB = 50 + jO amp. Find the current in each 
r c .3 of the wires, and draw the vector diagram, 
using Ecb as the reference, showing E A b, Ebc , 

Fig. 4,7._Figure for Prob. Iab, Ibc, and I bB , the vectors Eab and E bc being 

4-7. in time phase. 

6-7. In the circuit of Fig. 4-7, with Icb — 
60 + j*30 and Iba = 60 — j30, find the current in each wire and draw the 
complete vector diagram, using Ecb as the reference. 

6 - 7 . An induction-motor load drawing 100 kva at 0.70 power factor is 
connected between one outside wire and the neutral, and a synchronous 
motor taking 500 amp at 0.30 power factor leading current is connected 
between the neutral and the other wire in Fig. 4-7. Find the current flowing 
in each wire and the total active power taken by the combination, and draw 
the vector diagram using Eba as the reference. 

7 - 7 . In Fig. 4-7, Zab —2 — y 6 and Zbc = 4.36 + j9; find the current in 


- 7T 

120 v 


—f— 
12b k 


J 


12b v 

-4— 

120 v. 


each wire. Draw the vector diagram. 

8- 7. The neutral wire in Prob. 7-7 is now opened; find the currents and 
the voltages Eba and Ecb- 

9- 7. In Fig.^ 9-7, Icb = 40 + i50, Ua = 

25 + i30, and tc>A> = 30 + j30. If the volt¬ 
ages E a b and E bc are in synchronism, find the 
current in each wire and draw the vector 
diagram, using Eca as the reference. 

10- 7. Three nonreactive loads of 150 kw 

each are connected in place of the three imped¬ 
ances of Fig. 9-7. (a) What current is taken 

by each load, and what current flows in each 
wire? (6) The load A'C' is now disconnected, and load BC is changed to a 
150 kva load of 0.707 power factor inductive; what currents flow? 
(c) Reconnect load A r C\ and answer the same question. 

^ 11-7. In the three-wire circuit of Fig. 11-7 with two emfs in synchronism, 
Zba ~ 5 — j5, Zbc = 4 + y‘4, and Z A >c> = 0 + y*10; find the current in 


Fig. 9-7.- 


-Figure 

9-7. 


i 


Y 


for Prob. 


each wire and the emf across the loads. A wattmeter is placed in the 
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circuit with its current coil in aA and the potential coil across AB; find the 
reading of this meter. 

12-7. In a three-wire system with the line wires a and c and the common 
return wire 6, E ba = 220/90° and E be = 220/0°, Z ah =5-/8 and Z be = 

4.36 + /9. Find the currents in each wire. What is the total active power 
consumed? Draw the vector diagram. 



Fig. 11-7.—Figure for 

Prob. 11-7. 



— I — 
120 v. 

- 4 — 

!2Qv. 

t 


£ 


Fig. 13-7.—Figure for Prob. 13-7. 


13- 7 . In Fig. 13-7, E ha leads E hc by 90 deg., i BC = 70 —/80, 1 SA - 
70 — /80, each current being expressed in relation to its emf. Find the 
currents in the three wires and the emf between lines A and C. Draw the 
vector diagram, using Ebc as the reference. 

14- 7 . Use the same circuit as shown in Fig. 13-7 with Zba =5 — j7 
and Z B c = 5 + j7. Find the currents in each wire and the emf between 
the outside wires. Draw the vector diagram, using Ebc as the reference. 

15- 7 . The neutral wire in Prob. 14-7 is now opened; find the new currents 
and the voltages Eba and E B c. 

16- 7 . In Fig. 16-7, I B c = 100 - /400, Iba - 100 - /400, and Ia'C = 
100 — /400, each current being expressed in reference to its own emf. 



Fig. 16-7.—Figure for Prob. 16-7. 


Find the currents in the three wires and the emf between wires if Eba leads 
Ebc by 90 deg. 

17- 7. In Fig. 16-7, Z BA = 2 + /6, Z B c = 0 - jlO, Z A 'C' =3+ /4. 
Find the currents in the three wires and the emf between wires. Draw the 
vector diagram, using Ebc as the reference. 

18- 7. An impedance Z Bb ~ 0.3 + j0.6 is inserted in the neutral wire of 
Prob. 14-7; find the currents in the three wires and the voltages across the 
impedances. 

19- 7. In the three-wire circuit of Fig. 19-7 with two emfs 90 deg. apart, 
load ML = 25 kw at unity power factor, load LN is an inductive load of 
15 kva at 0.707 power factor, and load M'N' is an inductive load of 30 kva 



204 


ALTERNATING-CURRENT CIRCUITS [Chap. VII 


at 0.60 power factor. Find the current in each wire and the potential 
difference between wires. A wattmeter is connected with the current coil 
in the line bL and the potential coil connected from M to N. What will be 

the reading of the wattmeter? Draw the 
vector diagram, using Eln as the reference. 

20-7. Two 220-volt single-phase generators 
ab and be with their emfs held 90 deg. apart 
are connected in series, with b as their com¬ 
mon terminal, (a) Two resistances of 15 ohms 
, each are connected in series across the ter- 

^ ~ , minals a and c of these generators. What 

Fig. 19-7.- -Figure for Prob. . , . , « 

current flows in each resistance? What active 

power does each of the generators furnish? 

(b) The common connection point of the resistances is now connected to the 

point b of the generators. What current now flows in each wire, and what 

active power does each generator furnish? 

21- 7. Given the same generator combination as that used in Prob. 20-7, 
but with the resistances replaced by two impedances Z a b =8+^6 and 
Zbc = 8 — j6, answer the same questions as in Prob. 20-7. 

22- 7. Given the same generators and loads as in Prob. 21-7 but with the 
emfs offset by 120 deg., answer the same questions as in Prob. 20-7. 

23- 7. If Eba in Fig. 13-7 is 120 deg. ahead of Ebc , the loads being as in 
Prob. 13-7, find the currents and emfs. 

24- 7. If Eba in Fig. 13-7 is 120 deg. ahead of Eb c , the load impedances 
being as in Prob. 14-7, find the currents and emfs. 

26-7. The neutral wire in Prob. 24-7 is now opened; find the new currents 
and the voltages Eba and Ebc . 

26-7. Figure 26-7 shows a three-wire circuit with two emfs at 120 deg. 
The load A B is 40 kva at 0.60 power factor inductive, and load BC is 40 kva 
at 0.60 power factor capacitive. Find the current in each of the wires. 
A wattmeter is connected in the circuit with its potential coil between B 


b 


Fig. 28-7.—Figure for Prob. 28-7. 

and A and its current coil in wire bB’ find the reading of the wattmeter. 
Draw the vector diagram with Ebc as the reference. 

27 - 7 . The same impedance is inserted in the neutral wire of Prob. 24-7 
as was used in Prob. 18-7; find the new currents and voltages. 

28 - 7 . In Fig. 28-7, Eba = 100 volts and Ebc = 120 volts, Eba leading 
Ebc by 60 deg. If Zba = 10 + jlO and Zbc = 10 — jlO, find the currents 
in the three wires referred to Eba, and draw the complete vector diagram 
with Eba bb the reference. 




M M 



N N‘ 
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29- 7. In Fig. 29-7, Eab =100 volts, E AC = 150 volts, and Ead = 120 
volts. Write the equation for these emfs referred to Eab and also to E A c- 

30- 7. In Fig. 30-7, Eba = Esc — Ebd = 150 volts. Write the equation 
for these emfs referred to Eba and also to E BC . 



Fig. 29-7.—Figure for Prob. 
29-7. 



31-7. In Fig. 31-7, Eba leads Esc by 45 deg. The currents in the loads 
connected between A and B } B and C, and A' and C are, respectively, 
j = 30 + jSO, I = 40 + j0, and 1 = 0— j40, each referred to its own emf. 



With Esc as the reference, find each of the currents in the wires and the emf 
between wires. What is the reading of the wattmeter with its current coil 
connected in wire cC and its potential coil across CA? Draw the vector 
diagram. 



CHAPTER VIII 


POLYPHASE CIRCUITS 

In Chap. I, the generation of an emf in an armature coil and 
the relation of two emfs induced in two coils on the same arma¬ 
ture, but with coil sides not in the same slot, were studied. It is 
the purpose of this chapter to present the relations between sine 
waves of emf in several coils on the same armature, separated 
from each other by definite angles, as well as the conditions of 



Fig. 133.—A coil rotating in a uniform magnetic field. 


emf and current in the outside circuit resulting from combinations 
of these coils to form polyphase circuits. 

84. Generation of Polyphase Emfs.—In Fig. 133, the coil sides 
of coil A'A are each assumed concentrated in one slot, the coil 
revolving at a uniform velocity in a uniform magnetic field. 
Counting time from the instant when the coil is perpendicular 
to the direction of the magnetic lines, the emf induced in this coil 
at each instant is 

eA'A = E m sin a volts, ' (20) 

where 

E m = 2irfN$ m X 10~ 8 volts. (18) 

This emf has been represented in the previous chapters by 
means of a wave as in Fig. 134 and a vector as in Fig. 135. If two 
coils are considered on the same armature, each having the same 
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number of turns and located 6 deg. apart, where B'B is <9 degrees 
* behind A'A in position, as represented in Fig. 136 or Fig. 137, 
the emf waves generated in these two coils will have the same 
frequency, the same wave shape, and the same maxima. This 



may be represented by waves as in Fig. 138 and by the follow¬ 
ing equations, using A'A as the reference coil: 


e A 'A = Em sin a volts, (20) 

e B 'B — E m sin (a — 6) volts. (483) 

The vectors representing these emfs will be 6 deg. apart as shown 
by Ea'a and E B 'b in Fig. 139. 



Fig. 135. Fig. 136. Fig. 137. 

Fig. 135.—Vector representation of the emf induced in the coil of Fig. 133. 

Fig. 136.-— 'Two coils at a space angle rotating in a magnetic field. 

Fig. 137.—Illustration for the two coils of Fig. 136. 

85. Association of Polyphase Emfs.—Suppose that the termi¬ 
nals A' and B' of the coils in Fig. 136 are connected and that the 
value and position of the emf E B a of the combination are to be 
determined. By Kirchhoff s law the emf E B a is the vector sum 
of E bb > and E A 'a 

Eba ^ E B b' + Ea'a volts 
— Ea'a ~ Eb'b volts. 


(484) 

(485) 
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Equation (485) shows that in going from B to A the direction is 
counter to the emf for B'B and in the direction of the emf for 
A'A. In Fig. 140, the ends of the emf vectors OA, representing 
the emf Em a, and OB, representing the emf E B 'b, are joined 



Fig. 138-—Sine waves of emf generated by the two coils of Figs. 136 and 137. 


at 0, representing the metallic connection of the coils at A' and B'. 
By reversing the vector OB to OB ', for the emf Ebb', and 
drawing the parallelogram with OA and OB', the vector 0C , 
representing the emf E B a, is obtained. 



Fig. 139. —Vectors 
representing the emfs 
of the coils in Figs. 
136 and 137. 



Fig. 140. —Vector sum of the emfs 
of the coils of Figs. 136 and 137, when 
A' and B' are connected. 


The 

derived 

equations representing this new resultant 
as follows, using instantaneous values: 

wave are 

e B s — Ca'a — e B ' B volts, 

but, since 

(486) 

and 

' Ca'a = E m sin a volts 

(20) 

then 

e B 'B = Em sin fa — d) volts, 

(483) 


e B A = E m sin a — E m sin ( a — 6) volts. 

(487) 
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Expanding Eq. (487), 

e BA = E m [ sin a — sin (a — 6)] volts 

~ E m [sin a — sin a cos 6 + cos a sin d] volts 
= E m [(l - cos e) sin a + sin 0 cos a] volts, 


but 


and 


hence, 


Cba = E„ 


(1 — cos 6) = 2 sin 2 


sin 0 = 2 sin cos 75; 


Q • Q Q 

2 sin 2 2 sin a + 2 sin ^ cos ^ cos a 


• 4. 0. 

sin - sin g sm a 


, 6 
+ cos 2 cos a 


volts 
volts 


= 2 sin ~ E m sin ^a + 90° — volts, (488) 


where 



1 — cos 6 
sin d 


(489) 


Special values will be assigned to 0 in the later considerations of 
special problems. The waves representing these same operations 



Fig. 141.—Sine waves representing the emf Eba and its components when A' and 
B' are connected in the machine of Figs. 136 and 137. 


are shown in Fig. 141, where e B B f = — e B 'B, or a wave at 180 deg. 
from e&B is first constructed, and this wave is then added to 
eA'A to obtain wave e B A . 

Single-phase Circuit.—A single-phase circuit is a circuit ener¬ 
gized by a single alternating emf. 
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Polyphase Circuit.—A polyphase circuit is a circuit of more 
than a single phase. This term is ordinarily applied to symmetrical 
systems. 

Quarter-phase or Two-phase Circuit. — A quarter-phase or two- 
phase circuit is a combination of circuits energized by alternating 
emfs that differ in phase by a quarter of a cycle, i.e., 90 deg . 

Three-phase Circuit. — A three-phase circuit is a combination 
of circuits energized by alternating emfs that differ in phase by 
07ie-third of a cycle, i.e., 120 deg. 

Six-phase Circuit.—A six-phase circuit is a combination of 
circuits energized by alternating emfs that differ in phase by one- 
sixth of a cycle, i.e., by 60 deg. 

Polyphase Set of Potential Differences.—A polyphase set of 
potential differences is a group of interrelated alternating potential 
differences all of which have the same fundamental frequency, but 
each of which differs from every other in phase and may differ in 
effective value and wave form. 

Symmetrical Polyphase Set of Potential Differences.—A Sym¬ 
metrical set of n polyphase potential differences is a set in which 
each potential difference has the same effective value and the same 
wave form as each other potential difference and in which the 
members of the set can be arranged in a sequence such that the phase 
difference between each member a7id the one following it, and between 
the first and last members, is 2 t fn radians. 

* Characteristic Angular Phase Difference.—The characteristic 
angular phase difference of a symmetrical polyphase set of potential 
differences or currents is the angular phase difference between 
adjacent members of the sequence. In a symmetrical polyphase 
set of potential differences, the characteristic angular phase differ¬ 
ence is 2w/n radians or 360 /n deg. 

Balanced Polyphase System.—A balanced polyphase system is 
a polyphase system in which both the currents and voltages are 
symmetrical. 

86. Quarter-phase or Two-phase Systems. —In order to 
produce the voltages for a quarter-phase or two-phase system 
from an alternator, the coils must be alike in number of turns and 
in distribution on the armature surface, and they must be 
displaced by 90 electrical degrees, so as to produce equal emfs 
90 deg. apart. Three general cases will be considered, the 
four-wire two-phase system, the three-wire two-phase system, 
and the five-wire two-phase system. 
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87. Four-wire Two-phase System.—In the four-wire two- 

phase system, each phase of the armature is electrically distinct 
from the other and is connected to a separate outside circuit. 
In Fig. 142, coil ab feeds the load A and coil cd the load B. 
These loads may be independent of each other, as the lights in 
different buildings, or they may be combined magnetically, as in 



Fig. 142. —Two nonreactive loads 
connected to a four-wire two-phase 
system. 






Fig. 143. —Vector repre¬ 
sentation of two loads on a 
four-wire two-phase sys¬ 
tem. 


the windings of two-phase motors. The vector diagram will 
be as shown in Fig. 143, where the emf vectors are not con¬ 
nected, since there is no electrical connection between the coils 
or circuits. These emfs, however, will be associated at 90 deg. 
with each other, since they are both furnished by the same 
machine. 

88. Three-wire Two-phase Circuits.—In order to reduce, the 


number of wires required in the 
distribution system as well as 
the total weight of copper and the 
number of supporting insulators, 
sometimes two of the terminals, 
one for each phase, are joined at 
the generator, a third wire, a com- & 
mon return, being brought out from 





h 


VzB 




wm j 


1 k 


b 

Fig. 144. —Two nonreactive 
.this point, which, together with the loads on a three-wire two-phase 

two wires from the free terminals, system * 

gives a three-wire two-phase system, as illustrated in Fig. 144. 

Common Return.—A common return is a return conductor com¬ 
mon to several circuits. 

Voltage Relations. —The vector expressions for the emfs cor¬ 
responding to Fig. 144, with Ebc as the reference, are 
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E B c = Ebc/0° volts, 

(490) 

Eba = Eba/90° volts, 

(491) 

Eca = Ecb ”1" Eba volts 

(492) 

= E bc / 180° + Eba/ 90° volts 


= v / 2^bc/ 135° volts, 

(493) 

having a magnitude, 


Eca = \/2E B c — -\/2Eba volts. 

(494) 

This emf is 135 deg. ahead of Ebc and 45 deg. ahead of Eba . 


The single-phase loads are usually connected between line B 
and each of the other lines so as to balance the load currents in 
the two phases of the machine; polyphase motors are connected 
^ 25 * to all three lines. The relation 

of emf vectors is shown in Fig. 
145. 

Current Relations .—The cur¬ 
rent relations are found in a 
similar manner to that given for 
three-wire a-c circuits. Thus, 
for a balanced load with the cur¬ 
rent leading the voltage by 9 
deg., as shown in Fig. 145, the 


\ 


\ 



/ \ xf 


P/5°& \r \ 


Ebc 

Fig. 145.—Vector diagram of a 
three-wire two-phase system with bal¬ 
anced capacitive loads. 


currents in the lines A and C will be equal in magnitude and 
displaced from each other by 90 deg., each current being 6 deg. 
ahead of its voltage. The vector expressions for these currents 
with Esc as the reference, are 


Ibc — 


Ebc 

Zbc 


Ebc / 0 ° 

Zbc/9bc 


= Ibc / — 9bc amp, 


(495) 


where 


2jbc == Rbc jXsc ohms 
— Zbc/J^c ohms, 

6 being positive for inductive reactance and negative for capaci¬ 
tive reactance. 


Eba Eba /90° 

Z BA Zba/ObA 


= Ib a/ 90° - Oba amp. (4961 
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The current in the common return wire is 



IbB = Ibo + Iba amp 

(497) 


= Ibc / — 6 + I A b/9Q° — 6 amp 

(498) 


= '\/2IbcIA8 > — 6 amp, 

(499) 

having a 

magnitude, 



IbB = A /2Ibc = a/2 Iba amp. 

(500) 


Thus It is seen that the common-return current for balanced 
loads is \ // 2 times as great as the load currents and that it is 
displaced 45 deg. from these currents. When the loads are 
unbalanced, the same equations hold as for balanced loads. 

89. Power in Two-phase Circuits.—The active power output 
of three- and four-wire two-phase generators is the sum of the 
amounts of power required for the different loads on the two 
phases, or, referring to Fig. 142, 


Pba = EbJba cos d A watts, 

(504) 

Pcd = E cd I cd cos d B watts, 

(505) 

Pt = Pba + Pcd watts. 

(506) 


In a similar manner, the total reactive power is the sum of the 
reactive-power components of the different loads on each phase, 


as 

Q ba = E ba I ha sin d A vars, 


(507) 


Qcd = EcdIcd sin 6 b vars, 


(508) 

and 

Qt — Qba “h Qcd vars. 


(509) 


In considering the apparent power and the power factor, each 
phase must be considered separately except for balanced systems. 
For balanced systems, 

P T = 2 El cos 6 watts, (510) 

Q t = 2 El sin 6 vars, (511) 

and both the apparent and the vector power become 


U T = V T = 2EI vector volt-amp 
= 2 El volt-amp, 


(512) 
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since the vector power is identical with the apparent power in 
a balanced circuit. From these relations, the current taken by 
any balanced load on a two-phase system may be computed, 
since, from Eq. (512), 


I 


vector power _ apparent power 
2 E 2 E 


amp, 


(513) 


or, from Eq. (510), 


I 


active power 
2 E cos 6 


amp. 


(514) 


Example 50 

What is the current for a 220-volt two-phase induction motor taking an 
input of 50 kva at 0.80 power factor from a four-wire two-phase circuit? 
From Eq. (513), 


50 X 1,000 
2 X 220 


113.5 amp. 


Example 51 

A lighting load of 20 kw is also connected across phase A of Example 50. 
What are the current and the power factor of each phase? 


Phase A 

Motor load: 

50 

Apparent power — = 25 kva, 

Active power = 25 X 0.80 = 20 kw, 
Reactive power ~ 25 X (—0.60) — —15 kvar. 

Lighting load: 


Active power = 20 kw. 
Reactive power = 0 kvar. 

Total load: 


Motor load: 


Active power 
Reactive power 
Apparent power 
Power factor 


= 20 + 20 == 40 kw, 

= —15 + 0 = —15 kvar, 

= a/ 40 2 + 15 2 = 42.7 kva, 
40 

— 42~7 “ ^3*5 P er cen ^* 
Phase B 


Apparent power 
Active power 
Reactive power 
Power factor 


= 25 kva, 

= 20 kw, 

= —15 kvar, 

= 0.80 — 80 per cent, 
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The two phases have the same reactive components of current but different 
active components and different power factors. 

Example 52 

Consider a three-wire two-phase circuit with the same loads and voltages 
as m Example 50. Find the currents in the three wires. 

The currents in the lines A and C will be 


Iba — Tbc 


50 X 1,000 
2 X 220 


113.5 amp. 


Using Eba as a reference, 

Iba = 113.5 / -36°52' amp 


Eba 


— 90.9 -~',?68.1 amp. 

In a similar manner, using Esc as the 
reference, 

Uc = 113.5 /-36°52' amp 

— 90.9 — /68.1 amp. 
Referring Iba to Esc as the reference, 

Iba bc = 113.5 /-36°52790° amp 
= 113.5 /53^8' amp 
= 68.1 + /90.9 amp. 

The common-return current is 



Fig. 146.—Vector diagram for a 
three-wire two-phase system with 
balanced inductive loads. 


tbB BC = 68.1 +/90.9 + 90.9 - jQ 8.1 amp 
= 159 4- ;22.8 amp 
= 160.5 /8°8' amp. 

These relations are shown in Fig. 146. 


Example 53 

If a lighting load of 20 kw is also connected across phase A of Example 52, 
find the current in each wire. 

For the lighting load, using Eba as the reference, 


20 X 1,000 
220 


90.9 amp 


and 

Iba l = 90.9/0° = 90.9 + jO amp. 

The total current in line A? referred to Eba, is then, using values of current 
for the motor from Example 52, 

lAa BA = 90.9 - ,768.1 + 90.9 + jO amp 
= 181.8 — j68.1 amp 
= 194 / — 20°48' amp. 
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This current referred to Esc is 

= 194 /—20°48790° amp 
= 194 /69°12 ' amp 
= 68.1 + /181.8 amp. 

The common return current is then 

Ub bc = 68.1 +J181.8 + 90.9 -j'68.1 amp 
= 159 + ./113.7 amp 
= 19 6/35°27 ' amp. 





three-wire two-phase system with 
unbalanced loads. 


three-wire two-phase system with un¬ 
balanced loads. 


The current in line BC is the same as in Example 52, or 
Ibc — 113.5 amp. 

These relations are illustrated in Fig., 147. 


Example 54 

A lighting load of 20 kw is connected across phase B instead of phase A of 
Example 52; find the currents in each of the wires. 

From Example 52, . 

Tba 3a = 90.9 — i68.1 amp 
= 113.5 / —36°52 / amp. 

The current Ice is found in a similar manner to that for l^a in Example 53, 
as 


Icc BC = 181.8 —. 768 .I amp 
= 19 4/—20°48 / amp. 
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Then, since 

7ba bc — 68.1 -f*i90.9amp 
7bB BC = 249.9 + j'22.8 amp 
— 250.7 /5°12 / amp, 

as illustrated in Fig. 148. 

90. Five-wire Two-phase System. —The five-wire two-phase 
system is formed by connecting the middle points of the wind- 



Fig. 149.—Five-wire two-phase sys- Fig. 150.—Vector diagram of emfs in i 

tern. five-wire two-phase system. 

ings of each of the phases of a four-wire two-phase system 
and then bringing out a neutral wire from this common point as 
the fifth wire, as shown in Fig. 149. Single-phase loads for light¬ 
ing or small motors are connected between the neutral wire N 
and each of the other wires in such a manner as to balance, 
so far as possible, the line wire currents. Motor loads for the 
larger motors are connected to the wires 1, 2, 3, and 4, as in the 
ordinary four-wire two-phase system. 

Voltage Relations .—The vector diagram of emfs is shown in 
Fig. 150. The emfs between phases are 

Eca = Eoa - Eoc = 2 Eoa volts (515) 

and , 

Ebb ~ Eob — Eod — 2Eob Volts. (516) 

The emfs across phases, as E B a, Eab, etc., are shown as the 
vector differences of the emfs Eob and Eoa, etc., in Fig. 150, 
or as forming a square with Eca and Ebb as diagonals, as in 
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Fig. 151. Hence, since 

Eba — Eoa — Eob volts,. 

then 

Eba = V 2 E 0 A volts. 


(517) 

(518) 


With standard voltages between lines 1, 2, 3, 4, and the neutral, 
the voltages between adjacent wires as 1 and 2, 2 and 3, etc., 
will not be standard. 

Current Relations .—The current for each wire is found by add¬ 
ing the single-phase load cur¬ 
rent from that line to neutral 
to the balanced polyphase load 
current of the line. The cur¬ 
rent in each coil of the gener¬ 
ator is the current in the line 
connected to that coil. The 
neutral current is found by ap¬ 
plying KirchhofFs law to the 
point 0, as 

Ino — f OA + IoB + 

Ioc + Iod amp, (519) 

Fig. 151.—Vector diagram of emfs in a , 

five-wire two-phase system. all currents being referred to 

the same axis before adding. 

In this country, this system is seldom used for power transmis¬ 
sion or distribution. A further discussion of the system is usually 
given in the consideration of the balancer transformers for obtain¬ 
ing the neutral wire for a four-slip-ring three-wire d-c generator 
and for the three-wire d-c connection of a two-phase synchronous 
converter. 

91. Star-connected Loads on a Two-phase System. Neutral 
Conductor.—A neutral conductor is that conductor of an electrical 
supply system which is connected to a neutral point of that system. 

Neutral Point.—The neutral point of a system is that point 
which has the same potential as the point of junction of a group of 
nonreactive resistances if connected at their free ends to the appropri¬ 
ate main terminals or lines of the system. 

Star-connected Circuit.—A star-connected circuit is a polyphase 
circuit in which all the current paths within the region that delimit § 


Boa 
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the circuit extend from each of the -points of entry of the line con¬ 
ductors to a common conductor (which may he the neutral conductor ). 



Pig. 152.—Inductive loads connected in star to a five-wire two-phase system. 


Four impedances (Fig. 152) 

Zi = ri + jx i ohms, 

Z 2 — r 2 + jx 2 ohms, 

23 = r 3 + jx 3 ohms, 

and 

Za = ohms, 

connected between the neutral wire and the lines 1, 2, 3, and 4 
of a five-wire two-phase system form a star-connected two- 
phase load. This is illustrated in the following example. 

Example 55 

Let the emfs to neutral of a five-wire two-phase system be 220 volts, and 
let the load impedances be 

Zi = = Zz = Z, = 6 + j8 = 10 /53°8 / ohms. 

The currents, each load referred to its own voltage drop as a reference, 
will be 

. - . f 220 

In —i — In —2 In— 3 In —4 io/53°8' 

= 22 /-53°8 / = 13.2 - j‘17.6 amp. 

Using En—% as the common reference voltage for all the currents, 

In-i n _ 2 = 22 /-53°8V90° amp 

= 22 /S6°52' = 17.6 + yl3.2 amp, 

/v- 3^_ 2 = 22 /-53°87270° amp 

= 2g /216°5y - -17.6 — ./13.2 amp, 
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and 

v —4jy._ 2 = 22 /~53 Q 87180° amp 

= 22 /126°52 / = -13.2 + jl7.6 amp. 

Hence, combining these four currents, 

1n'N n _ 2 = Lv-i n _» + In -2 +• In- 3 n _ 2 + In~ 4 n _ 2 amp (520) 

= 17.6 + /13.2 + 13.2 — j'17.617.6 - yi3.2 - 13.2 + jl7.6 

amp 

= 0 amp. 

The vector diagram is shown in Pig. 153. 

92. Mesh-connected Loads on Two-phase Systems. Com¬ 
pletely Mesh-connected Circuit.—A completely mesh-connected 





Fig. 153.—Vector diagram of indue- Fig. 154.—Mesh connection of loads 
tive loads connected in star to a five- to a four-wire two-phase system, 
wire two-phase system. 


circuit is a polyphase circuit in which, within the region that 
delimits the circuit, a current path extends directly from each point 
of entry to every other point of entry. 

Simply Mesh-connected Circuit .—A simply mesh-connected 
circuit is a polyphase circuit in which , within the region that 
delimits the circuit, a current path extends from every point of entry 
of each line conductor only to the points of entry of those other line 
conductors that are nearest to it in effective potential. In a three- 
phase circuit, a simply mesh-connected circuit is often called a 
u delta-connected circuit 

Four equal impedances connected to the four outside wires 
of a two-phase four-wire generator, as shown in Fig. 154, form 



Abt. 92] POLYPHASE CIRCUITS 221 


a simply mesh-connected load. Let the voltages to the geometric 
neutral be 


then 


and 


E o-i — $0-2 = $0-3 = $o-4 = $ volts; 
$3-1 = $ 4-2 = 2$ volts 


(521) 

(522) 


$ 2-1 = $1-4 = $4-3 = $ 3-2 = \/2$ volts. (523) 

The expressions for the vectors representing the four line 
voltages are as follows, using $ 0 _ 2? Fig. 155, as the reference, 



Fig- 155.—Vector diagram of balanced inductive loads connected in mesh to a 
four-wire two-phase circuit. 


where 0 is the intersection of the diagonals of the square 1-2-3-4: 


j? 2 _i = V2E /135 0 volts, (524) 

jS?i _4 = -y / 2E /225° volts, (525) 

Ei. s = V2-E 7—45° volts, (526) 

= \/2E /io° volts. (527) 
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The currents flowing in each impedance are independent of 
the currents in the other impedances, or 

i 2—i 

i 1—4 

and 

1 3-2 

The currents at the corner of any mesh must add to zero; 
hence, the line current will be the combination of the currents 
for the loads meeting at the corner to which the line is connected. 
Thus, Fig. 155, • 

i i —a = / 2-1 + / 4-1 amp (532) 

= J 2 _i /135° - 6 + / 4 -i /45 q - 6 amp ' (533) 

— V2/2-i /90° — 0 amp. (534) 

The magnitude of this line current is 

Ii-i ^ V2 la. 1 = a/2 1 1—4 amp. (535) 

This current is 0 deg. out of phase with the emf 2?o-i. Similar 
relations may be found for the other line currents. Thus it is 
seen that the line current is y/2 times the load current in magni¬ 
tude and is displaced from its neutral voltage by the same angle 
0 that the load currents are displaced from their load voltages. 
The vector relations are shown in Fig. 156 for a nonreactive load 
and in Fig. 155 for an inductive load. 

Example 56 

Consider four resistances of 10 ohms each connected in mesh to a 220- 
volt two-phase system. Find the emfs and the currents in the system. 

The four equal resistances are assumed connected, as shown in Fig. 154, 
with the emfs E &-1 and E ^~2 maintained at 220 volts at 90 deg. with each 
other by . the impressed voltages of the two-phase system. Draw a square, 
as shown in Fig. 156, having diagonals 3-1 and 4-2 equal to 220 volts to scale. 


iVi 

V2F/135° 

Z2—1 

Z/8 

# 1-4 

V2E/225 0 

Zl-4 

z/e 

F 4-3 

■\/2E / — 45° 

Z 4—3 

Z[d 

^ 3-2 

V2E/4& 

Z 3—2 

z/e 


: = I 2 _ i / 135 ° — 0 amp, (528) 
: = 1 1 - 4 / 225 ° - 0 amp, (529) 

o 

= = 74 - 3 / —45° — 6 amp, (530) 

= 1 3 _ 2 ,/45° - 6 amp. ■ (531) 
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These diagonals will be at 90 deg. with each other and will intersect at the 
point 0, the neutral point of the square, giving £ a „ 2 , #o~ 3 , and E 0 _ 4 
each equal to one-half the diagonal, or 110 volts. Then 

$ 3-1 — $o-i — Eos = 220 volts and 
E 4—2 = $o_2 ” $0-4 — 220 volts. 

The sides of the square will then represent the voltages impressed across the 



Fig. 156. —Vector diagram for balanced noninductive loads connected in mesh to 
a four-wire two-phase circuit. 

mesh-connected resistances. With E 0 _ 2 as the reference, these line voltages 
may be expressed as 

$ 2 _1 = $0-1 *“ $0-2 VOltS 

- -llO d-JllO - 155.5 /135° volts, 

E i _4 — $o _4 — $o—i volts 

= -110 -ilio = 155.5 7-135° volts, 

$4_3 — Eq—Z — $0—4 VOltS 

= 110 - jlio = 155.5 /-45 0 volts, 

jE- 3—2 == $0—2 — $0—3 VOltS 

» 110 + jllO = 155.5/45° volts. 

These vectors form a square with sides equal to 155.5 volts. Since these 
voltages represent the drops across the loads, the load currents become 
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I2-1 


#2- 


155.5 /135° 


amp. 


°- 2 ~ Zt-i 

= 15.55 /135° = -11 -hill amp, 


-E’1-—4, 


0-2 _ 


155.5/-135° 


amp 


.4 10 / 0 _° 

= 15.5 5/-135° = -11 - ill amp, 

. 2?4_ 3 „ 3 155.5 7-45° 

=- m/n° - am P 


Z 4 _a 10 Z5! 

= 15.55/-45° = 11 -ill amp, 


1 3-2„ . = 


JEz. 


155.5/45° 


; amp 


°- 2 Zz- 2 10 ZL° 

- 15.5 5/45° « 11 + /11 amp. 


These currents are in phase with their respective emfs. 

The line currents are found by combining these load currents in the proper 
order. Then 


U « I3-2 - U-i - 11 -bill + 11 - ill amp 
- 22 4- jO — 22 amp. 

This current is in phase with the voltage E 0 „2 which was used as a reference. 
In a similar manner, the currents at the other corners of the square can be 
found by combining the proper currents at each corner. These currents 
will be found to be 22 amp. and each in phase with its corresponding neutral 
voltage. 


Example 57 

The resistances of Example 56 are replaced by impedances Z — 6 + i8 
connected in mesh. The emf relations are again the same in value and 
phase position as given in Example 56. 

The load currents become 


I 2—1 


0-2 


1 


E 2 _ 1 155.5 /135° 

~ ~ 1 0/53°8' amp 

= 15.55 /81 °52' = 2.20 + /15.38 amp, 
&_j m 155.5/45° 

~ “£T ' 10/5321.' amP 

= 15.55 />8°8 ; ^ 15.38 -/2.20 amp. 


The current in line wire 2 then becomes 

U = Is -2 - 1 2-1 = 15.38 - j2.20 - 2.20 - /15.38 amp 
» 13.18 - jl 7.58 » 22 / —53°8' amp. 

This current is seen to be at the same angle behind the corresponding neutral 
voltage that the load currents are behind their voltage drops. The other 
load and line currents are calculated in a similar manner. 
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93. Three-phase Systems.—In the three-phase system, the 
coils on the armature and the vectors representing the emf waves 
are 120 deg. apart. In Fig. 159, 
the three coils AABB\ and 
CC’ will generate three emf 
waves 120 deg. apart if they are 
rotated at constant velocity in a 
magnetic field. If the field is 
considered to be uniform, so that 
sine waves of emf are generated, 
these waves will have the phase Fig ' 1 ? 9 ;7“ T ? iree coils at 120 deg. 
relation shown m Fig. 160. The 

vector diagram illustrating the vectors for the emf waves of Fig. 
160 is shown in Fig. 161. When the zero position for a is taken 
as the time when coil A'A is crossing the line perpendicular to 
the axis through the poles, the emf waves will progress in the 
order shown in Fig. 160 for counterclockwise rotation of the coils. 
For clockwise rotation of the coils the order of the emf waves 




will be as shown in Fig. 162 for the same coils and connections 
as shown in Fig. 159. This precession of the waves, or order of 
the emfs, is known as “phase sequence.” It is seen that phase 
sequence may be changed in direction .by reversing the direction 
of rotation of the generator; it may also be reversed by changing 
the order of connection of the coils for a given rotation. Further¬ 
more, changing the direction of rotation of the generator or the 
phase sequence of the emfs in any manner will change the direc¬ 
tion of rotation of any polyphase motors connected to the system. 
A careful consideration will show that reversal of the polarity of 
the fields of the generator will not affect the phase sequence of 
the emfs. The vector diagram. illustrating the vectors that 
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represent the waves of Fig. 162 is shown in Fig. 163. When 
Fig. 163 is compared with Fig. 161, it is seen that the order or 
or sequence in which the vectors occur is opposite in the two 
cases, vector rotation being always in a counterclockwise 
direction. 


E&c 



Eb'b 


Fig. 161.—Vector diagram representing emf waves of Fig. 160. 

The six coil ends of a three-phase machine are seldom brought 
out for three separate single-phase circuits, as is done for the two 
separate circuits of the four-wire two-phase system. This con¬ 
nection would require six separate wires for the distribution of 



Fig- 162.—Waves of emf generated in the coils of Fig. 159 with the opposite 
phase sequence to that in Fig. 160. 


the energy and also double the number of insulators, etc. It 
may also be shown that this method of distribution would require 
an excessive amount of copper as compared with that required 
for three- and four-wire three-phase systems or for two-phase 
systems for the same amount of power and the same distance of 
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transmission. Such a connection is, however, used to obtain 
one form of the six-phase system. There are two common 
connections of the three groups of coils of a three-phase gen- 



B&c I 

Fig. 163.—Vector diagram representing emf waves of Fig. 162. 


erator: the star or Y connection and the mesh or delta connection. 
In the star or Y connection, either three or four wires may be 
brought out to the outside distributing circuit; in the mesh con¬ 
nection, only three wires are 
used. The three-wire three- . 4 

phase system is the more, com- 
mon for either the star or £ 

the mesh connection of the £ 

generator. g 

94. Four-wire Three-phase jpX B f 

Star or Y Connection.—Connect 
the three terminals A', B', and 
C f of the coils in Fig. 159 at a 

common point, as shown in Fig. 5 ^ ^ 

164. The three emf waves for in y> or star> three-phase, 
the individual coils, will be as 

shown in Fig. 160, and their equations will be v 

■ j. > - 

e A >A = Em sin a volts, ^ "Y (20) 

e&B = : E m sin (a + 240°) volts, (536) 


-Coils of Fig. 159 connected 


in Y, or star, three-phase. 


sin (« + 120°) volts. 
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The vector relations are as shown in Fig. 161, the corresponding 
equations being 

Ea'a = Ea'a[ 0° volts, (538) 

E B 'b = Eb‘b [ 240° volts, (539) 

and 

Ec'c = Ecc/120 ° volts. (540) 


Bringing out three wires 1, 2, and 3 from the three terminals 
A, B, and C of the coils and a fourth wire from the common 
point or neutral A', B', C’ , as shown in Fig. 165, gives a four-wire 



Fig. 165.—Three coils in Y sup- Fig. 166.—Vector diagram of the 
plying a four-wire three-phase emfs in a Y-connected three-phase 
circuit. circuit. 


three-phase system. If the loads are connected between each 
of the other wires and the neutral wire N, this wire will carry 
the vector sum of the currents in the other three wires, since 

I no 4~ I ao + I bo + 1co — 0 amp, (541) 

or * ^ ^ . 

Ino = Ioa 4" Iob 4" Ioc amp. (542) 

The relative value of these currents will be considered later for 
special cases. 

95. Current and Emf Relations in Four-wire Three-phase 
Circuits.—The emfs E 0 a, E 0 b , and E oc , Fig. 165, are equal and 
120 deg. apart, as shown in Fig. 166. The vector 
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for these emfs corresponding to Fig. 166 are 

Eoa — Eoa/90° volts, 

(543) 

JEjqB = 

(544) 

and 

j Eoc = Eoc/210° volts. 

(545) 

The voltages between lines can be obtained by 

applying 

Kirchhoff’s law as 

Eba — Ebo + Eoa volts. 

(546) 

If the neutral voltages form a symmetrical three-phase system 

so that 

Eoa = Eob = Eoc = En volts, 

(547) 

Eq. (546) becomes 

Eba = Ebo/ 150° + Eoa/ 90° volts 

(548) 

= E n / 150° + E n /90° volts 

(549) 

= a/3 E^/120° volts. 

(550) 

In a similar manner, 

Eac = Eao + Eoc volts 

(551) 

= Eh/ 270° + En/210 ° volts 

(552) 

= ^3^/240° volts. 

(553) 

Ecb = Eco + Eob volts 

(554) 

= Eh/ 30° + En/- 30° volts 

(555) 

= \/SEn/9 0 volts. 

(556) 


' The wave forms of these emfs corresponding to Fig. 166 are 
shown in Fig. 167. In drawing these waves, e B A is found by- 
reversing e 0B and adding this wave toe OA . In the same manner, 
ecB is found by reversing e oc and adding to e 0B , and &ac is found 
by reversing e 0A and adding to eoc. From the geometry of 
Fig. 166 and from the equations of the vectors, it is seen that 
vectors representing the line voltages when drawn in consecutive 
order form an equilateral triangle; that the neutral point is at 
the center of the triangle, i.e., at the intersection of the medians; 
and that the line voltage is equal to V§ times the voltage to 
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neutral, or conversely, the neutral voltage is equal to the line 
voltage divided by V3. This will later be found to hold for any 
symmetrical three-phase system. 

The current relations for the four-wire three-phase system 
may be found from the principles developed for three-wire a-c 



Fig. 167.—Emf waves corresponding to the vector diagram of Fig. 166. 


circuits. If the loads A, B, and C are connected between the 
lines 1, 2, and 3 and the neutral wire N of the four-wire three- 
phase system, as shown in Fig. 168, the current in each wire 1, 2, 
and 3 is found to be the current in each of the loads A , B, and C , 



respectively. The current in the neutral wire is the vector sum 
of the currents in the other three wires. 


Example 58 

Nonreactive loads of 10 kw each are connected between the neutral and 
each of the lines of a four-wire three-phase system having 100 volts between 
lines and neutral, Fig. 168. Find the current in each line and the neutral 
current. 
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The current in each line wire is 


r - T - t 10 X 1,000 
loa ~ lob “ loc - 100 — 


100 amp. 


These currents are in phase with the generator voltages E oa , E ob , and E 0Ci as 
shown in Fig. 169. 

From Eq. (542), 


lea + Iob 4- loc amp (542) 

voltage, and since 

then 

Ioa ob = 100 / 120 ° = 

— 50 +/86.6 amp, 

and 

i OCoh = 100 /-120 0 = 

— 50 — /86.6 amp. 

Applying these values in Eq. (516), 

l N „ ob = 100 - 50 + j'86.6 

— 50 — /86.6 amp, 

Ino = 0 amp. 

__ . . _ anced nonreactive loads on a four-wire 

Hence, m a four-wire three-phase three-phase circuit, 
circuit, with balanced nonreactive 

loads between neutral and the three wires, there is no current in the neutral 
wire. The line currents are in phase with the neutral voltages since they 
are .in phase with the voltage drop across each load. 



Ino — 

Choosing E ob as the reference 
toa — 100 + jO amp, 


Example 59 

Inductive loads of 10 kva each, at 0.80 power factor, are substituted for 
the three loads of Example 58; calculate the line and neutral currents. 

The currents are 

toa = lob — I = 80 - ,7 60 - 100 /-36°52' amp. 

Using E^ as the reference, 

iob = 80 — j'60 amp, 

I O a 0h = 10 0/ —36°52V120° amp 

== 100 /83°52' '= 12 +^99.3 amp, 

and 

loc ob = 100 /—36°52V —120° amp 

° •*= 100/3156^ = -92 — j'39.3 amp. 
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Substituting these values of current into Eq. (542), 

I N o oh = 80 -^60 + 12 +i99.3 - 92 -/39.3 amp, 

and 

Ino — 0 amp. 

Hence, in a four-wire three-phase circuit with balanced loads, the current 
in the neutral is zero for sine waves of emf and sine waves of current. The 



Fig. 170.—Vector diagram of balanced inductive loads on a four-wire three-phase 

circuit. 


three currents in the line wires are at an angle with the neutral voltages 
determined by the power factor of these single-phase loads, as shown in 

Fig. 170. 
a 



Fig. 171.—Vector diagram T _ 

for unbalanced nonreactive J ' No ~ am P* 

loads on a four-wire three- . _ . 

phase circuit. A curren f fl ows m the neutral equal and 

opposite to the current I 0 b of Example 58, or 
180 deg. out of phase with E oh as illustrated in Fig. 171. 


Example 61 

With the same circuit as for Example 49, 
power factors: 


>ut with the following loads and 


Load A — 10 kva at 0.80 power factor, inductive; 
Load B = 10 kva at 1.00 power factor; 

Load C = 10 kva at 0.80 power factor, capacitive. 
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Hence, 

* ioa = 80 - j60 = 100 /—36°52' amp, 
lob = 100 +j0 = 100/(T amp 

and 

too = 80 4/60 = 100 /36°52 / amp. 

Referring these currents to an axis in phase with FU, 

La ob = 100 / —36°52 / /120° amp 

= 100/83*58' = 12 +;99.3 amp, 

I O b 0b — 100 + jO amp, 

and 

ioc oi = 100 /36°52'/ — 120° amp 

= 100 /—83°8' = 12 - /99.3 amp. 

Then 

itr<, al = 100 + 12 + j99.3 + 12 -/99.3 amp 
= 124 -f jO amp. 

Hence, 

I No — 124 amp, 
as illustrated in Fig. 172. 

96. Three-wire Y-connected Three-phase Systems, a. Bal¬ 
anced Loads .—In the balanced four-wire three-phase system, it is 
a seen (Figs. 169 and 170) that there is 



Fig. 172.—Vector diagram Fig. 173.—Y-connected loads on a three- 
for unbalanced loads on a four- wire three-phase circuit, 

wire three-phase circuit. 


as the load current does to its emf drop. The currents in 
the line wires are out of phase with the emfs between 
lines by angles differing from the phase angle of the loads 
by 30 deg. If the neutral wire is disconnected from the 
loads, as shown in Fig. 173, no change will be made in the currents 
or voltages for balanced-load condition and there is produced a 
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three-wire three-phase system with a Y-conneet.ed load. The 
vector diagram for this type of load with the current, lagging the 
voltage in each phase by the angle 0 is shown in Fig. 174. As 
shown in this vector diagram, the line currents lag the neutral 
voltages by the same angle 6. 



Fig. 174.—Vector diagram for balanced inductive loads connected as shown in 

Fig. 173. 


b. Unbalanced Loads .—In the connection, Fig. 173, for single¬ 
phase loads, when the loads are unbalanced, the point O is dis¬ 
placed from the center of the triangle ABC of Fig. 175. As the 
impedance of OC approaches zero, the point 0 approaches C, and 


A 



Fig. 175.—Vector 


as the impedance OC approaches infinite 
values, the point 0 approaches the side BA 
of Fig. 175. In the same manner, by varying 
each load, the point 0 may be made to lie at 
any point within or without the triangle ABC, 
but in any case the vector sum of Ioa , Iob, 
and Ioc must always be zero. Owing to this 
unstable voltage condition, the Y connection 


diagram for unbai- of separate single-phase loads is seldom used 


an cod loads connected 
as shown in Fig. 173. 


in a three-wire three-phase system. 

The point 0 will be displaced from the 


neutral of the supply system by some voltage E N0 (Fig. 175). 


In order to calculate the current flowing in each impedance, the 
voltages Eqa, E 0 b, and Eoc must be known. The voltages to 


neutral Ean, E BN , and E C n are known; hence, if Eno can be 
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determined, the voltage drop across each impedance may be 
obtained. The application of KirchhofFs laws to this problem 
gives 


Ean + Eno + Eoa — 0 volts, (557) 

Ebn “h Eno + Eob ” 0 volts, (558) 

Ecn + E no + Eoc = 0 volts, (559) 

or, solving for the load voltages, 

Eoa ~ Ena — Eno volts, (560) 

Eob ~ Enb — Eno volts, (561) 

Eoc — Enc — Eno volts. (562) 


The currents are found from the load voltages and the admit¬ 
tances, as 


i 0 jL = EoAYa amp (563) 

= Exjja- Eno? a amp, (564) 

Iob = EoB? b amp _ (565) 

= E N B?b- ~ EjVo? b amp, (566) 

ioc = Eoc? c amp _ (567) 

= EncYc - EnoYc amp. (568) 


Since with no neutral, return the sum of the line currents must be 
zero, 

Ioa + Iob ,+ ioc = 0 amp, 

E N A?a + EnbY* + EncYc - E N0 (Ya + ? b + Yc) = o amp, 


or 


where 


B no = + LA L + V oits, 

Y o 

Y 0 = Ya + Yb + ? c mhos. 


(569) 


Substituting Eq. (569) in Eqs. (560) to (563) the voltages across 
the load are obtained, and from Eqs. (563), (565), and (567) the 
three currents are determined. 

Example 62 

Three impedances Z, = 20 -/40, Z b = 62.5 +)62.5, and Z< - 13.5 +j81, 
Fig 176, are connected in Y to a 220-volt three-wire three-phase system. 
What is the voltage drop across each impedance and the current in each line. 
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Taking Ena, Fig- 177, as the reference, the neutral voltages are 

Ena = 127 + jO = 127/0^ volts, 

Enb = —63.5 -illO = 127 /-120° volts, 

Enc = -63.5 + illO = 12 7/120° volts. 

Expressing the three impedances in the polar form, 

Z a — 44.7 / —63.4° ohms, 

Zb — 88.4 /45° ohms, 

Z c = 82.2/80.6° ohms, 



Fig. 176. —Unbalanced Y-con- Fig. 177. —Vector diagram 

nected loads on a three-wire for Example 62. 

three-phase circuit for Example 

having the admittances, 

Y a = 0.02235 /63.4° = 0.0i -b i0.02 mhos, 

Y b = 0.01131 /—45° = 0.008 -/0.008 mhos, 

Y c = 0.0122 0/-80.6° = 0.002 - yo.012 mhos, 

from which Y 0 is found as 

Y 0 = (0.01 +70.02) + (0.008 -^*0.008) + (0.002 - /0.012) mhos, 
— 0.02 + jO mhos, 

the currents becoming 

EnaY* = 127/0_° X 0.0223 5/63.4° amp 

= 2.83 8/63.4° = 1.27 +^2.535 amp, 

E NB Y b = 127 /-120° X 0.01131 /—45° amp 
= 1.436 / —165° amp 
= -1.386 -i0.372 amp, 

EncYc = 127 /120° X 0.0122 /-80.6° amp 

= 1.548 /39.4° = 1.196 +/0.982 amp, 
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Eno 

Eoa 

Eob 

Eqc 

I OB 

Ioc 

IoA 


= (1-27 + J2.535) -f (-1.386 - jO.372) + (1.196 + i0.982) 
" “ 0.02 +j0 

= ~ao2~ + 3 jq 45 “ 54 +i 157 - 3 volts. 

= Ena — &NO volts 
= 73 - j' 157-3 volts, 

= Enb — Eno volts 
= 7 117.5 -j267.3 volts, 

= E nc — Eno volts 
= -117.5 — j'47.3 volts, . 

= E 0B Y b - (-117.5 — ^267.3)(0.008 -. 7 O.OO 8 ) amp 
= -3.078 — /1.198 amp, 

= EocYc = (-117.5 -/47.3) (0.002 -/ 0 . 012 ) amp 
= 7 0.802 +yi-313 amp, 

= EoaY a = (73 — yi57.3)(0.01 + / 0 . 02 ) amp 
= 3.88 — yO.113 amp. 


volts 


These relations are shown in the vector diagram (Fig. 178). 
It is seen that the point 0 falls outside the line-voltage triangle 


o 



ABC and that the voltage E 0B is considerably greater than the 
line voltage. This is due to a resonant q|fect between the 
inductances and the capacitance in the loads. 

97. Delta or Mesh Connection for Three-phase Systems.— 
Connect the coils of the generator in Fig. 159 so that A is con¬ 
nected to 1B' f B is connected to C', and C is connected to A', as 
shown in Fig. 179, and with vectors as shown in Fig. 180. This 
connection is usually illustrated as shown in Fig. 181 and is 
called, the “delta” or “mesh” connection of the generator, the 
line wires being connected to the points A , B } and C. The emf 
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between wires in the delta-connected system is seen to be the 
coil voltage of the machine. The vectors in Fig. 182 are 120 deg. 
apart and, when drawn in a consecutive order, form an equi¬ 
lateral triangle, a true three-phase system similar to that shown 
in Fig. 166 for the Y connection. There is no point to which 
to connect a fourth wire, or neutral; hence this connection 
may be used only for three-wire three-phase systems. 



Fig. 181.— A three-wire three- Fig. 182.—Vector diagram 

phase circuit supplied by delta- for a delta-connected three- 

connected coils. wire three-phase circuit. 


The equations for the emfs that form a symmetrical three-phase 
system are, as before, 

g C b = E m sin ol volts, (20) 

eAc — E m sin (a. + 240°) volts, (536) 

and 

e B A = Em sin ( OL + 120°) volts. (537) 

These three emfs are connected in series, and the total emf 
acting to send a current around the delta will be 
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= &AC + &BA + & CB VOltS (570) 

= E m sin a + E m sin (a + 240°) +* E m sin (a + 120°) volts 
= E m { sin a + sin (a + 240°) + sin (a + 120°)] volts, (571) 

or 

e Q 0. 

Hence, there is no emf (unbalanced) acting about the winding 
of the delta-connected generator, and no circulating current will 
flow for balanced conditions owing to these fundamental voltages. 
Each emf, however, operates to send a current in the pair of 
line wires connected to that coil. 

The vector equations for the emfs corresponding to Fig. 182 
are * 

Ecb = Ecb/0^ volts, (572) 

Eac = EAC /24:0° volts, (573) 

Eba = Eb a/ 120° volts. (574) 

The total emf operating upon the 
circuit consisting of the three wind¬ 
ings in series is the vector sum of the 
induced emfs, i.e., 

E 0 = Ecb + 1 Eac volts, (575) 

E 0 = 0 volts. (576) 

98. Current Relations in Delta- 
connected Three-phase Loads. 

a. Balanced Loads. —Connect l^iree equal impedances between 
the line wires A, B, and C of any three-wire three-phase system, 
as shown in Fig. 183. The current in each load will be out of 
phase with the emf drop across it by the angle 6 , as shown in 
Fig. 184. These line voltages form a symmetrical three-phase 
system, so that 

Ecb = Eba — Eac — El volts. (577) 

The vector equations for these emfs, corresponding to Fig. 184, 
are 

Ecb = Ecb/V = E L [(f volts, (578) 

Eba = Eb a/ 120° = El / 120° volts, (579) 

Eac = J W240° = El / 240° volts. (580) 



ductive loads on a tliree-phase 
circuit. 



240 ALTERNATING-CURRENT CIRCUITS [Chap. VIII 

The equations of the load currents are 

icB = = IobIz-J t am P> (581) 

Iba = ^4r = ^ BA Il7== - = Iba/ 12Q° - e amp, (582) 
Z &IJL 

Iac = ^4^ = ^//f= = = Iac/2A0° - 0 amp. (583) 
2 A[0_ 


Ia-i 



3Fig. 184. —Vector diagram of balanced delta-connected inductive loads on a 
three-phase circuit. 

The line currents are found by combining these load currents. 


At the point B, Fig. 184, 

Ib-z = Icb + i ab amp (584) 

= Icb /—6 + Ia b/ 300° — 6 amp (585) 

,/—3d° - 0 amp. (586) 

At the point A, 

Ia-i = Iba + Ica amp (587) 

’= Iba / 120° - e + Ic a/ 60° - e amp (588) 

== a/31 ^/90 0 — 9 amp. (589) 

At the point C, 

1 c—z = Iac + Ibc amp (590) 

= Ia c/ 240 o - e + Ib c/ 180° - 6 amp. (591) 


For a balanced delta-connected load the line currents are 
equal to V3 times the load currents and are 30 deg. out of 
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phase with each of the adjacent load currents. This may be seen 
from Fig. 184, as the currents I AB and I CB are 60 deg. apart and 
Ib— 2 ? the diagonal of the parallelogram, bisects this 60-deg. 
angle, making I B ~2 30 deg. ahead of I AB and 30 deg. behind Icb . 

When Eq. (544) for the neutral emf E 0B is compared with 
Eq. (586) for the line current in line B , it is seen that the line 
current in B differs by the angle Q from the neutral voltage E 0B . 
This is true at each corner of the delta, as indicated in Fig. 184, 
the line currents in the three-phase balanced delta-connected system 
making the same angle with the neutral emfs as the load currents do 
with their load emfs . 



Fig. 1.85.—Vector diagram for balanced delta-connected noninductive loads on a 
three-phase circuit. 

For nonreactive loads the angle 9 becomes zero, as shown in 
Fig. 185, and the load currents are in phase with the line voltages. 
The combinations of these load currents at each corner of the 
delta give the line currents in phase with the neutral voltages 
Eoa, E 0 b, and E 0 c at the points A, 1B, and C , as shown in Fig. 185. 

Comparing these results with those found for a star-connected 
load in Art. 95, it is found that , in general, in any balanced three- 
phase load the line currents are out of phase with the neutral voltages 
by the angle 6 where cos 6 is the power factor of the load and that 
they are out of phase with the two adjacent line voltages by 
(30° + 6) and (30° — 6). These relations have an important 
bearing on power measurements in three-phase circuits. 

b . Unbalanced Loads .—For unbalanced impedances placed 
between the line wires of a three-phase system, the current for 
each load is calculated, and the line currents are the sum of 
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the two load currents where they branch out from their respec¬ 
tive line wires. These line currents for the unbalanced loads 
are not equal to -\/3 times the load currents, and all line currents 
may make different angles with, the neutral voltages. The 
current and voltage relations for balanced load impedances are 
illustrated in Examples 63 and 64, and those for unbalanced load 
impedances are shown in Examples 65 and 66. 

Example 63 

Assume a three-wire three-phase system with 100 volts between wires 
and with three resistances of 10 ohms each connected between these wires, 
similar to the loads shown in Fig. 183. Find the line currents and their 
phase relations to the line voltages. 

From the conditions of the problems, 

Iac = Icb = Iba = = 10 + jO amp. 

At the corner B, Fig. 183, using Ecb as the reference, 

Jb -2 = Iob cb - Iba gb amp, 

Iba cb « 1 0/120° - -5 +i 8.66 amp, 

and 

Ib~h cb = 10 — (-5 + , 78 . 66 ) amp 

- 15 - / 8.66 = 17.3 /-30° amp, 

which is 30 deg. behind Ecb and 30 deg. ahead of Eab- In a similar manner, 
at A, using Eba as the reference, 

r 4 -i BA ~ Iba — Iac B x amp 

= 15 -i 8.66 = 17.3 /-30° amp. 

Also at C, using Eac as the reference, 

ic-z AC = 15 — . 78.66 = 17. 3/-30° amp. 

Example 64 

Replace the three loads of Example 63 with three impedances, as shown 
in Fig. 183, each impedance having a value of Z = 8 +/6 = 10/53°8' ohms. 
Then 

f t f 100/0: 

Iac = Icb = hu = amp 

= 10 /-53°8' = 8 - j 6 amp. 

At the corner B, Fig. 184, 

Ib-2 cb = Icb — Iba c1 amp, 
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Iba cb = 10 /—5 amp 

2' =7 1.2 + /9.93 amp, 
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/s- 2 cb =8 — J 6 — 1.2 — i9.93 amp 

= 6.8 -/15.93 = 17.3 /—83°8' amp. 

The currents in lines A ind - C may be found in a similar manner. 


Example 65 

Assume the three impedances, 

Zba = 8 - = 10 /—36°52 / ohms, 

Zcb = 8 + i6 = 10 /36°52 / oh ms, 
id 

Zac = 10 +y0 == 10/CT ohms, 


connected in mesh to the 100-volt three-wire three-phase circuit of Example 


63, as shown in Fig. 186. 

The load currents in the three impedances 
will be 

1ba = WJl = 10/^52' amp 
- 8 + j6 amp, 

icB = ToJjW = 1Q /— 3 i!22' amp 

= 8-/6 amp, 

and 

Iac = ~ 10 + /0 amp. 



delta-connected loads for 
Example 65. 


At the corner 
but 


A , or line wire A, and using .Eba as the reference, 
I A—i — 7ba -Tac amp, 

= 10 /120° = -5 + y8.66 amp, 


and 


1a- i w = 8 + ye + 5 - y8.66 amp 

= 13 — y2.66 = 13.2 7/ —11 °32 / amp. 


At the corner C , using .Eba as the reference, 
ic- 3 — fiC r~ Icb amp, 

but 

Icb^ - 10 /-36 o 52V -120_ o amp 

= 10 / —156 0 52 ' = -9.2 — y3.93 amp, 
/ 0-SjM « -5 -f i8.66 + 9.2 +j3.93 amp 
= 42 + .7*12.59 = 13.27 /71 °35 / amp. 
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At the corner B , using Eba as the reference, 

/j?_2 = Icb — Iba amp, 

or 

Ib- 2 sa - —9.2 — jZ.93 — 8 — j6 amp 

= -17.2 -/9.93 = 19.8 /-150 ° amp. 

The line-wire currents as well as the load currents are unbalanced in 
amount as well as in phase position. The solution is illustrated in Fig. 187. 



Fig- 187.—Vector diagram for unbalanced delta-connected loads for Example 65. 


Example 66 


Change the order of connection of the impedances of Example 65 to 
agree with that illustrated in Fig. 188, the values and phase sequence of the 
emfs remaining as before. 



Fig. 188.—Unbalanced 
delta-connected loads for 
Example 66. 


The new load currents will be 

Iba = 8 — J6 = 10 /— 36°52' amp, 

Icb = 8 +y 6 = 10/36^52' amp, 

and 

Iac — 10 + JO — 10 / 0 ° amp. 

At the corner A, or line wire A y 

= 10 /120° — —5 H-/ 8.66 amp, 
or 

1a-i ba = 8 — j6 + 5 — . 78.66 amp 

= 13 -yi4.66 = 19. 6/—48°10 / amp. 


At the corner B , or line wire B } using Eba as the reference, 


Icb ba = 10 /36°52712Q° amp 

- 10 /-8S°S' = 1.2 -i9.93 amp, 
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— 1*2 — ^‘9.93 — 8 — /6 amp 
= —6.8 H-/3.93 = 7.86 /150° amp. 

At the corner C, or line wire C, using Eba as the reference, 

> - 1.2 + /9.93 amp 
-6.2 + /18.59 = 19.6 /108°25' amp. 

These values are illustrated in Fig. 189. 


/ 

. i 


Fig. 189.—Vector diagram for unbalanced delta-connected loads for Example 66. 


99. Active Power Consumed in Three-phase Circuits.—The 

active power consumed by each load for the balanced Y-con- 
nected loads, as shown in Figs. 173 and 174, is, respectively, 


Poa = EoaIoa cos 8 watts, 

(595) 

P OB = EobIob cos 8 watts, 

(596) 

and 


Poc = Eodoc cos 8 watts. 

(597) 

The total power consumed is 


Pa = Poa + Pob + Poc watts 


= EoaIoa COS 8 -f- EobIob COS 

9 + Eodoc cos 6 watts 

= 3 E l Il cos 8 watts, 

(598) 
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where El is the phase or load voltage and I L is the load current. 
If the line currents and line voltages are used instead of the load 
currents and load voltages, Eq. (598) becomes 

P 0 = a/3 El cos 6 watts, (599) 

where E is the line voltage and I is the line current, since in the 
Y-connected system, the load currents are the same as the line 
currents and the load voltages are equal to the line voltages 
divided by a/3. 

The power consumed in each load of the balanced delta- 
connected loads, shown in Figs. 183 and 184, is, respectively, 


Pba = EbaIba cos 9 watts, (600) 

P AC — EacIac cos 6 watts, (601) 

Pcb = EcbIcb cos 9 watts. (602) 

The total power consumed in terms of load voltages and cur¬ 
rents is 

Po — Pba -h P ac P cb watts (603) 

= 3 E l Il cos 9 watts. (598) 


Since In the delta system the load voltages are equal to the line 
voltages and the load currents are equal to the line currents 
divided by a/3, the expression for total power, in terms of line 
voltage and current, becomes 

Po = a/3 El cos 6 watts. (599) 

It is seen from Eq. 599 that the expression for power in the 
balanced three-phase three-wire system is the same for the Y 
as for the delta connection. If the power consumed and the line 
voltage are known for a balanced three-phase load, the line cur¬ 
rent may be found from Eq. (599) as 



100. Reactive Power in Three-phase Circuits with Balanced 
Loads.—The total reactive power in the Y-connected system of 
Figs. 173 and 174 is the sum of the reactive powers of the indi¬ 
vidual phases, or 
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Qo — Qoa + Qob + Qoc vars (607) 

= EoaToa sin 9 + EobIob sin 9 + E oc Ioc sin 9 vars (608) 
= SElIl sin 9 vars. (609) 

In terms of line voltage and currents the total reactive power is 

Qo = V3. El sin 6 vars. (610) 

For the delta-connected system of Figs. 183 and 184, the 
expression for total reactive power in terms of load currents and 
voltages is 

Qo = Qba + Qac + Qcb vars (611) 

= EbaIba sin 6 + EacIac sin 9 + EcbIcb sin 6 vars (612) 
= 3 E l I l sin 9 vars* (609) 

Expressed in terms of line currents and voltages, the total reactive 
power becomes 

Qo = V3 El sin 9 vars, (610) 

which is the same as for the Y-connected system with balanced 
loads. 

101. Vector and Apparent Power in Three-phase Circuits 
with Balanced Loads.—The vector and apparent power in the 
three-phase circuit with balanced loads is equal to the square 
root of the sum of the squares of the active.and reactive power. 
That is, 

U 0 = Vo = VFo 2 + Qo 2 volt-amp (615) 

- 'SliVZEI cos 6)* + 

= 'V(V3F/) 2 (cos 2 9 + sin 2 9) volt-amp (617) 

= V3 El volt-amp. (618) 


Example 67 

A three-phase system carries an inductive load of 0.80 power factor. The 
line current was found to be 377 amp and the line voltage 230 volts. Find 
the active, reactive, and vector power. 

Applying the equaticms just derived, 

p = \I3EI cos 01O~ 3 kw 

= V3 X 230 X 277 X 0.80 X 10~ 3 = 120 kw. 

Q = \/3EI sin 0lO“ 3 kvar 

= x 230 X 377 X (-0.60) X 10*“ 3 = -90 kvar, 

= 7 = V3 X 230 X 377 X 10" 3 = 150 kva. 
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Problems 

1- 8. Two coils of an a-c generator are placed 90 deg. apart on the arma¬ 
ture, and each coil generates 2,200 volts. The emf Eab leads Ecd by 90 deg., 
and the middle points of the coils are* joined together, (a) Write the equa¬ 
tions for the wave forms of these two emfs, using Ecd as the reference, and 
draw the corresponding wave forms. (6) Express the emfs in vector form, 
polar notation, and draw the corresponding vector diagram. 

2- 8. Three emfs E a b, E cd , and E fg form a symmetrical three-phase system, 
the phase sequence being in the order stated, (a) Write the equations for 
the wave forms, using (1) the wave of e a b as the reference and (2) the wave 
of e cd as the reference, and draw the corresponding wave forms. (6) Express 
the emfs forming this system in the vector form, polar notation, using (1) 
Eab as the reference and (2) E cd as the reference, and draw the corresponding 
vector diagrams. 

3- 8. A two-phase four-wire system has the emfs Efg — 120 + ^*0 and 
Ebk = 0 -f ^120. The impedances Zfg = 12 +j4 and Zhk =8 — j2 are 
connected to the respective phases. What current flows in each wire? 
Draw the circuit and vector diagrams. 

* 4-8. The emfs E xa and E z 4 of a four-wire two-phase system are each 220 
volts. An impedance Zn = 10 /60° ohms is connected across one phase 
and Z 34 = 8 / —75° ohms across the other phase. What current flows in 
each wire with Eu as the reference? Draw the circuit and vector diagrams. 

6-8. Two admittances, each Y = 0.05 / —45° , are connected across the 
two phases of a 550-volt four-wire two-phase system. What current flows 
in each wire? Draw the circuit and vector diagrams. 

‘ 6-8. A three-wire two-phase system has the emfs Eba — 110/0° and 
E B c = 11 0/90° . The load impedances are Z B a =6 + jS and Z B c = 
4 + j3. Find the current in each wire. Draw the circuit and vector 
diagrams. 

' 7-8. A three-wire two-phase system has 440 volts between the common 
return and each outside wire, the emfs being E = 440 /0° and En = 
44 0/90° . An impedance Z i 2 = 22 /40° is connected across one phase and 
Z X z ~ 11 / —40° across the other phase; what current flows in each wire? 
Draw the circuit and vector diagrams. 

8- 8. "What active and reactive power are furnished to each of the loads 
of a two-phase four-wire 220-volt system, the load impedances each being 
Z = 7 + y2? What are the total active and reactive power? 

9- 8. A 2,200-volt three-wire two-phase generator furnishes power to a 
balanced load of 5,000 kw at 0.75 power factor. What current flows in 
each wire? 

*10-8. What active and reactive power are furnished to each of the loads 
in Prob. 4-8? 

11-8. A two-phase three-wire system has the emfs IShk = 120/0° and 
J&bl ~ 100 /90° . The load on phase UK is 2 kw at 0.75 power factor indue- 
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tive and on phase KL is 1.9 kw at 0.90 power factor capacitive. Find the 
current flowing in each wire and draw the circuit and vector diagrams. 

12-8. A 2,200-volt three-wire two-phase system has a two-phase induc¬ 
tion motor load taking 300 kva input at 0.60 power factor connected to the 
three wires and a lighting load taking 50 kw connected from one wire to 
the common return. Find the currents in each of the three wires. Draw 
the circuit and vector diagrams. 

•, 13-8. A 22,000-volt four-wire two-phase generator has the middle points 
of its phases connected to form a five-wire two-phase system, (a) If four 
equal impedances, represented by Z = 40 + /50, are connected between 
neutral and each wire, what current flows in each wire? (6) If one of these 
impedances is changed to one having Z — 40 — j5 0, what current flows in 
each wire? 

14-8. A five-wire two-phase system having 125 volts from neutral to 
each outside wire has four equal impedances, Z — 5 /50°, connected between 
neutral and each outside wire, (a) What is the current in each wire? ( b ) 
A two-phase induction motor taking a balanced load of 25 kw input at 
0.70 power factor is also connected across the outside wires; find the current 
in each wire, and draw the circuit and complete vector diagrams. 

16-8. A five-wire two-phase generator has 250 volts between neutral and 
each outside wire. Four equal impedances Z = 1 0/35° are connected in 
mesh between the outside wires; what is the current in each wire? What 
power is consumed? Draw the vector diagram. 

16- 8. Consider four impedances, each equal to Z = 7 4-/8 ohms, con¬ 
nected in mesh to a 220-volt two-phase system, the voltage being measured 
across the corners of the square. Find the currents in each load and in each 
line wire. Draw the vector diagram. 

17- 8. A three-phase four-wire system has the three emfs to neutral 
Ena = t 12 7/0° , Enb == 12 7/240° , and Eng = 12 7/120° . The three imped¬ 
ances Zna = 8 — /6, Znb = 4 + /2, and Znc =4 4-/6 are connected 
between the outside wires and the neutral. What is the current in each 
line wire and the neutral? Draw the circuit and vector diagrams. 

18- 8. A three-phase four-wire system having 69 volts to neutral has 
admittances Yx a = 0. 4/20° , Ym = 0.8/0°, and Y Nc = 1. 2/—30° connected 
between the lines and neutral. What is the current in each line and in the 
neutral? Draw the connection and vector diagrams. 

19- 8. A four-wire three-phase system has the emfs Ena = 138/30°, 
E N b = 13 8/270° , and Enc = 13 8/150° . A load of 2 kva at unity power 
factor is connected between line A and neutral; a load of 4.1 kw at 0.80 power 
factor inductive is connected between line B and neutral; and a load of 3 kva 
at 0.90 power factor inductive is connected between line C and neutral. 
What are the currents in *each line and the neutral? Draw the vector 
diagram. 

20- 8. An unsymmetrical three-phase four-wire system has the emfs to 
neutral £xa = 100/0°, Enb = 12 0/265° , and Enc = 35 /130° . An imped- 
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ance Z = 5 / 20 ° is connected between each line wire and the neutral. Find 
the current in each line and in the neutral. Draw the vector diagram. 

21- 8. Three impedances Z x = 10 +j0, Z<t = 7 + 76 , and Z s = 2 — j5 
are connected between neutral and the three outside wires, respectively, of 
a four-wire three-phase system having 1,100 volts to neutral. Find the 
current in each line wire and in the neutral, and draw the complete vector 
diagram for the circuit. 

22- 8. In a three-wire three-phase system the line voltages are E ab — 
120 / 0 °, Efg = 120 /240° , and E cd = 120 / 120 °, the delta being formed by 
connecting g to a, b to c, and d to /. An impedance Z = 81 7/30° is 
connected between each of the lines to form a balanced delta-connected load. 
What are the currents in each load and each line? Draw a complete vector 
diagram showing the emfs and the line currents. 

23- 8. In a three-wire three-phase system the emfs between the lines 
A, B, and C are Eab = 220 /IF, E BC = 22 0 / 120 ° , and Eca = 22 0/240° . 
The impedances Zab = 8 + 76 , Zbc = 7.6 + 7 * 0 , and Zca = 5.4 — jl.8 are 
connected between the lines, forming a mesh-connected load. Find the load 
and line currents, and draw a complete vector diagram showing the emfs 
and currents. 

24- 8. Three loads of 200 , 400, and 600 amp, respectively, at unity power 
factor are connected in delta on a three-phase line. What is the current in 
each line wire? Draw a complete vector diagram showing the voltages, line 
currents, and load currents. 

25- 8. In a three-wire three-phase system the emfs between the lines 
F, G, and H are E F g = 440/0°, E Q h = 44 0/240° , and Ehf = 440 /120° . 
The impedances Zfg = 28. 4/20° , Zgh = 15/0°, and Zhf = 31.2 /30° are 
connected between lines forming a mesh-connected load. Find the line and 
load currents, and draw the complete vector diagram/ 

26- 8. A symmetrical three-wire three-phase system has both balanced- • 
star and mesh-connected loads. The emfs from neutral to the three lines 
A, £, and C are Ena = 120 / 0 °, Enb = 12 0/420° , and E N c = 12 0 / 120 ° . 
The star-connected impedances are Zna — Znc = Znb — 1 2/15° , and the 
mesh-connected impedances are Zab = Z B c = Zca = 10 / 0 °. What cur¬ 
rents are flowing in each load and line and in the neutral? Draw the circuit 
and complete vector diagrams. 

27- 8. A four-wire three-phase system has both star- and mesh-connected 
loads. The emfs between the lines A, B, and C are Eab = 240/0°, E B c = 
24 0/120° , and Eca = 24 0/240° . The star-connected loads are Zna = 
0.6 /"-30°, Znb — 8.4 /20° , and Znc — 4.3/0°. The mesh-connected loads 
are Zab = 15.6 /30° , Zbc — 12 / 0 °, and Z CA = 8 . 6 / 0 °. Find the load, line, 
and neutral currents, and draw the complete vector diagram. 

28- 8. An unsymmetrical three-wire three-phase system has delta-con¬ 
nected loads. The emf between the wires A, B, and C are Eab — 184 + jO, 
Ebc = —122 - j - j! 68 , and JEca = —62 — 7 * 168 . The impedances are 
Z AB * 8 + 76 , Zbc - 12,6 -)- ^* 0 , and Zca ~ 9-8 + j 0 . What are the 
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currents flowing in each load and line wire? Draw a circuit diagram and a 
complete vector diagram. 

29- 8. A three-wire three-phase circuit supplies energy at 230 volts between 
wires to an induction motor taking 100 kw at 0.65 power factor. What 
current flows in each line wire? What are the reactive and the vector 
power? 

30- 8. A 240-volt three-phase induction motor operating at 0.50 power 
factor takes 120 amp at each terminal. What are the active, reactive, and 
vector power consumed by the motor? 

31- 8. The meter readings on a three-phase transmission line delivering 
power to a substation are: voltmeter 112,600 volts, a mm eter 131 amp, 
wattmeter 18,600 kw. Find the reactive and apparent powers, and the 
power factor of the line. 

v 32-8. Three impedances, each equal to Z = 4 -f /4, are connected in delta 
between 230-volt three-phase lines. Find the active, reactive, and vector 
power delivered to the loads. 

33-8. Three impedances, each Z = 12. 8/— 30° , are connected in Y to a 
6,600-volt four-wire three-phase system. Find the active, reactive, and 
vector power delivered to the loads. 

• 34-8. The vector power of a balanced, 2,300-volt three-wire three-phase 
system is 976 vector kva and the active power is 832 kw. Calculate the 
power factor, the reactive power, and the line current. 

36-8. In a symmetrical three-wire two-phase system with line wires A and 
C and common return wire B, Eba ~ 115 /90° and Esc = 115/0°. The 
impedances are Z B c = 1 + j2 and Zba = 2 — j4; find the currents in each 
of the wires and the* emf across the outside wires. Draw the circuit and 
vector diagrams. 

36- 8. Consider the same loads and voltages as in Prob. 35-8 but with 
Eba 90 deg. behind Esc , i.e., Esc = 115/0^ and E BA = 115 /270° . Find the 
currents in each of the wires, using Ebc as the reference. From the results 
of these two problems, explain how the phase sequence of a two-phase system 
may be obtained by laboratory tests. 

37- 8. An induction motor is connected to a 220-volt four-wire two-phase 
generator. What is the current in each wire if the motor takes 300 kw at 
0.40 power factor? 

38- 8. Energy is furnished at 2,200 volts three-wire two-phase to a motor 
load taking 800 kw at 0.70 power factor inductive; what is the current in 
each line wire and in the common return? A lighting load of 200 kw is now 
connected between one wire and the common return; what is the current 
in each wire? 

39- 8. Let the emfs to neutral of a five-wire two-phase system be 1,000 
volts and the impedances from neutral to each outside wire be, respectively, 
Z NA = 10 +jl0, Znb = 8 +il, Znc = 0 - j8, and Znd = 5 +jl0. 
There is also a balanced ‘two-phase induction-motor load connected across 
both phases and taking 200 kva at 0.60 power factor. Using E NB as the 
reference, find the current In each wire, and draw the complete vector 
diagram, 
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40- 8. A five-wire two-phase system has 500 volts to neutral and carries a 
' balanced motor load of 500 kw at 0.50 power factor inductive. There is 

also a single-phase lighting load of 50 kw between the neutral and one out¬ 
side wire. What is the current in each wire? 

41- 8. Three impedances, Zi — 8 — j6, Z 2=4 + j2, and Z z — 7 — jlO, 
respectively, are connected in delta between 1 , 100 -volt three-phase lines; 
what current flows in each line wire? 

42- 8. Three impedances, Zi = 0 — jlO, Z 2 = 10 +. 710 , and Z 3 = S — jQ, 
are connected in delta between 220 -volt, three-phase lines. Find the 
values of the line-wire currents in reference to the voltage drop across Z 2 . 

43- 8. Loads of 150 kva each at 0.90 power factor leading are connected 
between the neutral and each of the outside wires of a four-wire three-phase 
system having 1,732 volts to neutral. Find the current in each line and the 
neutral wire. 

’ 44-8. Three impedances, Zi = 8 — . 76 , Zi = 5 + jO, and Z 3 — 4 +J 2 , 
are connected in star. The neutral of this load is connected to a four-wire 
three-phase generator having 2,200 volts to neutral. Find the magnitudes 
of the currents in each line wire and in the neutral. 

46-8. In a three-wire three-phase system, the voltage between wires is 
2,200 volts, and the loads are the impedances Z = 20 — /20 connected in delta. 
Find the currents and their phase relations to each of the line voltages. 

46- 8. A symmetrical three-wire three-phase system is supplied to three 
unequal impedances connected in star. The emfs of the system with lines 
A, B , and C are Eab = 220 / 0 °, Ebq - 22 0 / 120 ° , and fie a = 22 0/240° . 
The impedances are Zqa = 6 — jS, Zob = 4 + j2, and Zoc — 8.6 + jQ. 
Find the voltage drop across each impedance and the currents in each line. 

47- 8. Three loads are connected in delta to a 440-volt three-wire three- 
phase system. The load between A and B is 4 kva at 0.80 power factor 
inductive, the load between B and C is 6.3 kva at 0.90 power factor capaci¬ 
tive, and the load between C and A is 5.5 kva at unity power factor. Find 
the current in each load and line. Draw the complete vector diagram. 

48- 8. In a three-phase four-wire system with lines A, B } and C, the emfs to 
neutral are Ena = 190/0°, Enb = 20 0/240° , and E NC = 24 0/120° . The 
load impedances are Zna = 9. 6/45° , Znb = 1 2 / —30° , and Znc ~ 3 . 8 / 0 °. 
Find the current in each line and in the neutral. Draw the complete vector 
diagram. 
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POWER MEASUREMENTS IN POLYPHASE CIRCUITS 

Instantaneous Power of a Polyphase Circuit.—The instantaneous 
power at the points of entry of a polyphase circuit is equal to the 
algebraic sum of the products obtained by multiplying the instantane¬ 
ous current at each point of entry by the potential difference between 
that point of entry and some arbitrarily selected base point (which 
may be the neutral point of entry) from which all the potential 
differences are measured. The value of the instantaneous power 
is given in watts when the currents are in amperes and the potential 
differences are in volts. 

Active Power of a Polyphase Circuit.—The active power at the 
points of entry of a polyphase circuit is the time average of the values 
of the instantaneous power at the points of entry, the average being 
taken over a complete cycle of the alternating current. From the 
foregoing it follows that the active power at the points of entry of a 
polyphase circuit is equal to the algebraic sum of the active powers 
for the individual points of entry when the potential differences are 
all determined with respect to the same arbitrarily selected base point 
(which may be the neutral point of entry). The value of active 
power is given in watts when the effective currents are in amperes 
and the effective potential differences are in volts. 

Reactive Power of a Polyphase Circuit.—The reactive power at 
the points of entry of a polyphase circuit is the algebraic sum of the 
reactive powers of the individual points of entry when the potential 
differences are all determined with respect to the same base point 
{which may be the neutral point of entry). The magnitude and 
sign of the reactive power of a polyphase circuit is independent of the 
point that is chosen as the base point provided that the same conven¬ 
tion as regards sign is used for all points of entry. The convention 
used in these definitions gives a positive sign to the reactive power 
of a harmonic component at any point of entry when the same phase 
relation of current and potential difference is that which exists if , 
within the delimited region, a capacitive circuit connects the point 
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of entry to the base point The value of reactive power is given in 
vars where the effective currents are in amperes and the effective 
potential differences are in volts. 

Vector Power of a Polyphase Circuit.—Vector power at the points 
of entry of a polyphase circuit is equal to the square root of the sum 
of the squares of the active power and the reactive power. The 
unit of vector power is the vector volt-ampere. 

Arithmetic Apparent Power of a Polyphase Circuit.—The 
arithmetic apparent power at the points of entry of a polyphase 



Fig. 190.—Two-wattmeter method Fig. 191.—Vector diagram for the 
of metering the load on a four-wire currents and emfs of Fig. 190. 

two-phase circuit. 


circuit is equal to the arithmetic sum of the products obtained by 
multiplying the effective current at each point of entry by the effective 
potential difference between the point of entry and the neutral point 
of entry . The unit of arithmetic apparent power is the volt-ampere. 

102. Power Measurements in Four-wire Two-phase Circuits. 
In Chap. VIII, it has been shown that a four-wire two-phase 
circuit consists of two single-phase circuits associated by being 
supplied from the same generator and by being connected to 
the same polyphase motors. Figure 190 shows the method of 
connection of two wattmeters for indication of power in such a 
circuit, and Fig. 191 shows the vector diagram. Meter A will 
indicate 


Pa = EaIa(P-F>a) watts 
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or, for sine waves of current and voltage, 

Pa ~ EaIa cos 9a watts, (51) 

and meter B will indicate 

Pb = EbIb cos 9 b watts. (51) 

The total power taken by the load is then 
Po = Pa + Pb watts 

= E a Ia cos 6 a + E b Ib cos 9 s watts. (619) 

Most systems are symmetrical, and the voltages Ea and E B are 
the same in value. For balanced loads, 


and 

Hence, 


I a = Is = 1 amp 


6a = 9 b = 6 deg. 

p 0 = p A + P B = 2 El cos 6 watts, 


(510) 


which is the total power in the circuit. For polyphase motor 
loads, the two sets of meter coils are combined in one case and 
operate on the same indicating system, giving, on one dial, the 
total power consumed by the load. Such an instrument is called 
a “polyphase wattmeter.” 

Instead of balancing the meter torque against a spring, as is 
done in an indicating instrument, it may be utilized to turn a 
disk mounted on a shaft. This shaft actuates a recording 
mechanism, and the disk is retarded by a torque which is propor¬ 
tional to the speed of the disk. Such a meter, known as a 
“ watt-hour meter,” records the product of power and time, 
or the energy used by the circuit. The meter integrates the 
energy used over any interval of time chosen and is used to 
determine the total energy used during an interval of time such 
as one month. 

When two meters are used, if by accident or otherwise the 
potential coils of the two meters are interchanged so that in meter 
A the current I A is associated with E s and in meter B the current 
1 B is associated with E A , meter A will indicate 

Qa = E b Ia cos (90° - 6) vars 
= E b Ia sin 6 vars, 


( 620 ) 
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and meter B will indicate 

Qb = EaIb cos (90° + B) vars 

— —E a Ib sin 6 vars. (621) 

By reversing the connections of the potential coil of meter B } 
both readings may be made posi- ^ 
tive, and for balanced loads 

Qo = Qa + Qb vars 

= 2EI sin 6 vars. (511) 



Fig. 192. —Two-wattmeter method Fig. 193. —Vector diagram for Fig. 
of metering the load on a three-wire 192. 

two-phase circuit. 


Since the reactive power in a balanced polyphase system is the 
sum of the reactive power in each of the phases, two meters so 


Meier A, 



Fig. 194.—Four wattmeters con¬ 
nected to measure the power in a five- 
wire two-phase circuit. 


connected or a polyphase meter 
connected in this manner will 
indicate the total reactive power 
in the circuit instead of the 
total active power. 

103. Power Measurements 
in Three-wire Two-phase Cir¬ 
cuits.—For the three-wire two- 
phase system, the two meters 
are connected as shown in Fig. 
192 with vector diagram as 
shown in Fig. 193. The same 
equations hold as for the four- 
wire two-phase system. 

104. Power Measurements 
in Five-wire Two-phase Cir¬ 


cuits.—For the five-wire two-phase system, four wattmeters are 


used with their current coils connected in the four line wires, and 
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each of the potential coils is connected between the neutral and 
the same wire in which its respective current coil is connected, as 
shown in Fig. 194. The sum of these meter readings will give 
the total power consumed in such a system. The vector dia¬ 
grams are shown in Figs. 150 and 151. 

106. Power Measurements in Three-phase Circuits.—Let 
Eabj E bC} and E ca (Fig. 195) represent the three voltages between 
the line wires of any three-phase circuit in which the voltages 



Fig. 195.—Vector relations of currents and emfs in an unsymmetrical unbalanced 
three-phase system. 

may be either equal or unequal. Suppose that the currents 
taken by the three single-phase loads are la, he, and at 
angles a', /S', and y', respectively, with their emfs. The power 
taken, by each load is then 

Pa, — Eabhb cos a' watts, (623) 

Pu = Eteht cos /S' watts, (624) 


and 


P„ « #«/<* QOS V watts, 


(625) 
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and the total power is given by 

Po = Pab + Pbc + Pea watts (626) 

= E ab Iab cos a! + E bc I bc cos & + E ca I C a cos y' watts. (627) 


Choose any point 0 within or without the triangle abc and 
connect 0 with a, b, and c, giving the voltages E oa , E ob , and E oc . 
Extend the lines lab , he, and I ca , projecting 0 on each of these 
lines. Project the point a on I ca at t, the point b on I ab at n, and 
the point c on I h c at s. Then 


and 


E an = Eab cos ot! volts, (628) 

E bs = Ebc cos p' volts, (629) 

Ect = E ca cos y f volts. (630) 


Substituting the values from Eqs. (628) to (630) into Eq. (627), 


Po — Eanlab + E b shc + EcJca Watts. (631) 

From projections of E oa , E ob , and E 0? on the current lines and 
from the relations of emfs in a polyphase circuit, 

E an = cos 02 — E oa cos 0i volts, (632) 

= E a cos 04 — Eob cos 03 volts, (633) 

and 

Ect = E oa cos 06 — E oc cos i volts. (634) 

Substituting these values into Eq. (631), 

P 0 — ( Eob cos 02 — Eoa cos 0i)/ a 6 + ( E oc COS 04 — E ob cos 0 3 ) 
he + ( E oa cos 06 — E oc cos 0s) ha watts. (635) 

Rearranging Eq. (635), 


P 0 — Eoaijca COS 06 ~ Zo& COS 0x) + E ob (I a b COS 02 ~ he COS 0 3 ) 

+ E oc (hc cos 04 — Ica cos 0 5 ) watts. (636) 

From an inspection of Fig. 195 and Eq. (636), it is seen that 

Ica cos 06 — lab cos 0i = I a cos a" amp (637) 

when Ica , —lab, and I a are all projected on E oa produced, 

lab cos 02 — I be cos 0$ = I b cos /?" amp (638) 

when lab , and are all projected on E ob produced, and, 

Ibc cos 04 — Ica cos 05 = 7 0 cos 7 " amp (639) 
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when I bC) —Icaj and I c are all projected on E oc produced. Hence, 

P 0 — E oa Ia cos a + Eoilh cos p" + Eoclc cos 7 " watts. (640) 

It is seen that I a , lb, and I c are the line wire currents due to the 
delta-connected loads and that E oa , E ob , and E oc are the emfs 
from some common point within the triangle to the corners of the 
triangle abc. In other words, the power in any three-wire three- 
phase circuit may be measured by three wattmeters co nn ected 
with the current coils in the three line wires a, b , and c and with 
their potential coils connected between a common point and the 
three line wires, respectively, as 
shown in Fig. 196. The meter 
coils may have like or unlike 
resistances, the point 0 being 
established as the point of equi¬ 
librium of the voltage drop across 
the potential-coil circuits, as 
explained under Y-connected 
loads in three-wire three-phase 
circuits in Chap. VIII. It is 
understood in this connection 
that the voltages and currents 
are of such values as can be 
used directly on a meter; for 
higher voltages and currents, potential and current transformers 
may have to be used. Each of the meters in this connection 
may not indicate the power used per phase, but the sum of their 
indications is the total power consumed by the three-wire three- 
phase circuit with any unbalancing of the currents and voltages. 

106. Power Measurements in Four-wire Three-phase Cir¬ 
cuits. —For the four-wire three-phase circuit, the common con¬ 
nection 0 of the meters must be connected to the neutral wire 
and the three current coils of the meters in the three outside wires, 
as shown in Fig. 197. In this case, the point 0 becomes the inter¬ 
section of the medians of the voltage triangle abc, Fig. 198. 
Three meters must be used in the four-wire three-phase system 
since current may flow in any wire and return by the neutral 
independent of the other two wires when unbalanced single-phase 
loads are connected to the system. In this case, each of the 
meters reads the power consumed by the phase to which its cur- 


Meier A 
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rent coil is connected. The sum of the meter readings is at all 
times the total power consumed by the loads beyond the meters. 

107. Two-wattmeter Method for Power Measurements in 
Three-wire Three-phase Circuits.—To meter a three-wire 
three-phase load using only two wattmeters, move the point 0 


Meter A 



Fig. 197. —Three-wattmeter con- Fig. 198. —Vector diagram for 
nection for measuring the power in a Fig. 197. 

four-wire three-phase circuit. 


to any line wire as c (Fig. 195). Since the preceding proof holds 
for the point 0 at any place within the triangle abc, it must hold 
for 0 moved to the point c. Meter C (Fig. 196) has its potential 
coil short circuited, and the meter may be removed since it can 
give no deflection. From the foregoing proof the sum of the read- 



Fig. 199. — Two-wattmeter 
method of measuring the power in a 
three-wire three-phase circuit. 


ings of the other two meters must 
give the total power. It is seen 
that meters A and B have the 
full line potential across their 
potential-coil circuits, as shown 
in Fig. 199, and that the current 
coils carry the current in two of 
the line wires. Referring to Fig. 
199 and to the vector diagram in 
Fig. 195, it is seen that the cur¬ 
rent in the current coil of meter 


A is I a and the potential across the potential coil is B C a, which is 


a degrees ahead of I a , the meter reading being 


P a = EcoJa cos a watts. 


(641) 


In the same manner, the current in the current coil of meter B is 
lb, arid the potential-coil circuit has the emf E ch across it 0 deg. 
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behind I b , giving the reading 

Pb — Ecbh cos watts. (642) 

The total power, being the sum of the two meter readings, 
becomes 

Po = P a + Pb — EcJa cos a + EdJb cos 0 watts. (643) 

In the above proof, unbalanced conditions of emf, current, and 
phase angles have been assumed. Hence, the two-wattmeter 
method for the measurement of power in a three-wire three- 
phase circuit may be used for unbalanced as well as for balanced 



conditions. In this method of metering the load neither watt¬ 
meter indicates the power for any particular load or phase, it 
being merely the sum of the indications of the two meters, which 
is important in determining the total power in the circuit. 

108. Balanced Loads on Three-wire Three-phase Circuits. —In 
three-wire three-phase circuits with two meters, as illustrated in 
Fig. 199, the vector diagram will be as shown in Fig. 200 for a 
capacitive load and in Fig. 201 for an inductive load. In either 
case, the two meters will indicate 

Pa = EcJa COS a = EcJa cos (30° — 0) watts (644) 
= EI cos (30° - 6) watts, (645) 

Pb - Ecbh cos fi = E cb I b cos (30° + 6) watts (646) 
= EI cos (30° + 6) watts, (647) 




262 ALTERNATING-CURRENT CIRCUITS [Chap. IX 

where E is the emf between lines; 

I is the line current; and 

9 is the phase angle of the load, and is positive for cap¬ 
acitive loads and negative for inductive loads. 

Expanding Eqs. (645) and (647), 

Pa = El cos 30° cos 9 +El sin 30° sin 6 watts, (648) 
P b = El cos 30° cos 6 — El sin 30° sin 9 watts. (649) 



Adding Eqs. (648) and (649), 

P a + Pb = 2 El cos 30° cos 0 watts 

== a/3 El cos 0 watts, (599) 

which was shown to be the expression for total power in a three- 
wire three-phase circuit in Art. 105. This same expression was 
also derived in Art. 99. 

Since the two-wattmeter method is the practical one for meter¬ 
ing power in three-wire three-phase systems, several special 
cases with balanced loads of different power factors will be 
considered. 

Nonreactive load, 6 — 

Pa = El cos (30°) - y^EI watts, 
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and 


Pi = El cos (30°) = ~EI watts, 


Po = V3EI cos 6 = 2~EI = VSEI watts. 


The meters read alike, and each indicates one-half the total power. 

Inductive load, 6 — —30°: 

P a = El cos 60° = %EI watts, 

Pb ~ El cos 0° = El watts, 

and 


P 0 = 3 4EI + El — %EI = cos 6 watts, 

the total power in the circuit being 

Po = VSEI cos (-30°) = = IeI watts. 

A 

It is seen that meter B indicates two-thirds the total power and 
meter A the other one-third. For 30-deg. lead this condition is 
reversed, meter A giving the greater indication. 

Inductive load, 6 = —60°: 

El cos (30° + 60°) = 0 watts, 

■\/3 

El cos (30° ~ 60°) = ~^~EI watts, 

Po = ~El watts, 

but the total power in the circuit is 

P 0 = cos ( — 60°) = —~EI watts. 

In this case, meter B indicates the entire power, and meter A 
indicates zero although each meter has the same amount of 
current flowing in its current coil and the same value of emf 
impressed across its potential coil. For capacitive loads of 
0.5 power factor, meter A indicates the entire load and meter B 
indicates zero. 


Pa *= 

P b = 
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Loads of Less Than 0.5 Power Factor .—For loads having power 
factors less than 0.5, one meter will indicate positive and the 
other negative, the algebraic sum of their indications being the 
total power. 

From Eqs. (644) and (646) and the four special cases con¬ 
sidered, it is seen that, while in every case the sum of the two 
meter readings gives the total power consumed, individual meter 
readings have no definite meaning since the division of the total 
power between the two meters varies with the values of the phase 
angle 0. It has been shown also that, when 0 — ±60 deg. 
so that 30° + 0 = 90°, or —30° — 0 = —90°, one meter will 
indicate zero, and that for larger values of 0 the numerical read¬ 
ing of one meter must be considered as negative and its reading 
subtracted from that of the other meter to obtain the total power. 

Owing.to this fact certain precautions must be taken when 
using the two-wattmeter method to measure the power in a three- 
wire three-phase circuit when the power factor of the circuit is not 
known. If the proper connection is known for the current and 
potential coils of the meters to obtain positive readings in a single¬ 
phase circuit and these connections are carefully followed^ then 
a deflection of the needle over the scale means a positive read¬ 
ing. These connections, however, are not always known or care¬ 
fully followed, and it becomes necessary to make some test to 
determine the proper sign to prefix to the readings of each meter. 
The simplest test is based on the fact already shown that, in any 
three-phase system, the line currents are displaced from the two 
adjacent line voltages by (30° + 0) and (30° — 0). Thus, in 
Figs. 200 and 201, /& is displaced from E ch by (30° + 0) and is 
displaced from E a b by (30° — 0). Meter B (Fig. 199) indicates 

Pb — El cos (30° + 0) watts, (647) 

when connected as shown. If the potential coil end is moved 
from line c to line a, the meter will indicate 

Pb = El cos (30° — 0) watts. (645) 

If 0 is greater than 60 deg., these two readings will be in opposite 
directions or the needle will be deflected backward in one case. 
If 0 is less than 60 deg., the two readings will have different 
magnitudes, but they will both have the same sign. The test 
is, therefore, to shift the potential coil of one meter from one 
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line to the other so as to associate the line current with the two 
adjacent line voltages. If the meter indicates in the same direc¬ 
tion, either positive or negative, in the two cases, the power factor 
is greater than 0.5 and both meters should be connected to 
indicate positively. If, however, the two readings are in opposite 
directions, then the power factor is less than 0.5 and the meter 
having the smaller reading must be connected to read positively, 
but a negative sign must be given to its numerical readings. 

1091 Power Factor from the Two-wattmeter Readings in a 
Balanced Three-wire Three-phase Circuit.—For balanced loads 
and two wattmeters, the power factor of the load may be deter¬ 
mined from the wattmeter readings, without the use of the 
voltmeter or ammeter readings, with greater accuracy than by the 
use of the ratio of total power to total volt-amperes. 

(645) and (647) are expanded, 

P a = El [cos 30° cos 9 + sin 30° sin 6] watts, 

Pi — El [cos 30° cos 9 — sin 30° sin 6] watts. 

Hence, 

Pa + Pb = 2EI cos 30° cos 9 watts 
= y/SEl cos 9 watts; 

also 

Pa — Pi2EI sin 30° sin 6 vars 
= El sin 9 vars. 

Dividing Eq. (651) by Eq. (650), 

P a - P h = El sin 9 
Pa + Pb y/SEI cos 9 
or 

tan 0 = 


If Eqs. 

(648) 

(649) 

(650) 

(651) 

(652) 

(653) 


i.e., the tangent of the angle of lead or lag is proportional to the 
ratio of the difference of the meter readings to the sum of the 
meter readings. From this relation, the power factor may be 
determined for balanced loads without knowing the voltage or 
the current in the circuit. 


Power factor = cos tan 1 


V3 : 


Pa - Pb 


Pa + Pb 


Pa_±Pb _ 

VWa + Pi) 2 + 3(Po - Pb) 2 


(654) 

(655) 
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Owing to the great difference between the meter readings in the 
two-wattmeter method of measurement of power, two separate 
watt-hour meters are seldom used for metering three-phase 
energy. Instead, the two distinct electrical and magnetic sys¬ 
tems operate on the same integrating system in a polyphase 
watt-hour meter, as explained in the consideration of two-phase 
metering: In this manner many questions, difficult to explain 
to a nontechnical customer, are easily avoided. To illustrate 
the two-wattmeter method consider the following examples. 

Example 68 

Assume a three-wire three-phase system (Example 63) with 100 volts 
between wires and with three resistances of 10 ohms each connected in delta 
between these lines. Connect the current coils of each of two wattmeters 
into lines B and C and with their potential coils connected to line A. Find 
the reading of each of these instruments and the total power consnmArl 

1b ab — 17.3 /30° amp 
= 15 -f- / 8.66 amp. 

Ic AC = 17.3 /-3Q 0 amp 
= 15 — . 78.66 amp. 

The readings of the wattmeters will be 

Pb ~ 100 X 15 = 1,500 watts, 

Pc = 100 X 15 = 1,500 watts, 

the total power being 

Pa = Pb + Pc — 3,000 watts. 

Example 69 

Replace the three resistances in Example 68 with three impedances, each 
of value Z = 8 +jQ = 10/36^52^ ohms. Find the readings of each of the 
instruments and the total power consumed by the load. 

U AB = 17.3 /—36°52 / /30° amp 

* 17. 3/—6°52 / = 17.2 - j2.08 amp, 

U AC = 17. 3/—36°527 —30° amp 

= 17.3 / —66°52' = 6.8 - /L5.93 amp. 

The readings of each of the instruments will be 

Pb ■ 100 X 17.2 = 1,720 watts, 

P c 100 X 6.8 = 680 watts >; 

and 

Pa = 1,720 -f 680 = 2,400 watts, 

Pa — a/ 3 X 100 X 17.3 X 0.80 — 2,400 watts. 


also 
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Example 70 

. Consider three load impedances Zba = 8 + j6, Z B c = 8 - 76 , and 
Zca — 10 + jO connected to the lines of Example 69 and Example 66 . 
Place the current coils of each of two wattmeters in the lines A and C and 
connect their potential coils to line B. Pind the reading of each instrument 
and the total power taken by the loads. 

From Example 66 , the currents are 

Ic AC = 19.2 — jS.QZ amp; 

then 

Ic BC = (19.2 ~ j3.93)/60° amp 
= 13.0 + /14.74 amp, 

Ia ba — 13.0 — /14.66 amp. 

The meters will indicate 

Pc = 100 X 13 - 1,300 watts, 

Pa = 100 X 13 = 1,300 watts, 

giving the total power used of 

Po = Pc 4 -Pa = 2,600 watts. 

It is accidental that these instruments indicate the same value when the 
loads are unbalanced in this manner. 

Example 71 

Find the readings of each of two wattmeters used to measure the power 
input to an induction motor taking 100 kw at 0.80 power factor. 

Po = y/SEI cos d = 100 kw, 


hence, 


or 


and 

110 . 

phase Circuits.—In three-phase circuits, where only approximate 
values of the total power are desired, a reduction in the cost of 
instruments and a saving in space on the switchboard may 


El = 


JLUU 


V3 X 0.80 


= 72.3 kva, 


Pi = El [cos 30° cos 9 — sin 30° sin 6] kw, 

P 2 = El [cos 30° cos 9 + sin 30° sin 0] kw, 

P t = 72.3[(0.866 X 0.8) - (0.5 X (-0.6))] - 71.5 kw, 

P 2 = 72.3[(0.866 X 0.8) + (0.5 X (-0.6) )] = 28.5 kw, 

Po = 71.5 + 28.5 = 100 kw. 

One-wattmeter Methods in Balanced Three-wire Three- 
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sometimes be made by the use of one of the common one-watt- 
meter methods of connection. The first of these methods 
involves the use of a “ Y box.” The Y box consists of two resist¬ 
ances each equal to the resistance of the potential coil circuit of 
the wattmeter to be used. These two resistances and the 
potential coil of the wattmeter are connected in Y to the three 
line wires, thus establishing an artificial neutral point for the 
system, and the current coil of the wattmeter is placed in the 
line wire to which its potential coil is connected. The wattmeter 
indicates one-third of the total power consumed and the scale 
may be calibrated to give the total power, or a factor of three 
may be used with a standard meter scale. 



Fig. 202.—Two wattmeters connected to measure the reactive power in a three- 
wire three-phase circuit. 


Another one-wattmeter method is obtained by connecting the 
current coil of a single-phase wattmeter in one line of the three- 
phase circuit and one end of the potential coil of the wattmeter 
to that line. The other end of the potential coil is connected* 
first to one of the adjacent line wires of the circuit and then to 
the other, readings being taken for each connection. The sum 
of the two readings gives the total power on a balanced circuit. 
This is, in effect, a modification of the two-wattmeter method, 
and the same equations apply as were derived for that method. 
The power factor may be determined from the relation of the 
sum and difference of these readings as was explained in Art. 109. 

111. Two-wattmeter Method of Measurement of Reactive 
Power in Three-wire Three-phase Circuits.—The reactive power 
in a three-wire three-phase circuit may be measured by using 
two meters and two phasing transformers. The two 'phasing 
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transformers are used to shift the phases of the two potentials 
applied to the potential coils of the meters and to change the 
magnitudes of these potentials so that the meter readings may 
be used directly without the use of multiplying factors. The 
•connections are showmin Fig. 202 and the corresponding vector 
diagram in Fig. 203. The phasing transformers consist of two 
autotransformers op and tp , Fig. 202. The points m, p , and s 
are connected across the lines, as shown. The potential coil 
of meter A is connected to n and t, and that of meter B to q and o. 
The emfs E po and E pt are 2 /a/ 3 times the line emfs Epm and E ps . 



Fig. 203.—Vector diagram for Fig. 202. 


The point n is tapped at the mid-point of po and m at the mid¬ 
point of ptj so that for balanced loads of unity power factor the 
voltage applied to the potential coil of each meter is 90 deg. out 
of phase with the current in its respective current coil. 

The emf E nt is 

E m = 0.8662?, = -A=E t volts 
v 3 

= X —= E volts. (656) 

The indication of meter A is the product of the potential and 
current applied to the coils multiplied by the cosine of the angle 
between them, or 

Qa — EtJga cos a vars 

= El cos (60° — 6) vars, 


(657) 

(658) 
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where 6 is negative for inductive loads. The indication of 
meter B is 

Qb — Eoqlhb cos £ vars (659) 

= El cos (60° + d) vars. (660) 

Expanding Eqs. (658) and (660), 

Q a = El cos 60° cos 6 + El sin 60° sin 6 vars, (661) 
Qb = El cos 60° cos 6 — El sin 60° sin 6 vars. (662) 

Subtracting Eq. (662) from Eq. (661), 

Q a — Qb — 2EI sin 60° sin d vars 

== 's/ZEI sin 6 vars. (610) 

This was shown to be the total reactive power in a three-phase 

system with a balanced load in 
Art. 100, Chap. VIII, so that 
the difference in the readings of 
the two meters, as connected, 
is the reactive power in a 
balanced three-phase system. 
The reactive power thus meas¬ 
ured is correct for any three- 
phase system in which the 
voltages are balanced, even if 
the currents are unsymmetrical. 
If both the currents and the 
voltages are unbalanced, the 
correct value of reactive power 
will not be indicated, the error 
being increased with the degree 
of unbalance. 

The meter elements are usu¬ 
ally combined into one meter to 
form a polyphase reactive- 
power meter. In this case, the 
connection from one of the potential coils is reversed so that the 
• meter torque will be subtractive, which is equivalent to subtract¬ 
ing the individual meter readings. Instruments are made com¬ 
mercially that will give either power or reactive power by closing 
a reversing switch in either of two directions. The connection 



Fig. 204.—Connection diagram for a 
polyphase wattmeter connected so as 
to indicate active or reactive power. 
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diagram for such an instrument is shown in Fig. 204. From this 
instrument the active power, reactive power, and power factor 
of the circuit are quickly obtainable. 

Example 72 

A polyphase meter is used to obtain the reading of active and reactive 
power in a three-phase 230-volt circuit supplying an induction-motor load. 
If the active-power reading is found to be 296 kw and the reactive power 
187 kvar, find the vector power, the current flowing in the circuit, and 
the power factor of the load. 

The vector power is 

V296 2 -f 187 2 = 350 vector kva. 

84.6 per cent, 

= 879 amp. 

112. Calculation of Wattmeter Readings for Unbalanced 
Loads in a Three-wire Three-phase Circuit.—In determining 
the readings of each of two wattmeters used to indicate the power 
consumed by an unbalanced load on a three-wire three-phase 
circuit, two general methods may be used. The first method 
consists in the determination of the total current in each meter 
coil and its phase relation with the potential coil voltage, as was 
done in Example 70. The second method makes use of the 
theorem of superposition by finding the indication of each meter 
separately, first for the balanced portion of the load, and then 
for the single-phase unbalanced portion. The total indication 
is the algebraic sum of these partial readings. This method of 
superposition is used in the polyphase wattmeter and watt-hour 
meter and in the totalizing watt-hour meters where the torque 
exerted by each separate load or current is used to actuate the 
meters. This second method will be illustrated by the use of 
several examples. 


V - VR 2 + Q 2 == 
P.F. = || X 100 = 


I = 


350,000 
VS X 230 


Example 73 

An induction motor draws 300 kw at 0.80 power factor inductive from 
the lines ABC of a 220-volt three-wire three-phase circuit. A lighting load 
of 50 kw at unity power factor is taken from lines B and C. Two wattmeters 
are connected with current coils in wires B and C and with potential coils 
connected from B to A and from C to A, respectivelyj find the indication of 
each meter and the total power. 
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For the motor load, 

Pm = a/3 El cos 6 = 300 kw, and 

% 300 

El = ” 7 =-- - 216.5 kva. 

VS X 0.80 

Hence, for the motor alone, 

Pci = EI[ cos 30° cos d + sin 30° sin 0] kw, 

Pbi = EI[c os 30° cos 0 — sin 30° sin 0] kw, 
or 

Pa = 216.5[(0.866 X 0.80) + (0.50)(-0.60)] 

= 85.5 kw, 

Pbi = 216.5[(0.866 X 0.80) - (0.50)(-0.60)] 

- 214.5 kw. 

For the lighting load alone, the current taken will b.e in phase with Ecb 
and with the value 


Ic = Ib 


50 X 1,000 
220 


227.2 amp. 


This current will lead Eab by 60 deg. and lag Eac by 60 deg., so that for this 
load 


Pa — 227.2 X 220 cos 60° = 25 kw, 

Pb 2 = 227.2 X 220 cos 60° = 25 kw. 

The total reading of each meter with both loads will be 

Pc = Pci + Pc 2 = 85.5 + 25 = 110.5 kw, 

Pb = Pbi + Pb 2 = 214.5 + 25 = 239.5 kw, " 
Po — Pc + Pb = 110.5 + 239.5 = 350 kw, or 
Po = 300 4- 50 = 350 kw. 


Example 74 

Assume that the lighting load had been connected between A and C 
instead of B and C in Example 73. Find the indications of each of the 
meters and the total power. 

The motor portion of the meter indications will not be changed. For the 
lighting load, Ib = 0, Ic — 227.2 amp..in phase with Eac, so that 


PB2 

Pc2 


— 0 kw, 


220 X 22 7.2 


=. 50 kw. 


Then 


Pb = 214.5 kw, 

Pc = 85.5 + 50 = 135.5 kw, 

P o - 214.5 + 135.5 - 350 kw. 
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Example 75 

Assume three single-phase loads connected in delta to the lines A , B , 
and C of Example 73. Let Iab ab — 10 + j0 amp, Ibc bc = 8 — i 6 amp, and 
Ica ca = 8+^6 amp. With meters connected as in Example 73, find the 
indication of each meter. 

For meter in line B there are two currents and one potential, the reference 
being Eab- For the current Iab ab = 10 + jO amp, the reading of the meter 
in line B will he 

Pbi = 220 X 10 = 2,200 watts. 

For the current in the load CB , 

Icb cb — 8 — jQ = 10 /— 36°52 / amp. 

Referring this current to Eab, 

1cb ab = 10 / — 36 o 52 / /60° amp 

= 1 0/23°8 / = 9.2 + jZ.93 amp, 

and the reading of the meter for this current would be 
Pj 52 = 220 X 9.2 = 2,025 watts. 

With both currents flowing, 

jP.bo — Pbi PB 2 — 2,200 -j - 2,025 = 4,225 watts. 

For the meter in line C and current for load CA and potential Eac, 
1ac ac = 8 + jQ amp, 
and for this current, 

Pa = 220 X 8 — 1,760 watts. 

For the current in load BC , 

I B c bc = 8 - ,76 - 10/ J= 36^52 / amp. 

Referring this current to Eac, 

1bc aq = 1 0/-36 o 52V-60° amp 

= 1 0 / —96°52 / - -1.2 + j9.93 amp, 

and the reading of the meter for this current alone would be 

p cz = —1.2 X 220 = —265 watts. 

With both currents flowing, 

Pco — 1,760 — 265 == 1,495 watts. 
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The total power used by the circuit is 

Po = .Pao + Pco = 4,225 + 1,495 - 5,720 watts. 


As a check, the total power used by the three loads is 


and 


Pab = 220 X 10 = 2,200 watts, 

Pbc — 220 X 8 — 1,760 watts, 

Pca = 220 X 8 = 1,760 watts, 

* 2,200 + 1,760 + 1,760 = 5,720 watts. 


It should be noted that meter B would indicate positive with either current 
alone whereas meter C would indicate positive for current Iac and negative 
for current Ibc alone. 


Problems 

1 - 9 . Each of two wattmeters used to measure the power delivered to an 
inductive load in a 220-volt four-wire, two-phase system indicates 25 kw. 
The line current is 131 amp. What are the active, reactive and vector power 
in each phase? What are the total active, reactive, and vector power 
delivered to the load. 

2- 9. The following balanced loads are connected to a 2,200-volt four-wire 
two-phase system: (a) a lighting load of 200 kw; (b) an induction-motor load 
having an input of 400 kw at 0.70 power factor; (c) a synchronous-motor load 
of 200 kw input at 0.90 power factor leading. What are the active, reactive, 
and vector power delivered to these loads? What is the current taken by 
each load? What is the total current? What would be the reading of each 
of two wattmeters used to measure the total load? What is the power 
factor of the total load? 

3 - 9 . The following balanced loads are connected to a four-wire two-phase 
system with 33,000 volts across phases: (a) a lamp load of 1,000 kw; (6) an 
induction-motor load of 1,200 kva input at 0.85 power factor; (c) a synchro¬ 
nous-motor load of 400 kw input at 0.40 power factor leading. What are 
the total active, reactive, and vector power? Find the indication of each 
of two wattmeters used to measure the total load. 

4 - 9 . A balanced load of 500 kva at 0.87 power factor is carried by a 440- 
volt three-wire two-phase system. What is the current in each of the three 
wires? What is the reading of each of two wattmeters used to measure the 
power delivered to the load? 

6 - 9 . A five-wire two-phase system with 110 volts to neutral carries a 
balanced load of 39.4 kva at 0.74 power factor. What is the indication of 
each of the four wattmeters used to measure the power delivered to this 
load? What is the current in each line wire? 

6 - 9 . A 4,000-volt four-wire three-phase feeder carries a balanced lighting 
load of 400 kva and a balanced induction-motor load of 500 kw input at 
0.85 power factor. What is the total power taken by the combined loads? 
What is the power factor? What is the line current? What is the reading 
of each of the three wattmeters used to measure this power? 
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7- 9. Two single-phase wattmeters are connected to indicate the power 
taken by an induction motor drawing a balanced load of 400 kva at 0.45 
power factor inductive from a 220-volt three-phase line. What is the 
reading of each meter? 

8 - 9. A four-wire three-phase system carries a balanced induction-motor 
load of 800 kva at 0.75 power factor, a balanced synchronous-motor load of 
700 kva input at 0.75 power factor, current leading, and a single-phase 
lighting load of 100 kw from one line to neutral. Draw a circuit diagram 
showing the wattmeters to be used to indicate the total load, and give the 
reading of each meter. 

9 - 9. A 230-volt three-wire three-phase system carries a balanced lighting 
load of 25 kw and a balanced induction-motor load of 50 kw input at 0.50 
power factor. What are the total active, reactive and apparent power? 
What is the total current in each line wire? If the power is measured by 
the two-wattmeter method, what is the reading of each meter? 

10 - 9 . A three-phase balanced delta-connected load is taking 100 kw at 
0.707 power factor inductive at 440 volts. Find the line currents and the 
current in each phase of the load. Find the reading of each of two watt¬ 
meters used to indicate the power taken by the load. 

11 - 9 . Two wattmeters are used to indicate the load on a 2,300-volt three- 
wire three-phase system supplying a balanced lighting load of 200 kw and a 
balanced induction-motor load of 250 kva input at 0.60 power factor. What 
is the reading of each meter? What is the line current? 

12- 9. A balanced three-phase delta-connected load is taking 2,000 kw at 
0.70 power factor inductive at 2,200 volts. Find the current in each phase 
of the load and the reading of each of two wattmeters used to indicate the 
power. Find the reactive and apparent power. 

13 - 9 . A 200-volt three-wire three-phase balanced system has its power 
input measured by two wattmeters. One meter indicates 73 kw and the 
other 26 kw; what are the active, reactive, and apparent power delivered 
to the load? What is the line current? 

14 - 9 . A 44,000-volt three-wire three-phase balanced system has its 
power input measured by two wattmeters. One meter indicates 3,000 kw 
and the other 6,000 kw. What are the active, reactive, and apparent power 
delivered to the load? What is the line current? 

15 - 9 . A 110-volt three-wire three-phase system with a balanced load has 
its power input measured by the two-wattmeter method. The reading of 
one wattmeter is 36 kw and of the other —19 kw. What are the active and 
reactive power delivered to the load? What is the power factor? What 
is the line current? 

16 - 9 . Two wattmeters connected to indicate the power of a balanced 
three-phase load indicate 1,500 and —375 kw, respectively. What are the 
total power input and the power factor of the load? 

17 - 9 . The active and reactive power delivered from a 110-000-volt three- 
phase transmission line are measured by a polyphase wattmeter and reactive 
meter. The wattmeter reading is 37,000 kw, and the reactive meter reading 
is 31,500 kvar inductive. What is the line current? What is the power 
factor of the load on the transmission line? 
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18- 9. The meters on two 66,000-volt three-phase transmission lines 
delivering power from a station indicate as follows: wattmeter on line A , 
18,000 kw; reactive meter on line A , 13,400 kvar inductive; wattmeter on 
line B, 23,000 kw; reactive meter on line B , 7,600 kvar inductive. The 
power comes into the station on a 110,000-volt three-phase line. What are 
the active, reactive, and apparent power delivered by the 110,000-volt line? 
What is the current in the line wire of each transmission line? 

19- 9. Three impedances each represented by Z — 10 -bil7.32 are con¬ 
nected in delta to a 1,100-volt three-phase system, and two wattmeters are 
used to indicate the power; what is the reading of each meter? The fuse 
blows in the line to which the potential coils of the meters are connected 
between the point of connection and the loads. What is now the reading 
of each meter? 

20- 9. A wattmeter is connected into a three-wire two-phase system with 
its current coil in the common return and with its potential coil across the 
outside wires. The emfs from line to middle wire are each 220 volts, and the 
load impedances are represented by Z = 10 j 10 ohms. Find the current 
in each of the three wires and the reading of the wattmeter. 

21- 9. Two wattmeters are used to indicate the power on a 2,300-volt 
three-wire three-phase system supplying a balanced lighting load of 100 kw 
and a balanced induction-motor load of 250 kva input at 0.70 power factor- 
What is the reading of each meter? 

22- 9. A 22,000-volt three-wire three-phase system with a balanced load 
has its power input measured by two wattmeters. The indication of one 
meter is 5,000 kw and of the other is 2,500 kw. What is the power factor 
of the load? What are the active, reactive, and apparent power of the load? 
What is the line current? 

23 - 9 . Three unequal impedances, Zoa = 5 + j6 , Zob = 2 — j7 , and 

Zoc = 10-1- j0, are connected in star to a balanced three-wire three-phase 
440-volt system whose phase sequence is Bab, Ebc , Eca - (a) Find the 

voltages Eoa, Eob, and Eoc, the line currents, and the total power. (6) 
Three wattmeters, having potential coils of equal resistance, are connected 
with their current coils in lines A, B , and C and their potential coils in Y; 
what is the indication of each meter? (c) The common point of connection 
of the potential coils is moved to C; what is the reading of each meter? 

24- 9. In a three-wire three-phase system, the phase sequence is Ebc , 
Ear, Eca- The line voltages are 2,300 volts. The load on AB is a capaci¬ 
tive load of 40 kva at 0.90 power factor; the load on BC is an inductive load 
of 20 kva at 0.85 power factor; aitd the load on AC is a lighting load of 15 kw. 
Show how to connect two wattmeters into the circuit correctly to indicate 
the total power, and give the reading of each of these meters. 

26-9. A 22,000-volt three-wire three-phase system has a balanced motor 
load of 400 kva at 0.70 power factor inductive across the line wires A , B , and 
C and a lighting load of 200 kw input connected between lines A and B. 
What is the reading of each of the two wattmeters used to indicate the total 
power if their current coils are connected in lines B and C? 



CHAPTER X 


CONSIDERATION OF UNBALANCED POLYPHASE 
CIRCUITS BY MEANS OF SYMMETRICAL 
PHASE COMPONENTS 

A very convenient method of calculating the currents flowing 
in polyphase systems having unbalanced loads, especially in such 
extreme cases as unsymmetrical short circuits and grounds, is by 
the use of symmetrical phase components. Since the field of 
application of this method has been constantly increasing, a 
brief explanation of its fundamental principles will be given 
here, and the method will be applied to the solution of simple 
unbalanced loads on three-phase circuits. 

113. Degrees of Freedom for a System of Vectors.—By 
degrees of freedom in any system of forces is meant the number 
of independent ways in which a quantity may vary or, the number 
of independent parameters required completely to specify the 
quantity. Thus, a scalar quantity can vary only in magnitude 
and has, therefore, but 1 degree of freedom. A vector within a 
plane can vary in magnitude and in direction within that plane 
and has, therefore, 2 degrees of freedom. A vector in space can 
vary in magnitude and also in direction from two planes perpen¬ 
dicular to each other and has 3 degrees of freedom. 

A system of three vectors in a plane can be described only by 
specifying each vector separately, requiring six parameters, and 
the system has, in the general case, 6 degrees of freedom. If the 
system is symmetrical, however, the six parameters are not 
independent; the nature of symmetry expressing the relation 
between the various parameters. A system of three symmetrical 
vectors has, consequently, but 2 degrees of freedom. This 
suggests the possibility of defining any system of three coplanar 
unsymmetrical vectors, having 6 degrees of freedom, in terms 
of three coplanar symmetrical systems of three vectors, each 
having 2 degrees of freedom. 

114. Synthesis of a System of Vector Components to Form 
Balanced or Unbalanced Three-phase Vector Systems.—It 
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has been shown by C. L. Fortescue 1 that any system of unbalanced 
unsymmetrical three-phase currents, or voltages, may be repre¬ 
sented by three symmetrical-component systems: one having 
the same phase sequence, or order, as the original system, one 
having the opposite, or reversed, phase sequence, and one having 
a zero phase sequence. A balanced system of vector components 


Cu 



Fig. 205.—Balanced vector system Fig. 206.—Balanced vec- 

forming positive-sequence compon- tor system forming negative- 
ents. sequence components. 


having the same phase sequence as the original system of vectors 
is shown in Fig. 205. This is designated as the first order, or 
the positive-sequence, , system of components, and it is composed 
of the three vectors I±i, Ibi, and Ici which are equal and at 
120 deg. with each other, since the system is balanced. A second 
^ balanced system of component vectors 

ao~ jbo~~ co with the reversed sequence is shown in 

Fig. 206, these vectors I A 2, Ib 2 , and I C 2 
being equal, at 120 deg. with each other, 
and designated as the second order, or 
negative sequence , of vectors. In Fig. 207 
Fig. 207. System of zero- is shown a third system of vectors I AO, 
sequence components. / B0? and w y c j 1 are ij en ^ ca l j n magni¬ 
tude and in phase position and which form a zero-sequence system 
of component vectors. 

Symmetrical Components of a Polyphase Set of Potential Dif¬ 
ferences.—The symmetrical components of an unsymmetrical 
polyphase set of n sinusoidal potential differences are the n sym- 

1 Method of Symmetrical Coordinates Applied to the Solution -of Poly¬ 
phase Networks, Tram , A.I.E.E ., Yol. 37, 1918, p. 1047, 
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metrical 'polyphase sets into which the unsym metrical set may he 
uniquely resolved , each component set consisting of n potential 
differences and each having a characteristic angular phase difference 
that increases from set to set by 2wfn 
radians. The components are called 
the first , or positive-sequence, com¬ 
ponent; the second component; the v 
kth component; and the nth , or zero- 
sequence , component. This method 

of resolution is also applicable to 
polyphase sets of currents and to 
sets of impedances and admittances lc 
in a polyphase circuit when treated , 
as vectors. 

If two balanced systems of com- 

ponent vectors of the same phase Fig \ 208.—Combination of the 
x ^ currents m two balanced three- 

sequence are combined, the result- phase systems having the same 
ant system is also balanced, as phase sequence, 
shown in Fig. 208, where a balanced-component system Ln, 
Ibi, I ci is added to a second balanced-component system I A i, 
Ibi, Icij to form a third system I A , 1b, Ic . It will be noted 






Fig. 209.—Combination of 
the currents in two balanced 
three-phase systems having 
opposite phase sequence. 


that the new system of vectors is 
symmetrical and balanced like each of 
the two component systems but that the 
new vectors are in general different in 
length and phase position from the 
original systems. If two balanced sys¬ 
tems of components of opposite phase 
sequence are combined, an unbalanced 
system of vectors results, the degree of 
unbalance depending upon the relative 
magnitudes and phase positions of the 
two component systems. An addition 
of this kind is shown in Fig. 209, Where 
the balanced system I B i, lex is 
added to the balanced system of oppo¬ 
site sequence I A2 , Ibh, lc% to form the 


new unbalanced system I A , I B , 1c. It is to be noted that the sum 


of the vectors of the new unsymmetrical system so formed is 


always equal to zero, since the sum of each of the balanced com- 
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ponent systems is equal to zero. If, however, the three systems 
of vector components as shown in Figs. 205, 206, and 207, are 

combined by addition, as shown 
in Fig. 210, the resultant vector 
system is unbalanced and the sum 
of the resulting vectors is not 
equal to zero. 

Expressing these relations ana¬ 
lytically the following equations 
result: 

i A = ho + hi + hi amp, (663) 
iB — ho + Ibi + Ib2 amp, (664) 
= Ico “f* Ici *4" Ic 2 amp- (665) 



Fig. 210.—Currents in the three 
phases of an unbalanced three-phase 
system made up of positive-, nega¬ 
tive-, and zero-sequence components. 


Since all the vectors in a given 
sequence are of the same magni¬ 
tude a n d they are related by angles that are multiples of 120 deg., 
they may be expressed as follows: 


ho — i ac — ho amp, 

(666) 

hi = -W-120 0 amp, 

(667) 

ici == Lu/120 amp, 

(668) 

hi = 7.42/120° amp, 

(669) 

Ic 2 — i a%/ 120 amp. 

(670) 

For convenience let 


a = 1/120° = -0.50 + j0.866 

(671) 

represent a unit operator producing a shift of 
counterclockwise direction. Then, 

120 deg. in a 

a 2 = 1/-120 0 = -0.50 -j0.866, 

(672) 

a 3 = 1/360° = 1.00 + jO, 

(673) 

and 


a 4 = 1/120° = a. 

(674) 

Using this operator, Eqs. (666) to (670) may be rewritten 

Ibi = a 2 t A 1 amp, 

(675) 

Ib 2 — nX ^.2 amp, 

(676) 
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and the components of I c in terms of I a are 

Ici = at amp, (677) 

/c 2 = oPIa 2 amp. (678) 

Then it follows that Eqs. (663) to (665) may be written 

h = l a o + An + Ia 2 amp, (663) 

A? = ho + a 2 hi + ah 12 amp, (679) 

Ic — Iao + ahi + a 2 Ij t 2 amp. (680) 


116. Analytical Determination of the Symmetrical Phase 
Components.—In Art. 114, it has been shown that the three 
systems of symmetrical phase components may be combined to 
give systems of unsymmetrical vectors. In Eqs. (663) to (665), 
the three vectors on the left of the signs of equality are expressed 
in terms of nine related vectors on their right. Of these nine 
vectors the groups of three in the horizontal rows add to form 
the original vectors and the groups of three in the vertical 
columns form the balanced-vector component systems, the first 
column being the zero-sequence system, the second the positive- 
sequence system, and the third the negative-sequence system. 
These are again associated in terms of three vectors in Eqs. (663), 
(679), and (680). 

Add the three equations (663), (679), and (680). It should 
be noted that the sum of the three vectors in each of the second 
and third columns will be zero, since the vectors are always equal 
and at 120 degrees from each other. Then 


h + h + Ic — Si ao amp, 

(681) 

or 


j. i A + Is + Ic 

Iao — amp, 

(682) 

or the zero sequence vector is one third the sum of the three 

original vectors. 


Multiply Eq. (679) by a and Eq. (680) by a 2 . 

and assemble 

with Eq. (663) to give 


h = Ato + hi + h% amp, 

(683) 

dts ^ Q*i ao T Iai 4” a 2 / J i 2 amp, 

(684) 

a 2 ic =: (i 2 i ao Hb i ai + n/j .2 amp. 

(685) 
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It is seen that the first and third columns of the second members 
form two vector systems, each of equal vectors and at 120 deg., 
so that they will add to zero. Although the vectors in the first 
member, or column on the left, appear to be at 120 deg., the 
original magnitudes were different, and they were neither in 
phase nor at 120 deg. before the multiplication by the unit 
vectors. Adding these three equations will determine 1 A1 as 

f IA 4" OjIB 4" CL~Ic f&QCC\ 

Iai = - 3 -amp. ( 686 ) 

Multiply Eq. (679) by a 2 and Eq. (680) by a, and assemble 
with Eq. (663) to give 

I a = ho + hi + hz amp, (663) 

cl 2 Ib — orho 4" 2 - 7.41 4* hi amp, (687) 

ate = at ao 4- cl 2 Iai 4- Iai amp. ( 688 ) 

Adding these equations and solving for Iaz gives 

f t A 4~ a 2 h + ate frtr>r\\ 

Ia 2 = -g-amp. (689) 


By means of Eqs. (682), ( 686 ), and (689) the three components 
A of the vector I A may be determined, 

\ from which, in turn, the complete 

B positive-, negative-, and zero-se- 
quence component systems may be 
derived by the use of Eqs. (666) to 
-/ (670). 

Example 76 

Fig. 2X1.—Three unbalanced 

loads connected in Y to a sym- In the four-wire three-phase system 
metrical four-wire three-phase shown in Fig. 211, the load currents 
system. Example 76. are _ 6Q + = ^ ^ 

Icn — “21 + 7120 . What are the symmetrical components of the currents? 
From the statement of the problem 

I ax ~ 60 -f jO = 60 / 0 ^ amp 

Ibx - 45 — j75 = 87.3 / —59° amp 

Icn = —21 + jl2D - 121.8 /100° amp. 

The zero-sequence component is 

h», - <».+* + *r a +P*> 

w 28 4^15 amp, 
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The positive-sequence component is 

- 60/0° + 87.3/-59°/120° + 121.8/100°/-120° 

Ian i = - ------ 

= 72.3 + 7 II .6 - 73.2 /9°8 / amp. 

The negative-sequence component is 

* 60/0° + 87.3/—59°/ — 120 ° + 121.8/1007120° 

I an 2 =- —g - ' - amp 

= -40.3 — 7*26.6 = 48.7 / —146°50 / amp. 

The symmetrical components for the B phase are 
tBN 0 - 1 AN 0 - 28 + 7 15 amp, 

Ibni = a*l A Ni = 73.2/W /-120° - 73.2 /-110°52' 

— —26.2 — y68.4 amp, 

Ibn 2 = at an 2 — 48. 7/ —146°50 / /120° amp 
= 48. 7/—26°50' = 43.2 - j*21.6 amp. 

For the C phase, they are 

I cm = Ianq = 28 +7*15 amp 
tern = aI A Ni = 73. 2/9°8 / /120° 

= 73.2/129^8' = —46.i +7*56.8 amp 
1cm = aH A N2 = 48.7 / —146 o 50' /-120 Q 
= 48. 7/94°10' = -2.9 +7*48.2 amp. 

The symmetrical components of the vector I A may also be 
obtained by performing the operations graphically which are 
indicated by Eqs. (682), (686), and (689). This method is 
illustrated in Fig. 212, which gives a graphical solution for I A i, 
the positive sequence component of I A . The vector I a is plotted 
in its original position, vector I B is rotated 120 deg. to give at B 
and is then added to / A ; and the vector Ic is rotated 240 deg. to 
give a 2 i C} which is then added to the sum of I A and at B . The 
vector component Iai is one-third of the resultant vector. 

116. Some General Relations in Three-phase Systems.—The 
following general conclusions for the different types of three- 
phase systems may be deduced from the fundamental relations 
just derived. 

a. In any three-phase system, no zero-sequence component can 
exist in the line voltage since their sum is equal to zero. 

b. In three-wire three-phase systems , no zero-sequence component 
can exist in the line currents since their sum is equal to zero , 
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c. In a three-wire three-phase system with delta-connected loads , 
a zero-sequence component can exist in the load currents since their 
sum is in general not equal to zero . 

d. In a three-wire three-phase system with unbalanced star- 
connected loads, a zero-sequence component may exist in the load 
voltages since their sum is in general not equal to zero. 

e. In a four-wire three-phase system , a zero-sequence component 
may exist in the line currents since their sum is in general not equal 



to zero. In this system, the zero-se¬ 
quence components I A o, Ibo, and I C o, 
being in phase, all flow along the lines 
toward the neutral, and the neutral wire 
carries the sum of the three currents, 
or the entire residual current. If the 
neutral currents return through the 
ground, as is sometimes the case in 
transmission lines with grounded neu¬ 
trals at the transformers, the zero- 
sequence components flow over the line 
wires in parallel and in phase and 
return through the ground connection. 


B 



A 


Fig. 212.—Graphical solu- Fig. 213.—Three unbal- 

tionforpositive-sequencecom- anced loads connected in 

ponent/^i- delta to a three-wire three- 

phase system. 


This produces interference by induction with adjacent telephone 
lines which is sometimes difficult to eliminate. 

117. Unbalanced Voltages Impressed on Unbalanced Mesh- 
connected Loads. —Consider three unbalanced loads connected 
to an unbalanced three-phase system, as shown in Fig. 213, the 
three voltages and the three load impedances being given. The 
sequence components of the load currents may be derived in 
terms of the sequence components of the line voltages combined 
with the given load admittances. The symmetrical components 
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of the line current may be found in terms of the symmetrical 
components of the load currents. The three line voltages may 
be resolved into their symmetrical components in terms of one 
voltage as E A b, in the following manner: 

Eabo = ^{Eab -b E bc + Eca) volts, (690) 

Eabi = M&a* ~b &Ebc + cl^Eca .) volts, (691) 

E A b 2 == H(E a b -j~ cl 2 Ebc ~b aE CA ) volts. (692) 

Since the line voltages form a closed triangle, their vector sum 
must be zero, and there can be no zero-sequence components in 
the line voltages, or E A bo — 0. The load voltages are 


Eab = Eabi -f- E AB 2 volts, (693) 

E B c == d“E abi + clEab 2 volts, (694) 

Eca == clEabi ~b u 2 E A b 2 volts. (695) 

The load currents are 

I ar — EabYab amp (696) 

— EabiYab -b Eab 2 Yab amp, (697) 

i B c = EabiotYbo ~b Eabz&Ybc amp, (698) 

Ica — Eabi&Yca -b Eab^Yca amp. (699) 


Expressing these currents in terms of their symmetrical 
components, 

I ABO 


I ABI 


= Vs(i AB + Ibc -b Ica) amp 

^ Yab + a*Y BC + clYca , 
— Jbabv -q r 


EaB2~ 


y B (lAB + 0,1 B c + oMca) amp 


amp, (700) 

( 686 ) 


= E a 


Yab + a*Y BC + o 3 Yca 


+ 


Easz — + ?S[l2-+AXB: amp (701) 


77 , YAB + YBC + YCA , 

Labi -o r 


777 Yab + 0 2 Y B c + oYca _ _ 

Eab 2 -o-amp, 


( 702 ) 
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(689) 


IjLBi = }-s{i as 4" a 2 / s c ale a) amp 

Y ab ■+■ a^Ysc + o.“Y ca 


= Ea 


+ 

Ea J ab + a Z £C + ^ amp (703) 


^ l 
ii/AJsi--5 r 


^^±14 amp . (704) 


By similar ity to Eqs. (690) to (692) for the symmetrical com¬ 


ponents of voltage and current, 

Fabo = H(Yab + Ybc + Yca) mhos, (705) 

Fa«i = M(F.4JJ + aFi)c + h 2 Yca) mhos, (706) 

Yab * = M(Fab + a 2 F sc + (iYca) mhos, (707) 

and Eqs. (700) to (704) may be rewritten in terms of these new 
admittances, 

Iabo = EabiYab*. + E a no.Y am amp, (708) 

I abi = E ab i Y abo EabYY ab2 amp, (709) 

IaB2 = EabiYabi “1“ Eab 2 ~Yabo amp. (710) 


Equations (708) to (710) give the symmetrical components of 
the load current I ab in terms of known values. The addition of 
these components gives the current I ab . The symmetrical com¬ 
ponents of the other currents may be obtained from those of I ABj 
and the other two currents may then be found. 

The components of the line current may be obtained from 
those of the load currents as follows: 

IA — I A B — Ica amp 

= (1 - a)tjLBi + (1 - cl 2 )Iab2 amp; (711) 

but 

(1 - a 2 ) = (1.5 + i0.866) 

= V3/30°, (712) 

and 

(1 - a) = (0.866 - j0.5)V3 

= V 3/-30° , (713) 

so that 

is = V3 W—30° + V3/W30 0 amp. 


(714) 
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Since there can be no zero-sequence components in the line 
currents, 


I a = Iai + Iai amp, 


and from Eq. (714), 

Iai ^ V31abi /-S0 o amp, (715) 

Ia 2 ~ V / 3/aj 32 /30° amp. (716) 

The relations, as to magnitude and phase, between the positive- 
sequence components of line and load currents and between the 
negative-sequence components of line and* load currents are 
the same as for any balanced symmetrical mesh-connected 
system. The zero-sequence components of the load currents, 
i.e., Iabq , Ibco , and Icao, are all in phase and'hence circulate in 
the mesh-connected load and do not appear in the line currents. 

It should be noted that the expressions Eqs. (705) to (707) are 
each used in connection with the various sequence components of 
voltage; they are not, therefore, the admittances of the circuit 
to zero-, positive-, and negative-sequence components of voltages, 
respectively, but are so designated because of the similarity in 
form v to the expressions for the cor¬ 
responding components of voltage. 

118. General Case of Unbalanced 
Impedances Connected in Star with 
Unbalanced Current Flowing in Them. 

Three impedances Z a , Zb, and Z c are 
connected in star in Fig. 214 with the 

uni. ix-t.- j. xxitfts uxxoai- 

unbalanced currents la , Ih, and Ic, anced loads connected in Y 
respectively, flowing through them. t0 a tirree-phase system * 

The symmetrical components of the load voltages may be 
expressed in terms of the symmetrical components of the cur¬ 
rents and the impedances. The load voltages may be expressed 
in terms of the impedance drops as 


Eoa 

— i a Z a = 

: I a\Z a ~f“ ha^Za “1“ laoZa VOltS. 

(717) 

Eob 

= IuZb — 

IblZb + IbzZb + IboZb 



— a 2 ialZb 

, aia^Zb -f- IaoZb yolts, 

(718) 

Eoc 

= i c z c == 

IclZc + tclZc 4" icoZa volts 



•tsj 

H 

-a 

1! 

+ tflelZo + IaoZc VOltS, 

(719) 
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Solving Eqs. (717) to (719) for the positive-sequence com¬ 
ponent of Eoa > 


Eo 


Eqa H~ clEqb H~ a'Eoc v0 ^ g 


(720) 


Substituting the values of Eoa , Eos, and Eoa from Eqs. (717) 
to (719), 

lalZ a + IazZa + IaoZ a + IalZ}, + a 2 t a ^Z h + dj a oZ b + 

talZ c H" aI a2 Z c H~ oAJaoZc 


Eoai — 


= la 


Z a + Z> 


%b + Z c 
3 


+ ia2\ 


f \Z a + a 2 Zb + aZe 


t a l L + - a A - + - a - ^ ] volts. (721) 


It is seen from Eq. (721) that each of the components of current 
reacts with each of the three impedances to produce the positive- 
sequence component of voltage. The impedance groupings have 
the same form as those used in calculating the components of 
the vector I a , and the expression may be shortened by using a 
similar notation for the values of impedance, i.e., 


Z a + Zb + Z c 
3 

Za Hr dZb + oAZ c 

~ ? 7 

Za + oAZb + dZ c 
3 


— Z o ohms, 


= Z\ ohms, 


= Z^ ohms. 


(722) 

(723) 

(724) 


These expressions are not the positive-, negative- and zero- 
sequence impedances of the equipment that make up the circuit, 
these impedances being different for various kinds of machinery 
and apparatus. They are, however, useful abbreviations, and 
the three components of voltage may be expressed in terms of 
these impedances as follows: 

Eoai = IaiZq + 1 A2Z2 + TaoZi volts, (725) 

Eqa 2 = IaiZi + Ia 2 Zq + IaqZz volts, (726) 

Eoa q = IaxZi + IazZi + Iaq£q volts. (727) 
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The equations for several types of special cases may be obtained 
directly from these equations. For example, if the neutral is not 
connected to a return circuit there can be no zero-sequence 
component of current and the term involving it drops out of the 
equations. A very important special case is the one in which 
the impedances are symmetrical. This case occurs for the line 
impedance in the calculation of fault currents in power-system 
networks, an important application of symmetrical phase 
components. In this case, the three impedances are equal, and 

Za = Z b = Z c = Z ohms. (728) 

Since the three impedances are equal, the sum*of the balanced 
system of vectors denoted by Z\ and Z 2 is equal to zero and 
Eqs. (725), (726), and (727) reduce to 


Eal = IalZo = ij~ ±J±±Jk V0 l ts 


= TalZ VOltS, 

(729) 

E a 2 = i a2 z volts, 

(730) 

EaO = hoZ VOltS. 

(731) 


In this case, each component of voltage is made up of the imped¬ 
ance drop due to the corresponding component of current. 

119. Unbalanced Voltages Impressed on Unbalanced Star- 
connected Loads.—Three unequal impedances Z 0 a, Z 0 b } and 
Zoc are connected in star to an unbalanced three-wire three-phase 
system similar to that shown in Fig. 214 with the neutral con¬ 
nection omitted. The line voltages Eab, Ebc , and Eca, being 
unbalanced, may be expressed in terms of symmetrical com¬ 
ponents as in Eqs. (690) to (692). Since the line voltages must 
add to zero, 


Eab ~{~ Ebc T" Eca — 0 volts 

(732) 

Eabq = 0 volts, 


and 


Eab ~ Eabi + Eab2 volts, ^ 

(693) 

Ebc == cPEabi T" ClEab2 volts, 

(694) 

Eca — ClEabi ~f" CL 2 Eab2 volts, 

(695) 

the unbalanced load voltages Eao , E B o, and E C o 

•will contain all 


three of the symmetrical components and may be expressed as 
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Eab = Eao - Ebo volts 

= (1 - a*)EA 0 i + (1 - o)Eao 2 volts, 

Esc = Ebo - Eco volts 

= (a 2 - a)E.ioi + (a - o?)Eao2 volts, 

Eca = Eco - Eao volts 

= (a - 1)Eaoi + (a 2 - 1)^02 volts. 


(733) 

(734) 

(735) 

(736) 

(737) 

(738) 


Combining Eqs. (693) and (694) with Eqs. (734) and (736), 


Eabi + Eab* = (1 - a 2 )E A oi + (1 — a)E A 02 volts, 
aEABX + Eab*. = (a - l)&o 1 + (1 - a )-^° 2 volts - 


(739) 

(740) 


Subtracting Eq. (740) from Eq. (739), 

(1 - o)Eabi = (2 - a 2 - o,)Eaoi volts, (741) 

and substituting the values of a and a 2 from Eqs. (671) and (672), 


V3Eab l/-30° = 3E.401 volts, 

OT 

Eaoi = -j=Eab i[^z 30° volts - ( 742 ) 
V 3 

Likewise, combining Eqs. (694) and (695) with Eqs. (736) and 
.(738), 

oEabi + Eab 2 = (a - 1 )Eaoi + (1 - E)Eao 2 volts, (743) 

aEABi + a-EiBn. = (a - 1)Eaoi + (a 2 - l)E A o*. volts. (744) 

Subtracting Eq. (744) from Eq. (743), 

(1 - a 2 )Exs 2 = (2 - a 2 - a)E A o 2 volts, (745) 

and again substituting the values of a and a 2 from Eqs. (671) 
and (672), 

■\/ZEab*J 30° = SEaoh volts, 


or 

Eao 2 = 30° volts. (746) 

Since 

Eab! = }4(Eab + Ebc /_ 120° + Ec V-120° ) volts (691) 


and 


JUs! = y&0AB + E S C< 


+ Eca/ 120°) volts, (692) 
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EaOI 

E A 02 



-30° + E BC / 90° + Eca /- 150° ) volts, (747) 
+ E B c/ — 90° + Jgc V150° ) volts, (748) 


so that 


EaOI + E A 02 = /'1$(E ab — Eca) volts. (749) 


From Fig. 215, it is seen that ^(Fajj 
Ean from A to the center of gravity of the 
triangle of line voltages. Hence, 

Eaoi + Eao 2 = Ean volts, (750) 
and since 

Eao — Eaoo + Eao\ + Eao 2 volts, 

the voltage Eaoo must be the displacement 
of 0, the common point of the load volt¬ 
ages, from Nj the center of gravity of the 
triangle of line voltages. From Eqs. (742) 
and (746) f it is seen that 


— Eca) is the voltage 


A 



Fig. 215.—Construction 
for the neutral point for 
an unbalanced system of 
three-phase voltages. 


EaOI — 


E ab i f — 30° = Eani volts 


(751) 


is the neutral voltage of the positive-sequence components of 
the line voltages and that 

Ea 02 — 7=E ~ E AN 2 volts (752) 


is the neutral voltage of the negative-sequence components of the 
line voltages. 

The voltages Eaoi and E A o2 may, therefore, be determined from 
the known sequence components of the line voltages. The zero- 
sequence component Eaoo is indeterminable from the line volt¬ 
ages, as it is a function of the load impedances. It may be 
determined as follows; The load currents are 

Iao = EaoY q , = E A ooY a + E A oiY a + E A 02Y a amp, (753) 
Ibo = E B oY b = E A poYt + &Aoia*? b + E A o2aY h amp, (754) 
Igq = EgqY<> = BaqoY's + EiQ\aY q + E&o%a?Ys $?np t (755) 
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Then, since 


(756) 


im - HL° + «i>” + “*•> y- f + V 

. Y + aY b + a?Yc , * j±JiJ±JL±- 
= Eaoo^^—J - + E * 01 _ 3 


+ ( 757) 


L.02 = M(^ ? + « 2 A° + a {5 o) amp - 


ii 02 = T “ 1 ~jr" - * v- _ 1 _ + a 2 Y c 

. 7 + a 2 F,, + aY c , p Ya ±_a£j_±J. is 

= y - + Bjl01 § 7^ 

+ fi.oA±-l^amp, (758) 

OT J.OO = EAOQ EaO + EaoJ'I + ^ P , (759) 

jfiOi = W.i + E.oxKo + ^o.y- amp ’ 
i AOi = E A oaY a2 + EaoiYo .1 + E A02 Yao amp. (76 ) 

Since, in a three-wire three-phase system, the vector sum of 
the line currents must be zero, 

Loo = 0 amp, 

(762) 

Substituting the values of Esc, and E. m from Eqs. (751) and 
(752) into Eq. (762), 

Esoo = volts - (763) 

Substituting Eqs. (751), (752), and (763) into Eqs. (760) and 
(761), the sequence components of the currents are 


Iaoi = —Eani 


Ya2Yal 


4 * EaniYoO + E A N2 Y a % 


I a0 ■ . • 

+ < 764) 
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and 

Ia02 = E>ANl 



YalYa: 


amp. 


(765) 


If the line voltages are balanced and the star-connected loads 
are unbalanced, 

EaBO == 0, EaB 2 = 0, EajbI — EjLB volts*, 

EaNO — 0, EaN 2 — 0, EtANl — E AN volts, 


and from Eqs. (751), (752), and (763) 

EjLOI “ EjLNI — Ean volts, 
Eao* = 0 volts, 

Eaoc = -EaA- volts, 

Y AO 


and 


Eao = Eaoo 4- Eaoi volts 
— Eaoo + Ean volts, 


(766) 

(767) 

(768) 


or the voltage Eaoo is the displacement of the point 0 from the 
neutral of the system. The symmetrical components of the 
currents become 


Iaoo — 0 amp, 


Iaoi ~ Ean\ 
Iaoi = Ean 


YatYal 1 

r o2 2 ] 

Y a oj 


Ya0 
Y a i 


amp, 
amp, 


Iao Iaoi + Iao2 amp , 

iso = clMaoi 4 “ aJj .02 amp, 
Ico == ahoi 4 - cl 2 Iao 2 amp. 


(769) * 

(770) 

(771) 

(772) 

(773) 


Example 77 

Three impedances Z a — 10 /90° , Zb — 10 /90° , and Z c = 5 / — 9 0° are 
connected in star to a bjilanced 220-volt three-wire three-phase line, as 
shown in Fig. 216. Find the voltage drop across each impedance. 

The a dmit tances corresponding to the above impedances are Y a = 
OJ/—90°, Yj, = 0.1 /-90°, and Y c = 0.2 /90°, and the value of Y a o from 

Eq. (705) is 

f a o = t<(0.1 /—90° 4 Q.1 /-90 0 + 0.2/90°) mho 
= 0 mho. 
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Therefore, by Eq. (766), 

E a o « ~Eax\P = « volts. 

1 an 

The voltage across each impedance must be infinitely large. This is 
analogous to the case of resonance in a single-phase series circuit with aero 
resistance. 

Example 78 

Three impedances Z a — 1 0/ —90° , Zb ~ 10 /60° , and Z c — 10 /60° are 
connected in star to a 220-volt three-wire three-phase line having balanced 
voltages, as shown in Fig. 217. Find the voltage across each impedance and 
the three line currents in the symmetrical-component form. 

c 

A 


B 

Fig. 216.—Circuit diagram Fig. 217.—Circuit diagram for 

for Example 77. Example 78. 

The admittances corresponding to the above impedances, are 
Y a — 0.1 /90° , Yb = 0. 1/ — 60° , and Y c — 0.1 / —60° , which may be com¬ 
bined to give 

fan = H (0. 1/90° + 0.1 / —60° + 0.1 / — 60° ) mho 
= 0.0413 /-36.2° mho, 

Ya 2 = H (0.1/90^ 4- 0.1 /180° + 0.1/60°) mho 
= 0.0643 /105° mho. 

By the use of Eq. (766), 

E a o = II § /141 - 2 ° volts 

= 1.558^ /141,2° volts. % 

Taking Ena as the reference vector Ena — 12 7/0° volts, 

Eao - 197.8 /141.2° = -154.5 + 7*124 volts, 

Eao = Eao + Ena — —281.5 4-7*124 volts, 

Ebo = E a o 4~ Ebn — —91 + /234 volts, 
j&co — Ean 4* Ecn — —91 4“ 7*14 volts. 
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ho = E A oY a « (-281.5 + jl24)0.1/90° amp 
= —12.4 — j'28.15 amp, 

Ibo — (—91 + ^234)0.1 / —60° amp 
= 15.73 +.719.58 amp, 

Ico — (—91 + j 14)0. 1 /—60° amp 
== —3.34 + j'8.58 amp, 

I no — Iao + Ibo + Ico = 0 amp. 

These relations are shown in the vector diagram (Fig. 218), where it is 
seen that the voltages Eao and Ebo are greater than the impressed line 
voltage. 



Fig. 218.—Vector diagram for 
Example 78. 


A 



Fig. 219.—Single-phase load from 
line to neutral in a four-wire three- 
phase system. 


120. Single-phase Loads on Three-phase Systems.—The 

most extreme case of unbalanced loads on a three-phase system 
is a single load connected between two of the wires of a three- 
wire system or between one line wire and the neutral of a four- 
wire system. In Fig. 219, the impedance Z a is connected between 
one wire and neutral of a four-wire three-phase system. The 
impedances Zb — 00 and Z c — oo. are understood to complete the 
connection. In this system, the load currents are 

I AO = ijANYa = I amp, 

Ibo = 0 , Ico = 0 amp. 


Resolving these currents into symmetrical components, 


= jC ho + ho + Ico) 



(774) 
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Loi = \{ho + aho + o 2 /co) = | amp, (775) 

ha = + a-Iso + oho) = g amp, (776) 

Iboo = 7aoo = | amp, (777) 

j B oi = a?hoi = ^i /-120° amp, (778) 

Jj?02 == cl ! ao 2 = M 7/120 arCL Pj (779) 

icoo = Iaoo = | amp, - .(780) 

Icoi — clIaoi = 3^7 /120° amp, (781) 

Icon = cl 2 Iao 2 = / —120° amp. (782) 



Fig. 220.—Vector diagram for a single- Fig. 221.—Single-phase load 
phase load to neutral in a four-wire three- from line to line in a three-wire 
phase system. three-phase system. 


These components of current are shown in Fig. 220. It is 
seen that 


= Iaoo + Iaoi + 1ao2 = 7 amp, (783) 

Ibo — Iboo 4 “ Ijboi H ~ Ibo2 = 0 amp, (784) 

Ico = Icoo Icoi 4~ 7co2 = 0 amp, (785) 

Ino = I ao 4 ~ Ibo 4 ” Ico — 7 amp. (786) 


In Fig. 221, the impedance Z a is connected between lines A and 
B of a three-wire three-phase system, the impedances Z b and Z c 
being infinite. Then 


= = / amp, 

(787) 

= 0 amp, 

(788) 

= 0 amp. 

(789) 


These currents resolve into symmetrical components in the same 
manner as Eqs. (774) to (776). That is, 
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f i 

iabo = g amp. 

(774) 


f i 

J-ABi = g amp, 

(775) 


f i 

J-ABi = g amp. 

(776) 

The line currents are 


IaA = 1 amp, 

(787) 


IbB — —I amp, 

(788) 


Ice = 0 amp. 

(789) 

The line currents 
components: 

resolve into the following symmetrical 


laAo — }4(iaA + 1 bB + 1 C c) = 0’ amp, (790) 

IaAi = ^(IaA + dlbB + o?I c c ) amp (686) 

= i(l - a)7 = J-//-30 0 amp, * (791) 

IaA 2 = y&ijaA + a 2 IbB + al C c) amp (689) 

= |(1 - a 2 )/ = -~//30° amp. (792) 



Fig. 222.—Vector diagram for a single-phase line-to-line load on a three-phase 

system. 


These components of current are shown in Fig. 222, where it is 
seen that 

iaA — IaAO + IaAl + IaA2 = t amp, (793) 

Ips — IbBo + IbBi + ibB2 — ~t amp, (794) 

IcC — ieCO + icci 4“ IcC 2 — 0 amp. (795) 


It is thus demonstrated that single-phase loads on a three- 
phase system may be expressed in terms of three balanced 
three-phase systems and treated in exactly the same manner 
as three-phase loads. 
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121. Three-phase Power in Terms of Symmetrical Com¬ 
ponents.—It has been shown in Chap. V that the active power 
in a single-phase circuit is not expressed as the product of the 
effective values of E and I but that, if the volt¬ 
age and current are simple sinusoidal quantities, 



P = El cos 6 watts, 
and the reactive power is 


(51) 


Fig. 223.—Vee- . 

tors for E and I Q = El Sin 6 Vars, 

for one phase, nei¬ 
ther in phase with where 6 is the angle between the vectors E and I. 
the reference axis. TJ . , T 

If the 

expressed in the polar form and neither is in phase with the 
reference axis, then, since 


E = E/a volts, and / = J/0 amp, 

P = El cos (fi — a) watts. (335) 


In an unbalanced three-phase system, the symmetrical com¬ 
ponents may be expressed in the polar form as 

E a o = Ego /ap , Eba = E a o — Eg q/ ap , E c q — E a o = E a p /olq volts, 

Eal = Eg l/Oil , Ebl — (PEa I = Eal /oLi — 120° , 

Ed :=: ciEai = Egi /&i H~ 120° volts, 
Ea2 — Eg 2 / 0 - 2 , = CcEal = E a 2 /0:2 H~ 120° , 

E c2 = a 2 E a 2 = Eg ^/aj — 120° volts, 


and 


1 aO IaO/%, IbO IaO ■Iqo /ffio y IcO — -laO — lao/fio amp, 
hi = Ial[§l, hl = tfial = Igi /Jh - 120 ° . 

/ci = a/ 0 i = Zq i/gi + 120° amp, 

/a2 = I a t/ &2 , /&2 = Cda 2 = Ig */&Z + 120 ° ; 

/c 2 = CL 2 I a 2 = J a2 /g 2 — 120° amp. 

The active power for each phase is 

Pa — EgdaO COS (fio ~ OL o) + Eg\I a l COS (/?i — CKi) 

4" EgJaZ COS (fe — a 2 ) + Egblal COS (fil — « 0 ) 

+ Eailgz COS (&2 — Oil) + E^laQ COS (fio — £¥2) 

+ EgoIaZ COS (£2 ~ «o) + E a il a 0 COS (£0 OC 1) 

+ Eatlgi COS (£1 — watts, 


(796) 
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I 7 b ~ Pa /«0 COS (0 O ao) + E a \Ia\ COS (0i — OL\) 

+ Eazla 2 cos (0 2 — a 2 ) + E a oI a i cos (0 X — a 0 — 120°) 

+ EallaZ COS (0 2 — «1 “ 120°) + E a JaO COS (0o — a 2 ~ 120°) 

+ PU/«2 COS (0 2 - a 0 + 120°) + Eailao cos 08o - «x + 120°) 

+ E a J[ai cos ( 0 i — a 2 + 120 °) watts, ( 797 ) 

P c — EaoIaO cos (0Q — ao) + E a \I a \ COS (0 1 — ai) 

-f- E a2 Ia 2 cos (02 a 2 ) + Eaolal COS (01 — ao "f" 120°) 

+ E al I a2 cos (02 - a! + 120°) + EaJao cos (0 O - a 2 + 120°) 

-4“ EaoIaZ COS (0 2 ao 120°) -f" E a \I a Q cos (0o — ai — 120°) 

+ E a2 I al cos (01 - a 2 - 120°) watts. ~ (798) 

The total active power is 

Pt —'Pa + Pb + Pc watts, (799) 

but, since 

COS (01 — a 0 ) + COS (01 — ao — 120°) + 

cos ( 0 ! - a 0 + 120 °) = 0 , 

all terms in Eqs. (796) to (798) add to zero except the first 
three in each equation, and 

Pt = SEaoIaQ COS (0o ~ ao) + 3E a iI a i COS (0i — ai) + 

3Ea 2 %ai cos (02 — a 2 ) watts 

— 3E a oIaO COS 0o SEallal COS $i -f- 

' ZEailai cos 0 2 watts, (800) 

where d Q , 6 h and 0 2 are the phase angles between the correspond¬ 
ing symmetrical components of current and voltage. Then 

Pt = 3P 0 + 3Pi + 3P 2 watts (801) 

= Poo + Pol + P 02 watts. (802) 

It is seen that each phase sequence produces its own active power 
and that the total active power is the sum of the active powers due to 
the separate sequence components. 

In a similar manner, the total reactive power in terms of the 
symmetrical components is defined to be 

Qt — SEaoIao sin ( 0 o ~ «o) + 3E a iIai sin ( 0 i — ai) + 

3EaiIa2 sin (02 — a 2 ) vars, (803) 

which may be written 


Qt = 3Qo + 3Qi -f* 3 Qi vars. 


(804) 
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If the preceding voltages E a , Eb, and E c are taken as the 
impedance drop IZ in the lines of a three-phase system and the 
currents are I a , h , and I c in these lines, then 

Eaolao cos 0 O = 2 Ro watts, 

EaJai cos 0i = 2 Ri watts, 

EaJaZ cos 02 = watts, 

and the total heating loss in the three lines is 

Copper loss = 3I a o 2 Ro + 3I a i 2 Ri + 3l a 2 2 Ri watts (805) 

or each phase sequence of current produces its own line loss. In 
most cases, these resistances offered to the different sequences 
of current are alike, or R 0 = Ri = Rz ohms, but this is not true, 
in general, for circuits containing rotating machines. 

Fundamental Positive-sequence Active Power.—The fundamental 
positive-sequence active power at the four points of entry (one of 
which is the neutral) of a three-phase circuit is three times the sum 
of the products obtained by multiplying the positive-sequence sym¬ 
metrical component of the potential difference to neutral, the positive- 
sequence component of current, and the cosine of the angular phase 
difference between them. 

Fundamental Negative-sequence Active Power and Fundamental 
Zero-sequence Active Power.—The fundamental negative-sequence 
(and zero-sequence) active power of a three-phase circuit is defined 
from the definition for fundamental positive-sequence active power by 
replacing the word positive by the word negative (or zero). 

Fundamental Positive-sequence Reactive Power.—The funda¬ 
mental positive-sequence reactive power at the four points of entry 
(one of which is the neutral) of a three-phase circuit is three times 
the sum of the products obtained by multiplying the positive-sequence 
symmetrical component of the potential w difference to neutral, the 
positive-sequence component of current, and the sine of the angular 
phase difference between them . 

Fundamental Negative-sequence Reactive Power and Zero- 
sequence Reactive Power.—The fundamental negative-sequence (and 
zero-sequence) reactive power of a three-phase circuit is defined 
from the definition for fundamental positive-sequence reactive power 
by replacing the word positive by the word negative (or zero). 
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Problems 

1 - 10 . In a three-phase sj^stem of vector currents the first-order com¬ 
ponent is Iai = 10 + JO, the second-order component is Ia 2 = 10 + /6, and 
the zero-order component is jT^lo =0 — /4. Find the other components in 
each system, and draw the complete vector diagrams. Find the original 
vectors I a, Ib, and Ic, and draw the vector diagram. 

2- 10. In a three-phase system, the positive-sequence component is 
Iai — 6 0/30° ; the negative-sequence component, 1a2 = 4 0/0° ; and the 
zero-sequence component, Iao = 35 /— 30° ; find the original system of 
vectors I a, Ib, and Ic, and draw the complete vector diagram. 

3- 10 . The line currents in a three-wire three-phase system are I a = 125 + 
/50, Ib = 30 — /68.3, and Ic = —230 + /18.3. What are the symmetrical 
phase components of these line currents? Draw the complete vector 
diagram showing these components and the original currents. 

^ 4-10. The line voltages on a three-phase system are Eab — 63 4-/10, 
Ebc = — 35 — /56, and Eca = —28 4- /46. Find the symmetrical phase 
components of these line voltages, and draw the complete vector diagram. 

6-10. The line currents in a four-wire three-phase system are I a — 291.3 
—/13.4, Ib — —291.3 —/100, and Ic — 75 -j-/188.4. What are the sym¬ 
metrical components of these currents? What current flows in the neutral 
wire? Draw a complete vector diagram. 

6- 10. The load voltages on a four-wire three-phase system with star- 
connected loads are E N a = 127/0°, Enb = 11 4/250° , and Enc — 11 3/110° ; 
find the symmetrical phase components, and draw the vector diagram. 

7 - 10 . Given that 1 A i = 1 2/-60° , 1 A % = 1 0/30° and 1 AQ = 5/0° , find 
Ic graphically. 

8- 10. Given that Ea = 100/30°, Eb = 8 0/270° , and E c = 15 0/180° , find 
Ea2 graphically. 

# 9-10. Three loads are connected in delta to a three-wire three-phase 
system, the load currents being Iab = 20 + j'50, Ibc — 33.3 — j7. 7, and 
Ica — —53.3 — /42.3; find the symmetrical phase components of the load 
and line currents. 

-f 10-10. In a four-wire three-phase system, the line currents are Ia = 100 + 
jQ, Ib = 0 4- /100, and Ic = 0 — /100, the impedances to neutral being 
expressed as Z a = 3 4- j!0, Zb = 10 4- /5, and Zc = 8 4- /6. Express the 
line currents in terms of symmetrical phase components. Express the 
neutral and line voltages in terms of symmetrical phase components. 
"What is the neutral current? * 

11 - 10 . Three impedances Z a = 0 — jlO, Zb — 5 4-/8.66, and Z e — 5 4- 
jS. 66 are connected in star to a three-wire three-phase system whose line volt¬ 
ages are given by the expressions Eab — —500 — /1,500, Ebc = —1,049 + 
/317, and Eca = 1,549 -f/1,183. Find the symmetrical phase components 
of the voltages across the impedances and the line currents. 

12- 10. An impedance Zna — 8 + /6 is connected between line A and the 
neutral AT of a symmetrical four-wire three-phase system having a line 
voltage of 230 volts. Find the symmetrical phase components of this single- 
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phase current in the three-phase system, using Ena as the reference. Draw 
the vector diagram. 

13 - 10 . An impedance Z A b = 4 + j2 is connected between the lines A 
and B of a symmetrical three-wire three-phase 110-volt system. Find the 
symmetrical phase components of the load and line currents, using E A b as 
the reference. Draw the vector diagram. 

14 - 10 . Three impedances Z a — 25 + y25, Zb =17.32 + y‘10, and Z c = 
17.32 + jlO are connected in star to a balanced four-wire three-phase system 
having 2,300 volts to neutral. Find the symmetrical phase components of 
the line currents. What current flows in the neutral wire? Draw the com¬ 
plete vector diagram. 

15 - 10 - The load voltages of a four-wire three-phase system with loads 
connected between the lines and neutral are Ena = 165/0°, Enb = 10 6/310° , 
and Enc — 13 0/100° . Find the symmetrical phase components of the load 
and line voltages. 

16- 10. Given in a three-phase system that I a — 1 0/0° , 1b = 8/270°, and 
lc — 1 2/135° ; find graphically the symmetrical phase components. 

17 - 10 . An impedance Zna = 10 + jO is connected between line A and 
neutral A of a symmetrical four-wire three-phase 240-volt system, and an 
impedance Znb = 8 + y‘6 is connected between line B and the neutral; 
resolve the load currents into the symmetrical phase components. 

18 - 10 . An impedance Z a — 15 4- j0 is connected between line A and the 
neutral N of a balanced 2,200-volt four-wire three-phase system, and a 
second impedance Zca = 25 — j25 is connected between lines A and C of the 
same system; resolve each single-phase load into its symmetrical phase 
components, and obtain the symmetrical phase components of the line 
currents for the phase sequence ABC . 

19 - 10 . (a) Three wattmeters are connected with their current coils in 
lines A, B , and C of Prob. 10-10 and with their potential coils from their 
respective lines to the common point N. What is the reading of each watt¬ 
meter? (6) If these wattmeters have potential coils of equal resistance, what 
will be their indications when the potential coils are connected in star and 
disconnected from the neutral? 



CHAPTER XI 


COMPARISON OF THE AMOUNT OF CONDUCTOR 
MATERIAL REQUIRED FOR DIFFERENT SYSTEMS 
OF TRANSMISSION AND DISTRIBUTION 

A comparison of the relative weights of conductor material 
required for different systems of transmission and distribution 
can, in some cases, be made the basis of the selection of the 
system to be used. It should be remembered, however, that 
there are other controlling factors of design which influence the 
total cost of the installation and which also must be weighed, 
such as the mechanical strength of the conductor, number and 
cost of the insulators, space required and available for the 
conductors, equipment available to supply power to the system, 
and motors already on hand requiring some definite system. 
The following analysis will assume the same controlling factor 
of voltage in each case, the analysis on the basis of difference of 
voltage being reserved for more advanced treatment. 

The following cases will be assumed as the basis of the 
comparison: 

Case A. The same emf to neutral in all cases. 

Case B. The same emf between line wires. 

Case C. The same emf to neutral polyphase as between lines 
single phase. 

The first of these comparisons is on the basis of the same insula¬ 
tion strain and applies particularly to high-voltage lines, the 
last of the comparisons is on the basis of the use of standard 
apparatus on medium- and low-potential systems. Each of the 
systems assumes the use of standardized voltages for generators, 
transformers, motors, etc. 

122. Comparison of Conductor Weight on the Basis of the 
Same Emf to Neutral.—Assume the same power delivered P, 
the same per cent power loss due to the resistance of the con¬ 
ductors, and balanced conditions of load, 

m 
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1. Single-phase System (Fig. 224).—In a single-phase system, 
the current flowing in each line wire, assuming nonreactive load, 


g 2& and the total power loss in the 

jo two wires becomes 

—~ B P.L . = 1 2 X 2Ri watts, 

Fig. .gl©- 

neutrai to where Ri is the resistance of each 

conductor of the single-phase line. 
Substituting the value of I from Eq. (806), 


P-L. ~ X 2Ri watts 


Hence, the resistance of each conductor is 


P PX. v 2E 2 
Ri = ~yr X ~p- 


2E 2 

~pr X per cent P.L. ohms, 


since the per cent power loss is 


per cent P.L. = 


2. Four-wire Two-phase Sys¬ 
tem (Fig. 225).—In the four- 
wire two-phase system, the 
current in each wire becomes 




the power loss being r? ’ ZE 

- P.L. = / 2 X 4R 2 watts, F^225':-A four-wire two-phase oif- 

since there are four equal wires, Cult ’ mtk a voltage * t0 neutraL 
where R 2 is the resistance of each wire of the two-phase line. 
Substituting the value of I from Eq. (809), 
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PL. = X 4P 2 watts 

P 2 R2 ,, /oia\ 

= 1 ^ 2 " watts. (810) 

The resistance of each conductor is 


P T 

Ra = ~pf X 4P 2 ohms 
4:E 2 

= -p- X per cent P.L. ohms. 


(811) 


Using the resistance of each conductor of the single-phase line 
as a standard, the relative resistance of each conductor of the 
four-wire two-phase line becomes 


Ro 

Rl 


PL. 

P 2 


X 4P 2 


PL. 

P 2 


X 2 E 2 


2 . 00 , 


(812) 


or each wire has twice the resistance of one wire of the single¬ 
phase circuit. Since the resistivity and length of each conductor 
are assumed the same in each case, the cross section of each wire 
for the two-phase circuit will be half that for the single-phase 
circuit. The relative total weight of copper required in each 
case will be found as follows, since the weight varies inversely 
with the resistance, i.e., directly with the cross section: 


Size of eacli wire, single phase. 100 per cent 

Size of each wire, two phase. 50 per cent 

Number of wires, single phase. 2 

Number of wires, two phase. 4 

Total weight of copper, single phase. Wi 

Total weight of copper, two phase. Wz 


Then the relative total weights of copper on the basis chosen 
are 


W 2 _ 4 X 0.50 
Wi 2 X 1.00 


1 . 00 . 


(813) 


Hence, both systems require the same total weight of copper. 
The two-phase system will require twice as many insulators and 
more space on the cross arms for overhead distribution, but it 









306 


ALTERNATING-CURRENT CIRCUITS [Chap. XI 


has the advantage in respect to motor performance of being a 
polyphase system. 

3. Three-wire Two-phase System (Fig. 226).—The current 
required in each outside wire is the same as for the four-wire 

two-phase system, or 

I = amp, (809) 

and in the common-return wire 

In = V2 I = amp. (814) 

The power loss in the three con¬ 
ductors will be 

Fig. 226.—A three-wire two-phase p r r 4- 

circuit, with a voltage 2 E to the com- r A 2 ' 

mon return. IpRzJ watts, (815) 

where R / is the resistance of each outside wire and R 2 J is the 
resistance of the common-return wire. The system may be 
designed (a) either on the basis of the same I 2 R loss per unit 
length in all three conductors or (b) on the basis of the same 
current density in amperes per square inch of cross section 
for the common-return wire as for the outside wires. 

a. Basis of Same PR Loss per Unit Length in All Three 
Conductors.—Equating the loss in the neutral wire to the loss in 
one outside conductor, 

PR / = I/RtJ = 2 PR 2 J watts, (816) 

the relative resistance becomes 

R 2n ' = ohms (817) 

or the common-return wire must have twice the cross section of 
each of the two outside wires. Hence, from Eq. (815), the total 
loss will be 

0727 ? / 

P.L. = 2 PR/ + -p- = 3/W watts. (818) 

From Eqs. (809) and (818), the total power loss becomes 
„. 3P 2 F 2 ' 

PL • = TaP" watts> 



(819) 
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11% = X per cent P.L. ohms, 

and the resistance of the common-return wire, 

8 E 2 

R 2 J — -gp X per cent P.L. ohms. 
From Eqs. (820) and (821), compared with Eq. (808), 


E/ 

Ri 


16E 2 x/ + P r 

■ gp - X per cent P.L. 

__ 

—p~ X per cent P.L. 
= % = 2.67, 


and 


(820) 


(821) 


(822) 


Ri' W x per cent PL ‘ 

“17 ~ 2E- ~~ TUI 

—p~ X per cent P.L. 

= Vz = 1.33. 

The relative weights and cross sections of the wires will be 


(823) 


— = | = 0.375, or 37.5 per cent, (824) 

W i o 

and 

ThL = | = 0.75, or 75 per cent, (825) 

w i 4 


of that for a single-phase line, where Wi is the weight per unit 
length for a single-phase line, for the outer wires, and for 
the common-return wire of the two-phase line. Since there are 
two outside wires and one neutral wire, the relative total weight 
to the weight of the single-phase conductors will be 


W/ = 2 X % + H = 3 _ 
Wi 2X1 4 


(826) 


or only 75 per cent as much copper is required as for either the 
single-phase system or for the four-wire two-phase system. 
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b. Basis of the Same Current Density in Each Wire.—This 
condition may be expressed as a ratio in comparing the relative 
resistances, or 


and 


R \ u i t = j_ 
Rz' y/2It V2 


R," = 



(827) 


where R 2 " is the resistance of each outside wire and R 2N ff the 
resistance of the common-return wire for this condition. The 
total power loss becomes 

PL. = h 2 (2R. 2 ") + (/**)&/' watts 
= I 2 2 R 2 "(2 4- V2) watts 
= + V2) watts. (828) 


Solving for R 2 " } 


and 


R 2 n = 


16P 2 


7 =r X P.L . ohms 


P 2 ( 2 + V2) 

16P 2 

X per cent PL. ohms, 


(829) 


„ = 16P 2 

3.41V2P 


X per cent P.L. ohms. 


(830) 


From Eqs. (808), (829), and (830), the relative resistances to the 
single-phase resistance become 


16P 2 

W _33lpXP er cent P.L. g 

Ri 2 E- ~ 3 4J ~ 235 

-p X per eeat P.L. 6A1 


(831) 


and 

Ri 


16 & 

3.41 a/2P 


X per cent P.L. 


2E 2 

-p- X per dent P.L. 


8 


3.41V2 


= 1.67. (832) 
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The relative weight and cross section of each wire to the weight 
of the single-phase conductor are 


and 


to*" 

Wi 


w *»" 

Vh 


3.41 


0.426 


3.41V2 

8 


= 0.602. 


(833) 

(834) 


Comparing the total weight of copper for this case to the. single- 
phase system, 


W 2 " _ 2 X 0.426 + 0.602 
Wi 2X1 


= 0.727, 


(835) 


or only 72.7 per cent as much total copper is required as was 
required for the single-phase 
system. 

4. Three-wire Three-phase Sys¬ 
tem (Fig. 227).—The emf between 
wires for this system will be 


E l = y/ZE volts, 
and the current in each wire 

1 = £ amp > 


T 


-A 



V3& 


V3& 




f 


VsE 


R3 


where E is the emf to neutral. Fig. 227.—A three-wire three-phase 
. . circuit, with voltage E to neutral. 

The total power loss is 


P.L. = P X 


= 3I 2 B$ watts, 


(836) 


since there are three conductors of equal size. Substituting the 
value of I, 


P.L. = 


OD2 pi 

= rfipRs watts, 


( 837 ) 


and the resistance of each wire becomes 
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From Eqs. (808) and (838), the relative resistances become 
3E 2 


Bs 

Ri 


X per cent P.L. 

X 

, jj / 

-p- X per cent P.L. 


1.50 


and the relative cross sections and weights become 
Wz R\ 2 


w i 


and 


Wi 


= 0.667 or 66.7 per cent 

= 1, 


Rz 3 

TFs 3 X % 


2X1 


(839) 


(840) 


(841) 


or the same total weight of copper is required for three-phase as 

for single-phase or two-phase 
four-wire distribution on the 
basis of the same emf to neutral. 

5. Four-wire Three-phase Sys¬ 
tem (Fig. 228).—Assume that the 
neutral wire has the same cross 
section as each outside wire and 
that the loads are balanced. 
The currents and cross sections 
of the wires will be the same 
as for the three-wire three-phase 
circuit, or 



Fig. 228.—A four-wire three-phase cir¬ 
cuit, with voltage E to neutral. 


Rz — R 3 = X per cent P.L. ohms, 
and the relative resistance is 


Rz' 

Ri 


= 1.50, 


(838) 


(839) 


where Rz' is the resistance of each conductor. The total relative 
weights of copper become 


Wz' 

Wi 


4 x yj = ^ 00 
' 2x1 l66) 


(842) 


where Wz is the total weight of conductor material, or 33 per 
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cent more copper is required than for the three-wire three-phase 
system. 

The results of the above comparisons are given in Table IV. 

Table IV.—Comparison of Resistance and Total Weight of Material 
in Conductors for Different Systems of Distribution on the 
Basis of the Same Emf to Neutral, the Same Power 
Transmitted, and the Same Per Cent Power Loss 



Single-phase system 

Two-phase, four- 
wire system 

<0 c 
b *8 

If 

•§,& 

iso* 

Two-phase, three- 
wire system, same 

I per square inch 

Three-phase, three- 
wire system 

Three-phase, four- 
wire system 

1. Voltage to neutral. 

E 

E 

I B 

E 

E 

E 

2. Voltage between lines. 

2E 

2 E 

1 2 E 

2 E 

VS E 

VSE 

3. Line current. 

P 

P 

\ P 

P 

P 

P 


2E 

2 E 

2 E 

2E 

3 E 

SE 

^ Resistance per wire R 

2E* 

4E* 

16 E* 

16 P* 

3 E* 

3 E* 

Per cent power loss P.L. 

P 

P 

3 P 

3.41P 

P 

P 

r Resistance outside wire 







Resistance single-phase 

1.00 

2.00 

2.67 

2.35 

1.50 

1.50 

q Resistance neutral wire 


i 

1.33 

i 1.67 


1.50 

Resistance single-phase 




| 



^ Weight outside wire 

1.00 

0.50 

0.375 

0.426 

0.667 

0.667 

Weight single-phase 







2 Weight neutral wire 



0.75 

0.602 


l 0.667 

Weight single-phase 







9. Number of outer wires. 

2 

4 

2 

2 

3 

3 

10. Number of neutral wires . 



1 

1 


1 

^ Total weight of material 

1.00 

1.00 

0.75 

0.727 

1.00 

1.33 

Total weight single-phase 








On the basis of this analysis, it is seen that the two-wire 
single-phase, the four-wire two-phase, and the three-wire three- 
phase systems require the same total weight of copper for the 
same distance of transmission, the same amount of power to be 
transmitted, a given per cent loss, and the same voltage to 
neutral. It is also seen that upon the same basis of comparison 
the three-wire two-phase system requires <mly 75 or 72.7 per 
cent as much copper per unit length as the preceding systems, 
the design with the same current density in the common-return 
wire requiring the least copper. The four-wire three-phase 
system, used for convenience, requires 33 per cent more copper 
than the single-phase or the three-wire three-phase systems, the 
extra copper being used in the neutral wire. 
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123. Comparison on the Basis of the Same Emf between 
Outside Wires. —The same assumptions as to length of line, 
power transmitted, and per cent power loss are used as in the 
previous case, but the new assumption is made that the emf 


#3 ^ 

, -A 

between outside wires is the same 
for each system. Under these 


» 

assumptions, the analysis will 

K -2 r T 1 

gwf 2S 

t 

t 

give the same relative results for 

t 

1 

-B I 

the single-phase and the two- 


phase systems as in the previous 

J* 

" i 
i 4 
| 

case. However, different results 

2B 

R% i 

» 

1 

will be found for the three-phase 

i ^ 

systems. 

Fig. 229.—A three-wire 

three- 

1. Three-wire Three-phase Sys¬ 

phase circuit, with a voltage 2E to 
neutral. 

tem (Fig. 229).—With an emf of 

neutral will be 

and 

2 E between wires, the emf to 
the current in each wire 


p 

P , X 

I = 

3 En 

■ 2V3® “ P ' <843) 


The power loss is 


P.L. = 7 2 (3fE 3 ") 


P 2 R 3 ' 
4 E* 


12 E 2 


✓ N 


■ watts, 


(844) 


and the resistance of each wire becomes 


Rz' = -p- X per cent P.L. ohms. (845) 

From Eq. (845), the relative resistance to the single-phase resist¬ 
ance becomes 


* 


R," 

Ri 


4E 2 

P 

2E* 

p 


X per cent P.L. 


X per cent P.L. 


2 . 00 , 


(846) 


or each wire has twice the resistance of the corresponding wire 
in the single-phase circuit. The relative weights and cross 
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Wz” 

w 1 


Ri 

Rz" 


2 = 50 per cent, 


and the relative total weights of copper, 


Wz" 

Wi 


__ 3XM _ 3 _ 


2X1 


= t = 0.75. 


(847) 


(848) 


That is, the three-wire three-phase system requires only 75 per 
cent as much total copper as is required for the single-phase 
system or for the four-wire two-phase system. 

2. Four-wire Three-phase Sys¬ 
tem (Fig. 230).—On the assump¬ 
tion that the wires are the same 
size and that there is the same 
emf between outside wires as be¬ 
fore, the resistance for each wire 
becomes 


_ Ml 

3 p 

X per cent P.L. ohms, 


(845) 



Fig. 230.—A four-wire three-phase 
circuit, with a voltage 2 E between 
lines. 


being the same value as that 
found for the three-wire three- 
phase system, each wire having twice the resistance or half the 
cross section and weight as for the single-phase system. The 
relative total weights become 


w4 v IX 

* -p p r- = ~ 2 ~ xi “ hOO = 100 per cent, (849) 

or this system requires the same total amount of copper as for 
the single-phase or the four-wire two-phase systems. 

124. Comparison on the Basis of the Same Emf to Neutral 
for the Four-wire Three-phase System as between Wires 
Single Phase.—This is the ordinary primary power distribution 
for lighting and power customers in the larger cities where the 
same standard primary voltage is to be used on the transformers 
as for the single-phase circuits, the primaries being connected 
between the neutral and each outside wire. Assume the same 
emf 2 E to neutral as for the previous considerations and the 
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connection, as shown in Fig. 231. The emf between outside 
lines will be 


R? 


2Y3& 


Eline = 2\/3 E volts, 

and the line currents 
P P 


(850) 


i 

2# 


A 


I = 


amp. (851) 


Jftp 

kf+Ti 

*4 2Y3E | ; 

*r i JF ! 


- > 

J 

<-5S-> 

ft; 


3 En 6F/ 

The power loss will be 
P.L. = I 2 X 3P3 iv watts 
= X 3i?3 lv watts 

= watts, (852) 


Fig. 231.—A four-wire three-phase 

circuit, with a voltage 2E to neutral. ... „ . . „ 

by substitution of the value of 
I from Eq. (857). Solving Eq. (852) for resistance, 


12^2 

RA y = .— X per cent P.L. ohms. 


(853) 


From Eqs. (808) and (853), the relative resistances become 


RA v 

Ri 


12 E 2 
P 


X per cent P.L. 


2E 2 

P 


X per cent P.L. 


6 . 00 ; 


(854) 


and the relative weights of the wires per unit length, or the 
cross sections, will be 

* 

= i = 0.167 or 16.7 per cent.' (855) 

w 1 u 

The relative total weights of material required are 

Wav 4 x 1 

~WT = TTxT = 3 = 333 *> er cent > ( 856 ) 


or this system requires only one-third the total weight of material 
in the line wires as is required for the single-phase system. 
Advantage may be taken of this saving for long primary lines or 
in heavily loaded sections of a city, but for smaller loads the 
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mechanical strength required in each span will not allow the 
reduction of the size of conductor represented by the above 
comparison. 

The results obtained by these considerations are presented in 
Table Y. 

Table V.—Comparison of Resistance and Total Weight of Material 
in Conductors for Different Systems of Distribution on the 
Basis of the Same Emf between Wires, the Same Power 
Transmitted, and the Same Per Cent Power Lost 



Two-wire, single-phase 
system 

Pour-wire, two-phase 
system 

Three-wire, two-phase 
system, same I 2 R 

Three-wire, two-phase 
system, same current per 
square inch 

Three-wire, three-phase 
system 

Four-wire, three-phase 
system 

Four-wire, three-phase 

system, same E to neu¬ 
tral as between wires 
single-phase 

1 

1. Voltage to neutral. 

E 

; 

E 

E 

E 

2E 

2E 

2 E 

2VBE 

2. Voltage between lines. 

2 E 

2 E 

2 E 

2E 

Vb 

2 E 

Vb 

2 E 

3. Line current.. 

P 

P 

P 

P 

P 

p 

P 


2B 


4 E 

*4 E 

2V3 E 

2VBE 

6 E 

^ Resistance of each, wire 

2 E* 

4P2 

16P* 

16 E* 

4 P* 

4E* 

12 E'- 

Per cent power loss 

P 

P 

BP 

3.4 IP 

P 

P 

P 

^ Resistance of outside wire 

1.00 


2.35 

2.00 

2.00 

6.00 

Resistance single-phase 

2.00 

2.67 

g Resistance of neutral wire 



1.33 

1.67 


2.00 

6.00 

Resistance single-phase 


— 


y "Weight of outside wire 

1.00 

0.50 

0.375 

0.426 

0.50 

0.50 

0.167 

Weight single-phase 







0 Weight of neutral wire 
Weight single-phase 

9. Number of line wires. 

2 

4 

0.75 

2 

0.602 

2 

3 

0.50 

3 

0.167 

3 

10. Number of neutral wires_ 



1 

1 


1 

1 

^ Total weight of material 

1.00 

1.00 

0.750 

0.727 

0.75 

1.00 

0.333 

Total weight single-phase* 












CHAPTER XII 


CONSTANTS OF TRANSMISSION LINES 

In the transmission and distribution of electrical energy over 
metallic conductors by either direct or alternating current, 
varying amounts of current flow along the conductors and a 
voltage must also be maintained between the conductors. The 
current produces power losses in each conductor proportional to 
the resistance of the conductor and to the square of the current 
flowing; it also produces a voltage drop along each conductor 
proportional to the resistance of the conductor and to the current 
flowing; and it also sets up a magnetic field, with lines in circular 
paths nearly concentric with each conductor, the effect of which 
is measured by the units of inductance and reactance. The emf 
between conductors sets up an electrostatic field with lines in 
circular paths at right angles with the paths of the electromag¬ 
netic lines and terminating at the surface of the conductors at 
right angles with the conductor surface. This latter effect is 
measured by the capacitance or the capacitive susceptance of the 
conductor as one wire of the line. 

With high-voltage transmission, there are also direct losses 
produced by leakage currents over, or through, the insulation of 
the lines and losses from wire to wire caused by ionization or by 
electrical stress in the dielectric separating the wires. This is 
known as “corona loss” when occurring in the air and as “dielec¬ 
tric hysteresis” when occurring in solid dielectrics, as in cables. 
These losses will be replaced by parallel conductance paths as 
will be seen when transmission-line operating characteristics 
are considered in later chapters. 

The resistance, inductive reactance, capacitive susceptance, 
and the conductance replacing the wire-to-wire losses are known 
as the “constants” of the transmission line. It is the purpose of 
this chapter to discuss these constants and to derive the equations 
for their calculation ip far as they lie within the scope of this 

aie 
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text. In all cases, a discussion will be given of the dimensions 
and other physical conditions upon which these constants depend. 

125. Resistance of a Conductor for Direct Current.—In a 
d-c circuit, it has been found that the resistance of a conductor 
depends upon the specific resistance of the material and the 
length and cross section of the conductor. This may be expressed 


R = p~johms, 


(857) 


where R is the resistance of the conductor in ohms; 
p is the specific resistance of the material; 
l is the length of the conductor; and 
A is its cross section. 

The value of p, for a given temperature, depends upon the units 
in which R , Z, and A are expressed and upon the quality of the 
material. When R is in ohms, l is in feet, and A is in circular 
mils, the value of p is about 10.4 ohms per mil foot at 20°C. 
for copper of 100 per cent conductivity. When l is expressed 
in centimeters, A in square centimeters, and R in abohms, the 
value of p in abohms per centimeter cube is about 1,724 for 
copper, 2,800 for aluminum, and 10,000 for iron and steel. 

The value of p, and in consequence the value of R, changes with 
the temperature of the conductor such that 

Rt — Rq( 1 + at) ohms, (858) 

where R t is the resistance at any temperature; 

R 0 is the resistance at 0°C.; 
a is the temperature coefficient of resistance; and 
t is the temperature of the wire, °C. 

From Eq. (858) it is seen that * 


Ro 


1 -j- at i 


1 -j- at<2 


. . ohms, » (859) 


where R ti is the resistance at any temperature t\. Dividing 
both sides of Eq. (859) by 1/a , 


Ro 

T 

a 


Rt l Rt 2 

~ + h - + fa 

<x a 


(860) 
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In the “ Standardization Rules” of the American Institute of 
Electrical Engineers, the value of 1/a for copper is defined as 


t + I = 274.5 (861) 

a 

at 40°C., or 

- = 234.5 1 (862) 

a 


at 0°C. The value of a is not a constant for copper, and the 
above equations yield results with sufficient accuracy only within 
ordinary operating temperatures of the material. Equation 
(860) offers a convenient slide-rule calculation method for com¬ 
puting the resistance at any temperature, or the rise in tempera¬ 
ture corresponding to any change in resistance. 

126. Resistance of a Conductor Carrying an Alternating Cur¬ 
rent.—The resistance of a conductor carrying an alternating cur¬ 
rent is larger than for the same conductor at the same tempera¬ 
ture when carrying direct current. This increased resistance is 
due to the decrease in effective cross section of the conductor 

1 Standard. Annealed Capper.— a. General .—The following shall be taken 
as normal values of standard annealed copper. 

b. Resistance. —At a temperature of 20°C., the resistance of a wire of 
standard annealed copper 1 m in length and of a uniform section of 1 sq mm 
is ohm = 0.17241 ... ohm. 

c. Density. —At a temperature of 20°C., the density of standard annealed 
copper is 8.89 g per cubic centimeter. 

d. Temperature Coefficient of Resistance. —At a temperature of 20°C., the 

“constant mass” temperature coefficient of resistance 6f standard annealed 
copper, measured between two potential points rigidly fixed in the wire, 
is 0.00393 = 1/254.45 per degree centigrade. v 

e. Resistance of Standard Annealed Copper at 20 °C. —As a consequence 
it follows from (a) and ( b ) that, at a temperature of 20°C., the resistance of 
a wire of standard annealed copper of uniform section, 1 min length and 
weighing 1 g, is X 8.89 = 0.15328 . . . ohm. 

See International Electrical Commission Publication 28, “International 
Standard Resistance for Copper,” March, 1914. 

Paragraphs ( b ) and (c) define what are sometimes called “volume 
resistivity” and “mass resistivity,” respectively. This may be expressed 
in other units as follows: 

Volume Resistivity. —1.7241 microlims-centimeter (microhms in a centi¬ 
meter cube) at 20 °C. 

Mass Resistivity. —875.20 ohms (mile-pound) at 20°C. 

For detailed specifications of commercial copper, see the Standard Speci¬ 
fications of the American Society for Testing Materials. 
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by the nonuniformity of the current density over the cross 
section of the wire, defined by the terms "skin effect” and 
"proximity effect.” The skin effect is the increase in resistance 
of the conductor because of the fact that current density in the 
outer elements is higher than in the center of the conductor owing 
to the alternating flux produced within the conductor by the 
current flowing in the conductor; and the proximity effect is the 
increase in resistance due to the crowding of the current into 
the elements on one side of a conductor because of the alternating 
flux passing through the conductor and produced by the current 
flowing in the adjacent conductors. At ordinary frequencies, the 
skin effect may be neglected for copper or aluminum conductors 
less than 250,000 circular mils. For ordinary frequencies and 
spacing of conductors in transmis¬ 
sion lines, the proximity effect may 
be entirely neglected. The latter 
effect is more noticeable in cables 
and in the windings of a-c machines. 

127. Skin Effect.—Let the outer 
circle in Fig. 232 represent the cross 
section of a circular conductor of 
radius a carrying a current in a di¬ 
rection away from the observer. 

With direct current, each unit ele¬ 
ment, or concentric tube, of the con¬ 
ductor will carry § current % = I/A. The central current element 
will set up a magnetic flux in the conductor outside this element, 
decreasing in amount toward the surface. Each succeeding 
element will add to this mmf and flux in the space outside until, 
at the surface, the entire amount of current in the conductor 
will be useful in producing a uniform mmf outside the conductor 
(developed later under inductance of the conductor). With 
alternating current flowing, the flux within the conductor pro¬ 
duced by the current in the central element interlinks, the short- 
circuited turn formed by this element and an equal element of 
current at the surface of the conductor. By Faraday’s law, this 
alternating flux will induce an emf that will tend to send a 
current toward the observer at the center and away from the 
observer at the surface of the conductor, assuming that the 
original instantaneous current w~~ -™- T from the observer 
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over the whole cross section. This element of current will 
superimpose on the current already flowing in the 'conductor 
in such a manner as to subtract from the current already flowing 
at the center and to add to that flowing at the surface and to 
each element of current from the surface toward the center. 
The next element of current in a unit area surrounding the 
current at the center will increase the current at the surface and 
decrease that in its own element, etc., as shown in Fig. 233 by 
the line HK. It is seen that the effect of the flux set up by the 

alternating current is to crowd the 
current toward the outer elements 
of the conductor and that this q|fect 
will be greater for large conductors 
than for small, for higher frequencies, 
for higher specific conductivities of 
material, and for conductors made 
of magnetic materials. In the case 
of conductors made of magnetic 
materials, the permeability varies 
with the flux density, and other 
losses are introduced owing to hys¬ 
teresis of the material. 

128. Some Common Equations for 
Skin Effect.—The losses in each con¬ 
centric element of the area due to 
resistance are proportional to the square of the current in that 
element and to. the resistance of that element. Hence, the 
equivalent resistance of a conductor carrying alternating current 
will be greater than when carrying a direct current of the same 
amount, since the mean of the square of the alternating currents 
is greater than the square of their mean values, i.e., the equivalent 
resistance of the conductor carrying alternating current is 



Fig. 233.—Current distribu¬ 
tion and distribution of the unit 
losses across a wire carrying an 
alternating current. 


•Md 


R = 


ohms, 


(863) 


where i is the effective current in each element; 

Rd/A is the resistance of each element due to direct current; and 
I is the total current in the wire, i.e., the algebraic mean 
of the various elements of current. 
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For ordinary frequencies of'transmission, the resistance of the con¬ 
ductor carrying an alternating current may be found as follows: 
Let R = the resistance of the wire in abohms for alternating- 
currents, 

Rd — the resistance of the wire in abohms for direct currents, 

CO = 27r/, 

l — the length of the wire, cm, 

P = the permeability of the material (assumed constant), 
p = the specific resistance in c.g.s. units, 
d — the diameter of the wire, cm. 

Then, for ordinary frequencies of power transmission and ordinary 
sizes of conductor, 


R - + ! sk ? - ms? + ■■■ ] <864> 

or 

* - 4 1+ w 1 ' - SiS? + • • • ] •* b ° hms ' (s65> 

For nonmagnetic materials, 

B = + J2 R? ~ 180 R? + - - • ] abohms, (866) 

or 

*- e ( 1+ W“5S‘ + ’ < 8 « 7 > 

The solution given by Lord Kelvin 1 and applied to high-fre¬ 
quency circuits used the Bessel functions in the solution of its 
equations as follows: 


R __ x (her x bei'x — ber'x bei x) 
R d ~~ 2 (ber'x ) 2 + {bei'x) 2 

where 


her x — 1 


x* 


x 4 


+ 


X r 8 


bei x = 
x = 7rd. 


2 2 * 4 2 2 2 * 4 2 * 6 2 * 8 2 

x 6 . x 1 


2 2 2 2 * 4 2 - 6 2 2 2 • 4 2 * 6 2 * 8 2 * 10 2 

P 

1 “ Mathematical and Physical Papers,”' Vol, III, p. 291, 


( 868 ) 

(869) 

(870) 

(871) 
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and where the new terms are Bessel functions and her' and bei' 
are the first derivatives of her and bei, respectively, in respect to 
x. The very complicated expression of Eq. (868) reduces, 
approximately, to the equation of a straight line 1 for values of x 
exceeding 3.0 and can then be expressed as 

= 0.25 + 0.355ttcL/^- (872) 

At 60 cycles and ordinary separation of the conductors, the 
proximity effect and the skin effect may be neglected for con¬ 
ductors of 250,000 circular mils or smaller. For copper or alumi¬ 
num conductor with steel core, owing to the skin effect, the 
alternating current is usually assumed as concentrated entirely 
in the outer elements, i.e ., in the copper or the aluminum. For 
iron and steel wire, the values of R and the loss vary with the 
current density as well as with the frequency and the size of 
wire, and these values are usually derived from tests rather than 
from calculations. For more exact calculations of skin effect, for 
proximity effect, and for values at intermediate frequencies, the 
solution and the calculation of values involve the use of Bessel 
functions. 


Example 79 

Find the resistance of 1,000 ft. of 1,000,000-circular-mil copper conductor 
at 20 °C. and 60 cycles. 

From Eq. (864), 

R = M 1 + ii£ ~ isSh + • •• ] abohms - ( §64 ) 

For this problem, R d = 0.0108 ohm = 108 X 10 5 abohms, l = 1,000 ft. 

= 30.48 X 10 3 cm, to = 2tt/ = 377, and 

R _ 108 X lO 5 ^ j 377 2 X 30.48 2 X 10 r > 377 4 X 3p8 4 X 10 12 A 

10 9 L 12 X l08 2 X 10 10 180 X T08 4 X 10 20 + ' ' * J 

ohms 

= 0.0108[1 + 0.09433 - 0.007120 ohms 

= 0.0108 X 1.08721 ohms 
= 0.01176 ohms. 

1 Webb, J. S., The Variation in the High-frequency Resistance and Perme¬ 
ability of Ferromagnetic Materials Due to a Superimposed Magnetic Field, 
Proc. I.R.E., Vol. 26, No. 4, April, 1938. 
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The a-c resistance at this frequency is seen to be 8.7 per cen^ greater than 
the d-c resistance lor this size of wire at the same temperature. The higher 
the temperature, the smaller will be this correction for a given size of wire. 
The higher the specific resistance or the smaller the size of wire, the smaller 
will be this correction. 


129. Inductance of a Single-phase Line.—The inductance of 
the two wires of a single-phase line may be determined as follows: 
In Fig. 234, let A and B repre¬ 
sent the two conductors under 
consideration, spaced D cm 
apart, the spacing of the con¬ 
ductors being considered large 
in regard to the diameter of the 
wires. The electromagnetic 
lines will enclose the conductors 
in circular paths having their 
centers nearly concentric with each conductor. 

Let D = distance between conductors, cm, 
a = radius of each conductor, cm, 
d — diameter of each conductor, cm, and 
i — current in each wire at any instant, abamp. 

Consider, first, the space outside the surface of conductor A. 
In the space dx cm wide and 1 cm along the wire and at a dis¬ 
tance x cm from the center of conductor A, the magnetic intensity 
will be 



Fig. 234.—Two wires of any trans- 


h = 


4:Trni 

~T~ 


oersteds, 


but, since n — 1.00 and l = 

h = = — oersteds. (873) 

%rx x 


The flux per centimeter along the conductor in this space is 
4> = /x X h X (area) maxwells, 

but, since the area of the path per centimeter length of conductor 
is dxX /jl .= 1.00 for air), then, for a given value of current, 

2 

d 4 > A = —-dx maxwells. (874) 

x 



324 


ALTERNATING-CURRENT CIRCUITS [Chap. XII 


Equation (874) being integrated from the surface of the wire A 
to S, where S is a very large finite distance, the entire flux pro¬ 
duced outside the conductor by the current i± becomes 


U 


-XW 

, s 


doc 

2i A — maxwells 
x 


= 2 %a log € — maxwells. 


(875) 


Consider, second, the flux produced by the current i flowing in 
conductor B and which surrounds the current in conductor A, z.e., 
that flux between the axis of A and S; then 


4>a = 




dx 

2 i B — maxwells, 
x 


(876) 


where x is now the distance of the ring dx from the axis of con¬ 
ductor B and concentric with B. Integrating Eq. (876) as 
indicated, 

S 

4>a = 2 i B log e -g maxwells. (877) 


Consider, lastly, the flux within the radius a of conductor A, 

ix.y the flux within the conductor. 
In this derivation, assume the ma¬ 
terial of the conductor as nonmag¬ 
netic and the current as distributed 
uniformly over the cross section of 
the conductor. This assumption 
will be close enough for ordinary 
spacing and diameter of conductors 
and for ordinary frequencies of power 
transmission. The more exact value 
may be derived at the same time 
Fig. 235 . Cross section of a with the skin effect of the conductor 

by the use of Bessel functions. In 
Fig. 235, the current in the portion of conductor A within the 
radius x from its center will be 



x z 

ix — — 2 U abamp, 


(878) 
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h x = 


4 Trni x 2 i x 


oersteds, 


2ttx x 

or, substituting the value of i x from Eq. (878), 


(879) 


h x = 


x% ( 2 \. 


2 \ “ oersteds 


= oersteds. 


(880) 


The portion of the flux in the ring 1 cm along the wire of radius x 
and width dx is 


d<f> x — nh x dx maxwells, (881) 

which, for nonmagnetic materials, becomes 

2 i A 

d<t> x = -^xdx maxwells (882) 


per centimeter length of wire. This flux interlinks with the 
portion of current 

i x = abamp (878) 

within this ring, or the linkages of flux and current are 

i x d<t> z — ^ ijd4>x • (883) 


The equivalent flux at the surface of the wire and interlinked with 
the entire current i A will be 

i A d4>A f = izd<i>x , * (884) 

or 

0*2 

d<t>A f = -gd<f>x maxwells (885) 


since this flux, for the same linkages, must be decreased by the 
ratio of increase in current enclosed, or 


d<t>A 


” a 2 \ a 2 / 


\xdx maxwells 


= ^tfdx maxwells. 


(886) 
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The equivalent total value of this flux at the surface of the wire 
for the entire current i.i is then 

<b A " = I ‘~£x 3 dx maxwells 
Jo a 

= j maxwells, (887) 

and for magnetic materials of constant permeability this becomes 
4>a" = maxwells. (888) 

z 


This flux is seen to be independent of the size of the wire; there¬ 
fore for conductors of all sizes the flux produced by a current 
within the conductor is equivalent to a flux <j> A ,r linking the entire 
conductor and depending only on the amount of current flowing. 
For each instantaneous value of alternating current, this flux 
will be the same as for an identical value of direct current 
except as modified by the skin effect as explained in a previous 
paragraph. 

Since, in a single-phase line at any instant, 




-i B = i abamp, 


(889) 


the total flux interlinked with the current in condugtor A will be 
the sum of the amounts given in Eqs. (875), (877), and (887), or 


<f> = 2 i log* — — 2 i log* ^ maxwells 
a jj z 

= 2 i log* — + - maxwells 
a z 


(890) 


per centimeter length of wire A, for nonmagnetic materials. For 
magnetic materials, Eq. (890) becomes 

<f> = 2i log* ~ + y maxwells. (891) 

The emf induced along A due to a change in this flux is a 
function of the time and not of the dimensions already con¬ 
sidered. Applying Faraday’s law, 

6i = — abvolts, 


( 2 ) 
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e x = 


21o ge | + I 


— abvolts 
at 


— L-j- abvolts. 
at 


(892) 

(47) 


From Eqs. (892) and (47) or from the definition of inductance as 
the coefficient of di/dt, 

L = 2 log £ ~ + K abhenrys (893) 

a u 

per centimeter length of wire for nonmagnetic materials, or 

L = 2 log. — + ~ abhenrys (894) 

a Hi 


for magnetic materials. 

Reducing from c.g.s. to practical units, 


L = 


2i ° ge | + i 


10~ 9 henrys 


(895) 


per centimeter length of wire. Reducing to common logarithms 


2 X 2.31 logic - + \ |l0- ! 


4.62 logio ^ + \ 


a ' 2 

10~ 9 henrys 


(896) 


per centimeter length of wire. Since there are 1.61 X 10 5 cm in 
1 mile, 

L = 1.61 X 10^4.62: 

0.00074 logio ~ 4- 0.00008 henrys (897) 

per mile of wire for nonmagnetic materials. For approximate 
calculations, it is sufficiently accurate to use 

2D 

L = 0.00074 logio — henrys 


(898) 
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per mile of wire, particularly where the wires are small and 
spaced at a considerable distance from each other. Considering 
the complete line of two wires, 

on 

L - 0.00148 logxo -j + 0.00016, (899) 

or, approximately, 

on 

L = 0.00148 logio -j henrys (900) 

per mile of line, for use with single-phase distribution systems or 
single-phase transmission lines. 

130. Reactance of Lines Due to Inductance.—The reactance 
of the line is found from the preceding equations for the induc¬ 
tance and the value of co, as 


x — uL ~ 2tt/L ohms, 


(71) 


where L is in henrys from Eqs. (895) to (900), above. It should 

be noted in Eqs. (895) to (900) that D/a and 2 D/d are ratios 

so that the dimensions of the wires 

and the distances between the wires /mrt, 

may both be measured in inches * r\ 

or other units as well as in centi- / / \ \ 



Fig. 236.—Low triangular arrange¬ 
ment of wires in a three-phase trans¬ 
mission line. 


Fig. 237.—High triangular ar¬ 
rangement of wires in a three-phase 
transmission line. 


meters, since multiplying both the numerator and the denomi¬ 
nator of these ratios by the same unit of conversion does not 
change the numerical value of the fraction. 

131. Inductance of Three-phase Transmission Lines.—The 
early three-phase transmission lines were constructed with the con¬ 
ductors equally spaced at the corners of an equilateral triangle, 
called “delta configuration.” For single lines, one conductor was 
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mounted on an insulator supported on top of the poles and the 
other two conductors on insulators on a single crossarm at the 
proper distance below the first conductor to give equal spacing 
between the conductors, i.e ., an equilateral triangle. When 



Fig. 238.—Uniform horizontal Fig. 239.—Nonuniform hori- 
spacing of duplicate lines in a zontal spacing of wires in a 

three-phase transmission system. three-phase transmission line. 


duplicate lines were necessary, it was customary to use either 
two separate lines, or two crossarms with the wires properly 
arranged to secure uniform spacing for each line or from line to 
line. With the advent of the overhead ground wire for lightning 



Fig. 240.-—Uniform vertical spac- Fig. 241—Vertical low tri- 
ing of duplicate lines in a three-phase angular spacing of wires in a 
tra nsmi ssion system. three-phase transmission line. 


protection and the use of steel poles and towers with longer 
spans, unequal spacings became common. Figures 236 to 241 
illustrate a few of the common unequal spacings. Figure 236 
is a horizontal low triangular spacing; Fig. 237, a high triangular 
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spacing; Fig. 238, a uniform horizontal spacing, with duplicate 
lines; Fig. 239, a nonuniform horizontal spacing; Fig. 240, a 
uniform vertical spacing with duplicate lines; and Fig. 241, a 
vertical low triangular spacing used to give greater vertical 



Fig. 242.—Arrangement of conduc¬ 
tors before transposition. 


e as 



Fig. 243.—Arrangement of conductors 
after first transposition. 


clearance between wires. For each of these nonuniform spacings, 
except Fig. 237, it is seen that Dz is greater than Di or D 2 . 

In order to equalize the spacings of the conductors over the 
entire line as regards each of the other conductors as well as to 
reduce the danger of interference by induction with other 

parallel lines, either power or corn¬ 
el munication, the transmission line is 
transposed between stations in mul- 
>j tiples of three transpositions of 
->i e q Ua j ag shown in Figs. 242 

*» Three (repositions » 

sufficient for equalizing the spacings 
of the power line, but, to eliminate disturbances with adjacent 
telephone lines it is necessary to transpose three times, or in multi¬ 
ples of three, in each section of the line paralleled by a telephone 
line or major change in distance between transmission and tele- 



C B A C 



Fig. 245. Transposition of the three conductors of a three-phase transmission 

line. 


phone line. The telephone line must also be transposed as well as 
protected by special devices if the lines are relatively close 
together. In consequence of the unequal spacing of i}he con¬ 
ductors and the transpositions, the equation for the inductance 
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of a three-phase line must contain a development for an equiva¬ 
lent uniform spacing. 

Let Fig. 242 represent any spacing of conductors in a three- 
phase system. The flux interlinked with the current i A in A 
will be, from Eqs. (875), (877), and (887), 

4>a = -jr + 2 Lt log 6 ~ + 2 i B log e “ + 2i c log e maxwells. 

Xr a Ul JJ 3 

(901) 

After the first transposition of the line (Fig. 243), 

= w + 2th loge “ + 2 is loge “Jr- + 2 ic loge 77- maxwells 

X d JJ 2 JJl 

(902) 

and, after the next transposition (Fig. 244), 

4>a"' = w + 24 log. - + 2 t B log. A + 2 *' c log. A maxwells, 

x a 1/3 1^2 

(903) 

For equal transposition spacings, the average flux interlinked 
with Li will be 

4>a = + 4u”'] maxwells, (904) 

or 

= t + 24 log< 5 + i (< * + * c) Ioge (5; x A x 5;) 

' + 2 (Li + 4 + 2 c) loge >8 maxwells. (905) 

In Eq. (905), 

Li + in + ic = 0 abamp, (906) 

for an ungrounded three-phase system, Le., a three-wire three- 
phase system without grounded neutral, and Eq. (905) becomes 

+ 2u log< 5 " r log< ( i>i x Jixj ) maxwells (907) 

= ^ + 2u log. - + A log. (Di X Da X D.) maxwells (908) 
2 do 

= ^ 4- 2u log. X D 2 X D 3 maxw kll S . (gog) 

X U 
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Hence, since 

e ^ = N Tt =L Jt abvolts ’ 

then 

La = \ + 2 log* V-Pi x Ha X _ £ >3 abhenrys ( 910 ) 

per centimeter length of wire and of line, and 

L a 0.00074 logio 2V/£>1 + 0.00008 (911) 

henrys per mile of line. Comparing Eq. (910) with Eq. (893) 
and Eq. (911) with Eq. (897), it is seen that 

D - \/Di X Z> 2 X D* (912) 

is a mean spacing of conductors. If the conductors are placed 
at the corners of an equilateral triangle, this mean spacing 
becomes the actual spacing, since, in that case 

Di — D% = Dz — D. 

It is also apparent that the inductance per wire of a three-phase 
line with balanced loads is the same as the inductance per wire of 
a single-phase line for the same spacing. The reactance will be 
found as 

xl = 2-jrfL ohms 

= 2 tS 0.00074 logio 2 ^ Dl X ^ £>2 X 2)3 + 0.00008J (913) 

ohms per mile of wire or line. 

Example 80 

Find the inductance, resistance, and reactance at 75°F. of a 33,000-volt 
three-phase 60-cycle transmission line 40 miles long constructed of No. 2 
B. & S. copper wire spaced at the corners of an equilateral triangle 30 in. 
on a side. 

From the wire table, 

resistance of 1,000 ft. of No. 2 wire = 0.159 ohm at 20°C. 

= 0.1615 ohm at 75°F., 

nr * 

R = 5.280 X 40 X 0.1615 = 34.1 ohms. 
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From Eq. (912), the inductance in henrys per mile is 


where 


£mi. = 0.00074 logio -j + 0.00008, 


d = 0.258 in., D = 30 in., 
2D , 2 X 30 


0.258 


= 2.377, 


logio = logi 

D mi . * 0.00074 X 2.377 + 0.00008 
= 0.00184 henry. 

The total inductance becomes 

D = 40 X 0.00184 = 0.0736 henry 

and the reactance, 


xl « 2tt/L = 2t X 60 X 0.0736 
= 27.8 ohms. 

Example 81 

What are the inductance, resistance, and reactance of two wires of 
Example 80 used as a single-phase line? 

R = 2 X R (per wire) 

= 2 X 34.1 = 68.2 ohms, 

L - 2 X 0.0736 = 0.1472 henry, 

and 

Xl — 2 X 27.8 = 55.6 ohms. 

Example 82 

♦ 

Find the inductance and reactance of the line of Example 80 if the wdres 
are placed on the same cross arm 30 in. from the middle wire to each of 
the outside wires? 

From the problem, 

Di = 30 in.; Da = 30 in., D 3 = 60 in., 
and from Eq. (912) the mean distance is 

D = ^30 X 30 X 60 = 37.8 in., 

and, since 

7 2D , 2 X 37.8 0 XOA 

log* 0 ~d = lo g‘° -0.26 1 " = ’ 

L = 40(0.00074 X 2.480 + 0.00008) 

~ 0.0767 henry, 

and 

x L = 377 X 0.0767 = 28.9 ohms. 

132. Design Conditions Affecting the Inductance Equation.— 

The inductance equations for single- and three-phase lines, as 
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derived in this chapter, assume a solid conductor of unit per¬ 
meability and with uniform distribution of current over the cross 
section of the conductor. These equations are sufficiently 
accurate for even smaU spacings if proximity and skin effects 
may be neglected. As was explained before, the proximity effect 
is small except in cables at very narrow spacings. The skin 
effect is also small in its effect on inductance except for large 
conductors at narrow spacings, for high frequencies such as 
switching conditions and lightning surges, or for wires in which 
the permeability is considerably greater than unity. If the entire 
current of the conductor is in the outer layer, it will reduce the 
constant term in the inductance equation to zero; hence, the 
skin effect tends to reduce the inductance only slightly for con¬ 
ductors of unit permeability. Both the proximity effect and the 
skin effect have a greater influence on the resistance than on the 
inductance of the line. 

For stranded conductors, the diameter of the wire to be used in 
the inductance equations is some value between that of the 
actual conductor and that of a solid conductor of the same cross 
section. When the diameter of the equivalent solid conductor 
is used, the inductance will be too large by perhaps 2 to 3 per cent. 
For copper-clad wire and for steel-reinforced aluminum cables, the 
magnetic effect of the steel core is usually neglected and the cur¬ 
rent is considered as flowing in the quter conducting layers. This 
effect reduces slightly the value of the constant term and reduces 
the inductance below the value for the same conductivity of 
aluminum in a solid conductor. The same is true for a steel- 
reinforced copper conductor or for stranded conductors with hemp 
cores. 

Any percentage change in the spacing of the conductors of a 
transmission line to accommodate the design to different voltages 
or altitudes will change the inductance of the line by adding 
to the original inductance 0.00074 times the logarithm of the ratio 
of the spacings. Any change in the size of wire for the same 
spacing will effect the inductance in the opposite manner to the 
change in spacing. 

133. Capacitance of a Transmission Line. —Every pair of 
wires separated by any insulating medium has a capacitance 
depending upon the area of the metallic surface of the conductor, 
the separation of the conductors, and the character of the 
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dielectric. For short low-voltage transmission lines, the charg¬ 
ing current is neglected; however, this does not mean that these 
lines have no capacitance, but that this effect is not of sufficient 
importance for consideration in the steady operation of these lines. 
For long transmission lines, the voltage must be high for efficient 
transmission of power, and the charging current of the line is 
greater owing to the increased area of the conductor as well as to 
the higher voltage of the line. At the same time, the load 
current for a given amount of power is less for the higher voltage 
of transmission, and the value of the charging current and its 
effects may not be neglected as is done for the short low-voltage 
lines. In order to calculate the charging current, the capacitance 
of the line must be known. 

For the first consideration, take two wires of a transmission 
line A and B , Fig. 246, spaced S 
cm apart. These wires are sup¬ 
posed to have no dimensions other 
than length, and each * wire is 
charged with q units of charge per 
unit length. From the definition 
of the potential of a point, as the 
work in ergs required to bring a 
unit charge of positive electricity 
from the boundary of the field to that point without disturbing 
the distribution of the electrostatic lines, the potential of the 
point P is found from 

Fds = — dv ergs, 
or 

F = —— dynes (914) 

where F is the average force, dynes, 

ds is the differential distance, cm, and 
dv is the change in potential in distance ds, 
the negative sign being used in Eq. (914) since the potential 
increases as s decreases, or as the charge causing the difference 
in potential is approached. With two parallel wires, the forces 
may be considered in a plane perpendicular to the axes of the 
wires rather than in all space, as about a point, which eliminates 
the use of space coordinates. 


P 



Fig. 246.—A point P in relation to 
two conductors A and B. 
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The force exerted on a unit charge at any point is numerically 
equal to the intensity of the electric field at that point, and since 
the intensity of the field at a distance r is 

then 

F = ~Ts = T dyues ( 915 ) 


per unit charge, air being assumed as the dielectric. Take C, 
a point midway between A and B on line AB , and consider the 
charge per centimeter length to be on A and — q on B. The 
potential difference between C and P due to A is V A — V2, 
where V A is the potential of P and V2 is the potential of C due 
to the charge on A. Since the difference in potential is measured 
by the amount of work required to move a unit positive charge 
from one point to the other, 


dv A __ 2 q 
dr r’ 


(915) 


the difference in potential between P and C becomes 


Fa - V 2 




= 2 q log 



Due to conductor B this difference in potential is 


(916) 


V B - V2 = 


-2 q log, 


2 r 6 * 


(917) 


The potential difference between P and C due to both wires is 
the algebraic sum of the two potentials, represented by Eqs. 
(916)^tnd (917), or 

V = V A + V B ~ (TV + V2) = V A + Vs, (918) 


W2 + V B ' 
Hence, 


— 0, C being a point of zero potential by sym- 


v = 2 q log, p. 

•a 


( 919 ) 
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For a given spacing of the wire, the locus of all points having 
the same potential as P will be determined by making the ratio 
n /r a a constant. Let the coordinates of the point P with the 
origin at A (Fig. 246) he x and y, then 

rP = OS - x)> + y\ 

Tp = X 1 + V 2 - 

The square of the ratio of the distance will be 


Hence, 


rP _ & - 2Sx + x 2 + 

Tp ~ & + y 2 

S 2 - 2 Sx 


kP. 


( 920 ) 


X 2 + V 2 W 1 
a: 2 + + (k? - lT* + ** 


S 2 


S 5 


+ (kj - l) 2 ’ 


or 


(* + pvj)' + »' ■ «f 

(921) 



S 2 kP 

JkP rzr W 

This is the equation of a circle ^ 247 .— Two conductors of a trans- 
SkiA mission system. 

(Fig. 247) of radius a = JTTZTl 

and with its center displaced from A by the distance 

S 


AA ' ~ kP - l’ 


but 


AA 


7 — 


SJca 2 


Then 


BA' _ S + AA' = kPjzl = U. 
a a - 

kP - 1 

_a_ _ BA’ } 

AA' a ’ 

(AA')(A'B) = (A'B)(A'B - S) = « 

^ = (A'A)(A'A + S) = a 2 - 


(922) 

(923) 

(924) • 

(925) 

; (926) 
(927) 
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In a similar manner, it may be shown that the equipotential line 
about B passing through the point P' is a circle of radius, 

t Sk B 
6 = 


vith its center displaced a distance, 


from B y where 
Hence, 


B'B = 


8 


k B = 


k B 2 - 1 
r a 


n 
b 

BB f 

B'A _ S + B'B 
b b 


kjB, 


kb, 


and 


(B'B) (B'A) = (B'A) (B'A - S) = fe 2 
= (B'B) (B'B + S) = b\ 


(928) 

(929) 

(930) 

(931) 


Lines of electrostatic force show the direction of the force 
acting on a unit positive charge if placed at any point within the 
field. Since this force can at no place have a component along 
an equipotential line or surface, the lines of electrostatic force 
must at all points be perpendicular to the equipotential lines. 
It can be shown that the electrostatic lines are circles passing 
through A and B with their centers receding along the zero 
potential line ah (Fig. 248). In Fig. 247, GPG' and HP'H' 
represent two equipotential surfaces with centers at A' and B' } 
D cm apart. Since all points within a conductor must be at the 
same potential, if solid conducting cylinders of radii a and b 
are placed with their centers at A' and B', the charges q and 
— q will be distributed over their surfaces in such a way that the 
potential of the surfaces GPG' and HP'H' will not be altered. 
The electrostatic field external to the conductor will, therefore, 
remain in intensity and distribution as though the charges were 
concentrated along A and B. 

The potential of the conductors with centers at A' and B' will 
be that of any point on their surfaces such as G and H. From 
Eq. (919), 
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V A = 2 q log. ^ = 2q log. 

and 

V B = 2 q log, ^7 = 2 2 log. 

and the difference of potential between A and B is 


Va - V B 


2 q log, 


[(!§)(«)] 
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(932) 

(933) 


(934) 



Fig. 248. —Electrostatic and electromagnetic lines about two conductors. 

By tile .definition of capacitance as VC = q, 

Va - V B = (935) 



( 936 ) 
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Is the capacitance per unit lengt 

(929), 

BG __ n 
AG r a 

and 

1! 

II 

then 

(BG) (AH) 
(AG) (BH) 

or from Eqs. (936) and (939), 


i of line. From Eqs. (924) and 
t>a f 

k A = (937) 

0 / 

A R' 

k B = zf-; (938) 

(MMA), (989) 




2 log. 


(BA')(AB')' 

ab 


(940) 


From Eqs. (926), (927), and (930), 


(A'BY - (A'B)S = a\ 


(941) 

(A'AY- + {.A'A)B = a\ 


(942) 

and 



(B'AY ~ (B'A)S = b\ 


(943) 

Solving these quadratics, 



A ' B - | + >/*’ + T' 


(944) 

A'A = - | + yja 2 + ^ 


(945) 

and 



£'A-f + ^ + f. 


(946) 

From Mg. 247 and Eqs. (945) and (946), it is seen that 


D = B'A + A'A = ^ja 2 + f + yjb* + 

(947) 

From Eqs. (944) and (946), 



(A'B)(B'A) - f + |^ + f + tJv + f 

: 



k?. 

(948) 
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and 

(A'B)(B'A) = f ^ T^yjb* + f • (949) 


The value of ( BA f )(AB') must be expressed in terms of the 
known dimensions of the line, i.e., the radii a and b and the 
spacing of the line wires Z>, before it can be substituted in Eq. 
(940). Squaring both sides of Eq. (947), 


D 2 = a 2 + f + 2f \p + | + & 2 + J 

= 4"+ 2 V a2 +?V 6+a2 + 62 ’ 


or 


D 2 — a 2 — b 2 
2 



(950) 


Squaring both sides of Eq. (950) and collecting terms not con¬ 
taining &, 



- ^ = f [ 2 ?+ 2 V a 2 + iV fc2+ f 


+ 


a 2 + 5 2 


S 2 


or 



(951) 


Substituting Eqs. (950) and (951) in Eq. (949), 


(. B'A)(A'B) = 


D 2 - a 2 -b 2 
2 + 


Equation (940) then becomes 



- a 2 6 2 . 

(952) 



1 _ 

2 log e (a + \/« 2 1) 


(953) 

(954) 
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where 


I> 2 — a 2 — 5 2 


2 cosh -1 a 


For tr ansmissi on lines, each conductor is an equipotential sur¬ 
face and the conductors have the same radius a, D becoming the 
distance between the centers of these conductors. Putting 
a = b in Eq. (955), 

£> 2 - 2 a 2 


ID 4 - 4D 2 a 2 + 4a 4 


= 2^VD 2 - 4a 2 , 

/-=- T 2[Z> 2 - 2a 2 + DVD 2 - 4a 2 ] 

V “ L = -4a 2 - 

_ D 2 + 2D\/J5 2 - 4a 2 + Z> 2 - 4a 2 
4a 2 

- ( g - tyg^g y, ( » 


and Eq. (954) becomes 




4 cosh -1 ~ 
a 


where d is the diameter of the conductor. But, since D is large 
compared with the diameter of the wire. 
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~ ,, D “ 2S 

4 1og <¥ 4 log. 

may be taken as the capacitance of 1 cm length of line in electro¬ 
static units, for approximate results. 

In order to make the above equations useful in calculations, 
they must be reduced to either c.g.s. or practical units in the 
electromagnetic system. The ratio between the electrostatic 
unit of emf and the c.g.s. unit of the electromagnetic system 
is the square of the velocity of light in centimeters per second, or 
(3 X 10 10 ) 2 . Hence, C in c.g.s. electromagnetic units is 

r _ C (in electrostatic units) 
c ’ 2 - 8 * “ (3 X 10 10 ) 2 


C f ar ada = Cc*.s. X 10 9 , 

^microfarads — Ofarads X 10 6 . 


Hence, 


/~i _ G (in electrostatic units) X 10 15 

° microfarads (3X 10 10 ) 2 

= 1.11 X 10 6 G electrostatic • 

Applying the conversion factor of Eq. (966) to Eq. (960), 

„ 1.11 X 10~ 6 , 

v - 1 ) *** 

4 cosh -1 -j 
a 

per centimeter length of line, or 

C = ( L11 x 10~ 6 )(l>bl X IQ 5 ) 

4 cosh" 1 ~ 


0.0447 

cosh -1 — 
d 


per mile of single-phase line, or, from Eq. (959), 

0.0447 


+ -V % 



( 969 ) 
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per mile of single-phase line, or, for approximate results, 



0.0447 


log. 


2D 


(970) 


Redu cin g Eqs. (969) and (970) to common logarithms, 

0.0194 


C 


log io 


+ 


W 7 


or 


„ 0.0194 , 

0 .-I i \ /d 


logio 


2D 

d 


(971) 


(972) 


per mile of single-phase line. Equations (971) and (972) may be 
written, 

c-, _ °- 0388 . . , (973) 


los “ [§ + - K 


0.0388 
i 2D 

logl ° T 


Mf 


(974) 


per mile of wire to neutral since two condensers each of capaci¬ 
tance 2 C in series between lines may be considered as replacing 
the single capacitance of Eqs. (971) and (972). Each of these 
condensers of value 2 C may then be considered as being between 
one line and neutral. 

The capacitance of any conductor to ground may be found by 
the method of images. In Fig. 247, it is seen that the line 
through C is a straight line perpendicular to the line AB. Hence, 
the assumption may be made that the ground, being a conductor, 
is this zero equipotential line and that conductor A is D cm 
above conductor B , its image. If h is the average distance of 
conductor A above ground, then D = 2h and the value of the 
capacitance of A to ground is 


0.0388 
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The value of the capacitance of each conductor to ground is 
usually small and is neglected in the calculation of transmission 
lines within ordinary accuracy. The value of the capacitance in 
Eq. (975) is in microfarads per mile of wire where h is the distance 
above ground in the same units as d. 

134. Capacitance of a Three-phase Line.—For a three-phase 
line with conductors A, B, C placed at the corners of an equi¬ 
lateral triangle, the capacitance of conductor A to conductor B 
cannot be affected by any charge on conductor C. Hence, the 
capacitance of A to any point on the neutral plane will be 

C = --° 3 ^ Mf (976) 

lo gl o -j- 


per mile of wire. The capacitance of C is likewise the same in 
regard to either A or B. In this case, the three equipotential 


c 

o 



Fig. 249.—Arrangement of con¬ 
ductors and neutral planes of a three- 
phase transmission line. 


C 

Q 


aqT b 

Fig. 250.—Capacitance of a three- 
phase transmission line. 


planes of zero potential are perpendicular bisectors of each side 
of the triangle formed by the conductors, and they meet at the 
neutral point of the triangle (Fig. 249). This system of con¬ 
densers may be replaced by three condensers of capacitance C to 
neutral as shown hi Fig. 250. Hence, the capacitance of 
each wire to neutral for a delta spacing is given by Eq. (976). 
For unequal spacing of a transposed line, the same mean spacing, 


D = V-Di XftX D h 


( 912 ) 
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may be used in the equations for capacitance as was used for 
the inductance of the same three-phase line, when considering 
emfs. of the primary frequency. For triple frequencies, however, 
and for capacitance to ground, residual voltages of a different 
character result for the different configurations of the line, result¬ 
ing in danger of interference by capacitive inductance with 
neighboring communication circuits. 

It should be noted that since 

on 

L = 0.00148 logio -j- henrys (approximately) (900) 

and 

C = M f (approximately) (972) 

i° E „f 

the product of the capacitance in microfarads and the inductance 
in henrys is a constant, as 

2D 

0.00148 logio -r X 0-0194 

«- 7 - 4 — 

= 28.7 X 10- 6 , (977) 

which is independent of the size of the wires and their spacing 
within the accuracy of Eqs. (900) and (972). If L is expressed 
in. henrys and C in farads per mile of conductor, then the recipro¬ 
cal of the square root of their product is the velocity of light in 
miles per second. 


Example 83 

Calculate the capacitance of 150 miles of a 66,000-yolt three-phase 
transmission line constructed of No. 2/0 B. & S. copper conductors spaced 
6 ft. apart at the comers of an equilateral triangle. 

Diameter of wire from table, d = 0.3648 in., 

Distance between centers, D = 72 in. * 

From Eq. (973), 


C - 


0.0388 


—[5+VC?)*-‘] 


4 


(973) 
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per mile of conductor, or, substituting values of D and d, 
c _ _ 0.0388 _ 

logl ° [oSis + V(o^Es) S “ X ] 

= _ 0.0388 _ 

logio [197.4 + VWfT* - ll 
0.0388 _ 0.0388 

logic 394.7 2.596 

- 0.0149 ix f per mile. 

For the total length of line, 

<7 = 150 X 0.0149 = 2.24 M f. 

Using the approximate equations, 


0.0388 

i 2D 

logzo -j- 


0.0388 

2.596 


0.0388 

144 

logl ° (X3648 
= 0.0149 /if per mile, 


or the two results agree with sufficient accuracy. 


Example 84 

Suppose that the wires of Example 83 are vertically above each other, 
with 6 ft. between the middle wire and each of the other two wires. Since 

D = \/Di X U 2 X Dz, (912) 

D = 

» 72\/2 = 90.8 in., 

and ‘ 

„ _ 0.0388 __ 0.0388 

° ^ 2 X 90.8 2.698 

l0gx ° 0.3648 
= 0.0143 ixf per mile, 
or 

C = 150 X 0.0143 - 2.15 /if. 

135. Charging Current, Reactance, Susceptance.—A trans¬ 
mission line of capacitance C farads to neutral and of length 
such that the emf is approximately constant over the whole 
line has a charging current 

I c = 2irfCE N amp, 


(978) 
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where I is the current for each wire, 

C is the capacitance in farads to neutral, and 
E is the voltage to neutral. 

The capacitance of a single-phase line to neutral is twice the 
capacitance from wire to wire or per mile of line. For a poly¬ 
phase line, the capacitance to neutral should always be used in 
the calculation of the line characteristics. The capacitive 
reactance is then 

Ie = f = p ohm? ’ (118) 

and the capacitive susceptance is 

b c = — = Tl = 2-rrfC mhos, (979) 

since the resistance in series with the charging current path may 
be neglected. 

136. Corona Phenomena on Transmission Lines.—Under 
ordinary atmospheric conditions, air is very nearly a noncon¬ 
ductor of electricity and it is so considered for low voltages. 
It is well known, however, that an electric current may be sent 
through a vacuum at low voltages and also through air at 
ordinary pressure if the voltage applied is sufficient ; e.g., when the 
voltage applied between two needle points is gradually increased, 
a voltage is finally reached when a faint purplish glow appears 
and extends outward from the points and a faint hissing sound 
is heard. If the voltage is increased much above this value, a 
disruptive spark passes between the points, followed by a 
continuous rush of current along the ionized path until the arc 
is broken by lowering the voltage or by the lengthening of the 
path by the heated arc stream rising and becoming longer. 
These same effects may be observed in the case of the smooth 
cylindrical wires of a transmission line. In this case, the first 
evidence of a breakdown in the air appears as streamers or brush 
discharge from dust particles or irregularities on the surface of 
the conductors, similar to the discharge from the needle points. 
At a slightly higher voltage, corona appears as a glow spreading 
nearly uniformly along the entire length of the wire, the hissing 
sound becomes pronounced, and a faint odor is noticeable due to 
compounds of oxygen and nitrogen being formed in the air as 
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well as to the production of ozone from the oxygen of the air. 
Since these phenomena are an evidence of a loss of energy, a watt¬ 
meter placed in the circuit will indicate power- input to the line 
although there is no load at the receiving end. 

The phenomena of brush discharge, or corona, and the subject 
of the conductivity of gases in general have been studied by many 
scientists, but a detailed discussion of the many theories advanced 
is not within the scope of this text. The subject remained of 
scientific interest only and of no practical importance to the 
engineer until the voltages used for transmission reached such 
a value that corona appeared at the spacings used for the higher 
voltage systems; and it became necessary to determine the mini¬ 
mum spacing for different sizes of wires at the different voltages 
then in use or contemplated for new designs. The earlier 
research being limited to laboratory conditions, it became neces¬ 
sary to apply the results of these investigations to practical 
operating conditions of transmission lines. This involved 
experimental research on a large scale at great expense and as 
nearly as possible following actual ’conditions of climate and 
other determining factors. This was followed by laboratory 
work under controlled conditions to determine the variables of 
the problem and the effect of a variation of each of these deter¬ 
minants. The brief summary presented here is taken from the 
extensive research and published results of F. W. Peek, J. B. 
Whitehead, and others, the empirical equations presented being 
taken from these sources. The use of such equations is essential 
in the calculation of the operating characteristics of a transmission 
line, if corona is present, and to obtain the proper dimensions of 
the line before it is constructed. 

According to the electron theory, air, under ordinary condi¬ 
tions, contains very few free electrons and, hence, its conductivity 
is very low. When a low voltage is applied between the two 
conductors, any free electrons in the air near the conductors are 
set in motion. As the potential is increased, the velocity, and 
hence the kinetic energy, of the electrons is increased. The 
moving electrons collide with the atoms of the air, but, as long as 
their kinetic energy is less than a certain minimum, the impact is 
elastic and the electrons are reflected without loss of energy. 
If the kinetic energy is greater than this amount at the time of 
collision, free electrons are detached from the atoms of the air, 
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leaving positively charged atoms or ions, and the air is said to 
become ionized by the collision. The kinetic energy of the 
electrons is determined by the voltage gradient along the line of 
motion. When the voltage gradient exceeds the dielectric 
strength of air (30 kv per centimeter) for a definite radial dis¬ 
tance beyond the surface of the conductor, the kinetic energy, 
or the hmv 2 / 2 of the moving electrons, is sufficient to produce 
ionization, the conductivity of the air is greatly increased, and 
corona appears for the radial distance represented by the limits 
of the ionization. 

137. Disruptive Critical Voltage.—The voltage gradient at a 
distance x cm from the center of a conductor is given by the 
expression 

= v x = —kv per centimeter, (980) 

ax , ZJJ 

xloge T 


where v £ is the voltage gradient, kv per centimeter; 
E m is the maximum kv to neutral; 

D is the spacing of the conductors, cm; 
d is the diameter of conductors, cm. 

The gradient at the surface of the conductor is 


v = 


Em 


d . 2D 

2 log <ir 


kv per centimeter. 


(981) 


The voltage that will produce the critical gradient of 30 kv per 
centimeter at the surface of the conductor is, therefore, 

Em o = 301 log 6 — kv (982) 

to neutral. This is called the “disruptive critical voltage,” but 
corona cannot start at this voltage because the gradient is less 
than 30 kv at any finite distance beyond the conductor surface. 

138. Visual Critical Voltage.—Since for a given spacing and 
voltage, the voltage gradient at the conductor surface increases 
with a decrease in the diameter of the conductor, it would appear 
that the radial distance over which the critical gradient of 30 kv 
per centimeter must be exceeded in order to produce corona would 
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be less for small wires than for those of larger diameter. This has 
been found to be true and it has been experimentally determined 
that, for corona to form, the voltage gradient must exceed the 
critical value for a radial distance of 0.301-\/d72 cm beyond the 
surface of the conductor. Thus, when visual corona appears first, 
the gradient is known to be equal to 30 kv per centimeter at a 
distance of 


* = | + 0.301 J| cm 


(983) 


from the center of the conductor. The voltage to produce this 
condition is found by substituting these values in Eq. (980), 



i 2Z>. 

log ‘ IT ^ 

i 2D, 
log, -j kv 


(984) 


to neutral. This value of voltage is called the “visual critical 
voltage.” 

139. Spark-over Voltage.—If the impressed voltage is 
increased above the value for the visual critical voltage at which 
corona first appears, the region of the corona spreads rapidly in a 
radial direction from the conductors and at a certain voltage a 
disruptive spark jumps from one conductor to the other. The 
voltage at which this occurs is called the “ spark-over voltage.” 
This is given by the expression 


0 . 01 ^\ 

■E m =30^1+—log^kv 


(985) 


to neutral. It is seen that, when 

~ = 30.1, E m = E m kv, 
a « 

spark-over occurs at the same time that corona forms. At 
smaller ratios of spacing to diameter, spark-over will occur before 
corona forms. 
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140. Corona Loss in Transmission.—When the voltage 
between the conductors is below the value E m ^ the energy loss 
in the air dielectric is negligible. Above this voltage, however, 
the loss becomes appreciable, increasing very rapidly with an 
increase In voltage, and it can be measured by the use of a 
wattmeter connected into the line. It has been found by experi¬ 
ment that the corona loss varies as the square of the excess 
voltage above the effective value of the disruptive critical voltage 
Eo. This loss is not independent of the frequency, but consists 
of a constant component and a component varying directly 
with the frequency, the loss being given by the expression 


P c = 241 JA (f + 25) (E - E a y kw/km. (986) 


Some of the factors affecting the corona loss at a given voltage 
are the diameter and spacing of the conductors, air density, 
surface condition of the conductor (such as rough or smooth, 
solid or stranded), wave form of the voltage, and some weather 
conditions, particularly snowstorms. These factors are discussed 
below. 

Diameter and Spacing of the Conductors .—An inspection of the 
above equations will show that, for a given spacing, D, Em c , and 
Em v increase rapidly with an increase in the diameter d. With 
a given diameter of conductor, an increase in the spacing produces 
a similar effect but to a smaller degree, since D enters only in 
the logarithmic term. The corona loss is decreased by an 
increase in D and also by an increase in d , since the effect of an 
increase in d on the term a/ d/2D is less than on the last term 
(E - Eo)\ 

Air Density .—The density of the air affects the process of 
ionization, lower densities permitting the corona to spread to a 
greater distance for the same voltage gradient, and hence it has 
an effect on all the quantities considered. Since the density of 
the air varies directly as the barometric pressure and inversely 
as the absolute temperature, the density correcting factor is 


3.926 

273 + t 


( 987 ) 
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where b is the barometric pressure, cm of mercury, and 
t is the temperature, °C. 

Under standard, or sea-level, conditions (76 cm and 25°C.), the 
value of the air-density factor is 1.00. 

Conductor Surface .—The experimental data from which the 
above expressions were derived were obtained from smooth, 
polished wires. For weathered wires or stranded cable, the 
voltage must be reduced by a constant m depending on the 
condition of the surface. These correction factors will be 
discussed later in their application to the different voltages 
considered. 

Wave Form 4 —The expressions for the voltages are given above 
in maximum values which can be easily converted to effective 
values for sine waves by dividing by V2. For peaked voltage 
waves, the effective voltages are lower, and for flat-topped waves 
they are higher than for sine waves of the same maximum values. 
For the determination of corona voltages and corona losses, the 
crest factor of the wave should be determined. 

141. Corona Calculations.—Introducing the various correc¬ 
tion factors, expressions may be obtained for use in calculation 
of the characteristics of transmission lines, all quantities being 
expressed in metric units and sine waves of voltage being assumed. 
Disruptive critical voltage, 

E 0 = 21.1m 0 <^ log, kv, (988) 


effective to neutral. 
Visual critical voltage, 



effective to neutral. 
Spark-over voltage, 




kv, 


(989) 


(990) 


effective to neutral. 
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Power loss, * 

Pc = + 25) (E - EoY (991) 

kilowatts per kilometer of single conductor. In these equations 
the values of the correction factors are 

m 0 = m v = 1.00 for polished wires, 
m 0 = 0.93 to 0.98 for weathered wires 
= 0.83 to 0.87 for seven-strand cables, 
m v = 0.72 for local corona all along the line 
= 0.82 for decided corona along the line. 

142. Exciting Conductance.—The exciting conductance g , 
due to corona loss, if present, must be used in connection with 
the capacitive susceptance b as previously derived to obtain the 
value of the admittance y per unit length of line. This is 
usually calculated at the normal voltage of the line and assumed 
to be a constant. This assumption is not. strictly correct since 
the value of the loss varies directly with the square of the excess 
voltage above the disruptive critical voltage. In this calculation, 
the value of g is found as 

corona current , 

0 =-=-mhos, 

& KN¬ 
OT 

Q = mhos. 

-URN 

Since the loss is greater for low values of air density, it is greater 
for higher altitudes near the generating plant if the energy is 
generated by hydroelectric stations situated in mountainous 
regions. The loss will vary along the line with the air-density 
factor and also with the variation of the voltage distribution 
along the line. For this reason, long transmission lines over 
country of variable altitude must be broken up into sections for 
calculation of the voltage distribution, regulation, and efficiency. 

Problems 

1-12. A single-phase distribution circuit 3.5 miles long is constructed of 
No. 00 B. & S. stranded copper conductor of 0.414-in. diameter spaced 24 in. 
apart. Find the total resistance, inductance, and inductive reactance of the 
line for 60 cycles. 


(992) 

(993) 
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2- 12. A single-phase distribution circuit 4,000 ft. long is constructed of 
500,000-circular-mil stranded copper conductor spaced 15 in. on centers. 
Find the total resistance, inductance, and inductive reactance of this line 
for both conductors for 60 cycles. 

3- 12. A single-phase transmission line 150 miles long is constructed 
of No. 2 B. & S. copper conductor spaced 4 ft. apart. Find the resistance, 
inductance, and inductive reactance per conductor of this line at 60 cycles. 

4- 12. A three-phase line 400 miles long is composed of three 250,000- 
circular-mil aluminum conductors spaced delta 6 ft. apart. Find the resist¬ 
ance and inductive reactance of this line at 50 cycles. 

5- 12. A three-phase transmission line 200 miles long is constructed of 
500,000-circular-mil aluminum steel-cored conductors, the conductors being 
spaced 8 ft. apart horizontally. Calculate the resistance and inductive 
reactance of this line at 60 cycles. 

6- 12. Find the line constants of a 60-cycle three-phase transmission line 
100 miles long constructed of No. 00 B. & S. copper conductor spaced 6 ft. 
apart in a vertical plane. 

7- 12. A three-phase transmission line is constructed of stranded copper 
conductors of 250,000-circular-mil cross section spaced 4, 5, and 6 ft. apart 
in a triangle. What is the inductance and resistance of 150 miles of this 
line? 

8- 12. Find the resistance per wire and the inductance and capacitance to 
neutral of a three-phase transmission line 250 miles long, constructed of 
500,000-circular-mil stranded copper conductors spaced horizontally 10 ft. 
apart. 

9- 12. Find the inductive reactance, capacitive susceptance, and resistance 
of a 220,000-volt three-phase 50-cycle transmission line 120 miles long, con¬ 
structed of 300,000-circular-mil stranded aluminum steel-cored conductors 
spaced at the corners of an equilateral triangle 20 ft. on each side. 

10- 12. Find the same quantities as required in Prob. 9-12 if the wires are 
spaced 20 ft. apart in horizontal spacing. 

11- 12. A three-phase 60-cycle transmission line is constructed of No. 00 
B. & S. copper conductors and has a resistance of 36 ohms and an inductive 
reactance of 70 ohms. The spacing of these conductors is now doubled; 
what are the new resistance and reactance? 

12- 12. The following data apply to the line of the Southern California 
Edison Co. from Big Creek to Eagle Rock: voltage, 220 , 000 ; frequency, 50 
cycles; length of line, 240 miles; conductors, 605,000-circular-mil steel-core 
aluminum; arrangement, 17 ft. 3 in. horizontal spacing, (a) Calculate the 
inductance and the inductive reactance of the line, the conductors having 
an outside diameter of 0.953 in., there being 54 aluminum conductors, 
each 0.1059 in. in diameter; neglect the conductance and inductance of the 
steel core. ( b ) Calculate the capacitance, the capacitive reactance and sus¬ 
ceptance, and the charging current and kva per wire. 

13- 12. A three-phase 60-cycle transmission line has a resistance of 19 ohms 
per wire, an inductive reactance of 38 ohms per wire, and a capacitive sus¬ 
ceptance to neutral of 0.000136 mho per wire. The line is to be operated at 
0 , frequency of 30 cycles; what are the new values of the preceding constants? 
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CALCULATION OF SHORT TRANSMISSION LINES AND 
DISTRIBUTION CIRCUITS 

The early d-c stations had a very limited radius for the dis-^ 
tribution of energy and a very limited station capacity in conse¬ 
quence. It was found impossible, however, to commutate large 
amounts of direct current at high voltages to make d-c systems 
of advantage for the longer distances of transmission in this 
country, and since, as a consequence, alternating current has 
become universally used for transmission, it is necessary to study 
the relation of the various phenomena common to such systems. 
Alternating current is used almost exclusively for the trans¬ 
mission of energy on account of the relative economy in copper 
and other materials made possible by the use of high voltages, 
the weight of the conductor material varying inversely with the 
square of the voltage of transmission. Also, owing to the ease 
and efficiency of transforming large or small amounts of power 
from one voltage to another at the same frequency by means of 
transformers, the acjuption of alternating current has made pos¬ 
sible great advances in distance of transmission of energy during 
the past 35 years. 

143. Standard Voltages of Transmission. —The standardiza¬ 
tion of 115 volts for incandescent lamps fixes a unit, the multiples 
of which give the common transmission voltages in use in this 
country. The following partly standardized voltages are in use 
at present: 

115 volts for incandescent lights and fractional-horsepower motors. 

230 volts for motors of medium size and for the outside wires of the three- 
wire single-phase lighting circuit. 

2,300 volts for primary distribution in cities of medium size and for larger 
motors. 

4,000 volts between the outside wires of 2,300-volt four-wire three-phase 
distribution systems with 2,300 volts to neutral. 

6,600 volts for distances of from 3 to 10 miles and in longer primary dis¬ 
tribution lines in larger cities. 
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22,000 volts for distances of from 20 to 30 miles (the first long-distance 
polyphase voltage from Niagara Falls to Buffalo, New York). 

33,000 volts for distances of from 30 to 50 miles. Standard for many 
interurban railway transmission lines and medium length of power 
transmission. 

66,000 volts for distances of from 50 to 100 miles. About the present 
dividing point between the pin- and suspension-type insulators. 

110,000 volts for distances of from 100 to 200 miles where large amounts 
of power are available. 

285,000 volts is the present upper limit of transmission-line voltage (1938). 

The progress from the first 22,000-volt transmission line to 
the present 285,000-volt lines has been a matter of about 35 years 
of development. The whole field of investigation of the proper 
material for, and the design of the shape of, the insulators for 
the lines and the bushings of transformers, as well as the internal 
design of the apparatus to permit these advances in transmission 
voltage, has been governed by a large amount of research, both 
mathematical and experimental, into the phenomena of the 
voltage stresses in the insulation itself and in the media sur¬ 
rounding the wires. The results of these researches have been 
employed in determining the spacing of the conductors and the 
diameter of the conductor necessary to limit corona loss from 
wire to wire at the higher line potentials. 

144. Constants of Short Overhead Transmission Lines.— 
A single-phase overhead transmission line or distribution circuit 
may be considered as a coil of wire of one turn. The area of 
this coil is determined by the spacing of the wires and by 
the length of the line. The resistance may be taken either as 
the resistance of the two wires together, i.e., twice the resistance 
of one wire, or the resistance of one wire may be used together 
with the voltage to neutral, as is done in the calculation of 
polyphase lines. The inductance to be considered is that of one 
wire for polyphase systems and also for single-phase systems 
when neutral voltage is employed in the calculation. The react¬ 
ance is calculated from the inductance and the frequency of 
transmission as discussed in Chap. XII. 

In polyphase lines, the current is assumed to return through a 
neutral of zero resistance and reactance. Hence, the current in 
one wire and the constants of one wire for the required length of 
lines are used, as determined in Chap. XII. It is seen that a 
zero current, for balanced loads, flowing in any neutral resistance 
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and reactance is equivalent to any value of current flowing in a 
return having zero constants. Obviously, the drop in one line 
wire for a single-phase circuit will be one-half the total drop in 
the circuit; hence, the neutral voltage, one-half the line voltage, 
may be used with the constants of one wire for the calculation of 
single-phase circuits. 

For low voltages, transmission is limited, by economic reasons, 
to relatively small distances, and in consequence, the amount of 
charging current due to line capacitance is small. The line cur¬ 
rent, for a given amount of power transmitted, being large for 
low voltages, the small charging current is negligible in affect¬ 
ing the operating characteristics of short lines. Transmission 
lines of 66,000 volts or less, and less than 100 miles in length, 
may be considered in this class. The short line may be defined 
as a line in which the effect of capacitance is so small that 
it may be omitted in making the calculations for the operating 
characteristics of the line. 

145. Characteristics of Loads.—Transmission lines must be 
built to serve all classes of loads or combinations of loads. These 
loads may be for residence or commercial lighting with unity 
power factor, but requiring a close voltage regulation on account 
of the characteristics of the incandescent lamp filament as to 
candle power and life. They may be arc lamps with a relatively 
high power-factor, constant, inductive load during the night. 
They may be induction motors with current lagging behind the 
impressed voltage and with power factors varying from 0.20 at 
light loads to 0.85 at full load. They may be synchronous motors 
with power-factor adjustment for unity or for either leading or 
lagging currents of any power factor. They may be electric-heat¬ 
ing loads of unity power factor; or electric-furnace loads with 
high or low power factor, depending upon the type of furnace; or 
other loads with characteristics peculiar to themselves, or com¬ 
binations of these loads. These loads are all combined at the 
receiving end of the line or at points along the line and will 
vary from hour to hour and from day to day in amount and 
power factor according to the particular combination of the 
several demands. They may be balanced, i.e., have equal cur¬ 
rents in all phases and line wires, or they may be unbalanced; 
however, they are usually fairly well balanced automatically by 
the polyphase-motor loads. It is the duty of the engineer so to. 
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design and construct the lines that they will give acceptable 
service to the customers at all points along the line at all times. 

The following study of the transmission line will be made with 
all these factors of operation in view. In the consideration of 
such lines, the customer's voltage, or receiving-end voltage, is 
usually considered to be kept constant, the station voltage being 
varied according to load characteristics to maintain this con¬ 
dition. With the load conditions known, the operating charac¬ 
teristics usually desired are the sending-end voltage, current, and 
power factor, as well as the efficiency and regulation of the line. 
The load, or receiving-end, voltage usually is used as the refer¬ 
ence in making the calculation for these quantities, although 



Fig. 251.—Equivalent circuit for a Fig. 252.—Equivalent circuit for a 
short transmission line. short transmission line. 

any reference may be taken, the load current sometimes being 
chosen. 

146. Calculation of the Operating Characteristics of a Single - 
phase Transmission Line. —Since the charging current for a 
short transmission line or a distribution circuit may be neglected 
when compared with the load current, the resistance and the 
inductance of the wires may be lumped, i.e., taken as if the line 
were a coil, and the line may be represented by an equivalent 
circuit, as shown in Fig. 251. The resistance and reactance of 
the two wires may be further combined, giving the equivalent 
circuit shown in Fig. 252, where R is the resistance and X is the 
reactance of both wires, calculated from equations in Chap. XII. 
This combination of resistances and reactances is only possible 
when the same current flows in each of the wires, as is the case 
for the type of circuits here considered. 

The line current and its phase relation to E R must be known 
in order to calculate the effect of impedance drop in the lines. If 
the load is given in terms of power and power factor, the current 
may be obtained from the power relation, previously derived, 

P% = Eftht cos 8r watts, (51) 
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where P R is the load or power delivered, watts; 

I R is the load or line current, amp; 

Er is the voltage between lines at the receiving end; and 
cos Q r is the power factor of the load, d R being positive for 
leading currents and negative for lagging currents. 

Solving Eq. (51) for the current, 


Ir 


Pr 

Er COS Sr 


amp. 


(994) 


This current expressed in vector form, with the receiving-end 
voltage as the reference, is given as 

= %r + jin' amp (995) 

where 

i R = Ir cos Or amp (996) 

is the active component of the load current and 

i R = Ir sin Sr amp (997) 

is the reactive component of the load current. The sign of the 
numerical value of i R will be positive for power output of the 



line or power input to the load; and for i R it will be positive 
for capacitive loads and negative for inductive loads, carrying 
the same sign as sin d R , the reactive factor of the load. 

Using the equivalent circuit diagram, as shown in Fig. 252, 
and the line voltage at the load as the reference, 

E r — E r + jO volts. (998) 

The line current is the same as the load current and is expressed 
as 

Ir = i R + ji R amp 
as shown in the vector diagram, Fig. 253. 


( 999 ) 
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The voltage at the sending end of the line, as derived by apply¬ 
ing KirchhofPs laws to the circuit shown in Fig. 252, becomes 

Es = Er + IZ volts. (369) 

This equation is independent of the reference chosen. Since, for 
this solution, the receiver or load voltage has been chosen as 
the reference, Eq. (998), the sending-end voltage becomes 

Es = E r + (i R + jim)(R + jX ) volts (370) 

= E-r + IrR — i R X + j(i R X + is'R) volts 
= e s + jes volts, (371) 

where 

e s — Er + i r R — i R X volts (372) 

and 

e s ' = inX + ir'R volts. (373) 

The magnitude of E s is 

E s = Ve/ + (es) 2 volts, (1000) 

and the power input to the sending-end of the line is 

Ps — esis + esis watts. (33B) 

The vector and apparent power at the sending end of the line is 
Us = Esis volt-amp. (1001) 

The impedance drop in the line is 

Impedance drop = IZ volts, (1002) 

and the line drop is 

Line drop — E s — E R volts, (1003) 

giving the regulation of the line as 

Regulation = — ~ — 100 per cent 

Er 

= E i ~ L ‘ 100 per cent, (1004) 

Er 

where E Ra is the receiving-end voltage at no load with Es held 
constant at the sending end at its value given in Eq. (1000). 
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Since there is no current flowing in the line at no load, then 
E fi{] is equal to Eh for the short transmission line. 

The efficiency of the line is 

p 

Efficiency = 100 per cent, (1005) 

and the sending-end power factor is 


P.F. S 


Ps 

Esis 


Ps 

Esht 


(969) 


The following definitions are used in the comparison of trans¬ 
mission lines as w r ell as in their specification: 

Impedance Drop.—The impedance drop in a transmission line 
is the product of the line current and the line impedance . 

Line Drop.—The line drop in a transmission line is the numerical 
difference between the voltages at the sending and receiving ends of 
the line for any load. 

Regulation.—The regulation of a transmission line is the per¬ 
centage change in voltage at the receiving end {the customer) in 
terms of the receiving-end voltage when the load is reduced to zero , 
the voltage at the sending end being held constant at such a value 
as to give rated voltage at the receiving end for the particular load 
chosen. 

Efficiency.—The efficiency of a transmission line is the active- 
power output of the line {the load) divided by the active-power input. 

Power Factor.—The power factor at the receiving end of a trans¬ 
mission line is the power factor of the combined loads. The power 
factor at the sending end of the line is the active-power input divided 
by the apparent-power input. 

147. Vector Diagrams for Single-phase Lines Using Emf as 
the Reference.—The vector diagram for a short single-phase 
transmission line with a nonreactive load is shown in Fig. 
254 ? where E R Is taken as the reference, I R is drawn in phase with 
Er, and the impedance triangle is erected on this current vector. 
The resistance drop IrR is in phase with the current vector and 
is added directly to E R . The reactance drop I R X is 90 deg. ahead 
of the current and is added to the vector E R + I r R } giving the 
vector E s , as shown. The triangle formed by I r R } I r X , and 
I R Z is the impedance triangle for the line, 1 R Z being the impedance 
drop in the line, which is added vectorially to E R to obtain E s . 
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The impedance triangle may be formed either directly on the 
current line at the origin, as shown in the capacitive load dia¬ 
gram, Fig. 255, or at the end of the E R vector, as shown in Fig. 
254. The vector Es is the sending-end voltage in its proper 
relation to the line current Ir and has the components e s and 
e s ' in phase with and 90 deg. out of phase with the reference 




Fig. 254.—Vector diagram for a short line, nonreactive load. 



Fig. 255.—Vector diagram for a short line, capacitive load. 



4 


Fig. 256.—Vector diagram for a short line, inductive load. 

axis. The inductive-load diagram is shown in Fig. 256. It is 
seen from these diagrams that, for a given current, the impedance 
drop in the line is constant but that the line drop may be positive, 
zero, or negative, resulting in positive, zero, or negative line 
regulation. 

Example 85 

Calculate the operating characteristics of a 2,200-volt single-phase dis¬ 
tribution line delivering 0, 50,100, and 200 amp to loads of unity power factor 
and to inductive and capacitive loads of 0.80 power factor. The line has a 
total resistance of 1 ohm and a total reactance of 3 ohms for both wires. 
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The equivalent circuit diagram is shown in Fig. 252. Taking the receiver 
voltage as the reference, 

Eh = 2,200 -biO volts, 


and making the calculation for 200-amp inductive load, 

I R = 20 0/ —36°52 / amp 
= 160 — jl20 amp. 


Then 

Es *= Er + IrZ volts 

« 2,200 + jO + (160 - yi20) (1 + j3) volts 
= 2,200 + 520 + j360 volts 
— 2,720 + j'360 volts, 

having a magnitude of 

E s = V2720 2 4- 360 2 = 2,744 volts. 


The active-power input to the line is 

Ps — ei + e'i' watts 

_ 2,720 X 160 + 360 X (-120) , _ 

1,000 

=* 392 kw. 


The active-power output of the line is 


Pr 


2,200 X 160 

1,000 


= 352 kw. 


The efficiency of the line at this load is 


Efficiency = g^lOO * P er ceirfc - 

When the load is removed, the sending-end voltage being maintained 
constant at 2,744 volts, the receiving-end voltage rises to this same value, so 
that Er o becomes 2,744 volts, and the regulation is 


x> -I , * 2,744 — 2,200. 

Regulation =- 2 200 -*00 P er cent 

- 24.7 per cent. 

The power factor at the sending end is 


P - F - s “ 2. ~744' X 20Q 100 = 71 ’ 3 per eent 

In making a study of the characteristics of a transmission line, it is neces¬ 
sary to calculate the preceding quantities for various loads and power 
factors. The tabular method of presenting these calculations is very 
convenient and easily visualized. An illustration of this tabular method of 
calculation is given in Table VI for this example. 



Table VI.—Calculation op the Operating Characteristics op a 2,200-volt Single-phase Distribution Line Using 

Emf between Wires 
Example 85 
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148. Operating Characteristics of Three-phase Transmission 
Lines Using Voltage at Load as the Reference.—For a three- 
phase transmission line, the calculation should be made on the 
basis of the emf to neutral and line current, the system being 
assumed balanced. In Chap. VIII, it was shown that, for 
balanced polyphase systems, the line current bears the same 
phase relation to the neutral voltage that the load current does 
to the load voltage. In Fig. 257, for nonreactive load, Eoa is 



Fig. 257-—Complete vector diagram for a short three-phase transmission line 
with nonreactive load. 

the neutral voltage and I A is the current in line wire A, in phase 
with Eoa , where 

Eoa — —4= volts 

V3 

and 

7- _ Pr __ P R _ 

" ~ V3 Eab ~ 3Foa amp - 

The emf. E 0 a is found in its proper length and phase relation 
to Eoa by adding to Eoa the impedance drop due to the current 
I a flowing through the resistance and reactance of one wire. In 
a similar manner, E 0 b is found by the addition of E 0B and the 
impedance drop caused by I B , and Eoc by the addition of E oc 
and the impedance drop caused by I c . Then, since I A = Is = I a 
and the impedances are equal, the emfs Eoa', E ob ' , and E oc ' are 
equal and are revolved in a counterclockwise direction by the 
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same angle a from the positions of E 0A , Eos, and E oc . But E 0A ,, 
Eos, and Fw are equal and at 120 deg. with each other, their 
ends forming the corners of the equilateral triangle ABC of the 
line voltages, Eab, Esc , and E C a . Hence, JW, ■Bob', and 



Fig. 258.—Complete vector diagram for a shoTt three-phase transmission, line 
with inductive load. 


are also at 120 deg. with each other, and their ends form the 
corners of the equilateral triangle A'B'C r of sending-end voltages 
Eab , Eb c , and E c 'a. The triangle .of line voltages at the 
sending end has its neutral coincident with the neutral of the 
voltage triangle of the receiving end, and the triangle is revolved 
a deg. about this neutral. Figure 258 shows a similar con¬ 
struction for an inductive load. 

The line voltages of the three-phase system form a closed 
triangle at any given point along . r X 

the line. The triangle of volt- — j —WV- 

ages ABC in Figs. 257 and 258 j? 
for the receiving end must be \ 
converted to the triangle of volt- —*- 

ages A'B'C' at the sending end Fig . 259.—Equivalent circuit dia- 
by adding the impedance drops gram for calculation of three-phase 
a a/ i /~it 1. 1 transmission lines. 

A A , BB\ and CC', respectively, 

to obtain the neutral voltages E 0A , E 0B \ and E 0 c for the 
balanced system, such as is assumed in the calculation of three- 
phase transmission lines. Since the triangles are equiangular 
and coaxial, the calculation for the three-phase line may be 


T~ 

I 

- 1-1 


\Load\ 
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carried out by using one of the vector triangles, such as OAA f . 
This reduces the calculation to a single-phase basis by using the 
emfs to neutral and the constants of one line wire. The equiva¬ 
lent circuit diagram for this calculation is shown in Fig. 259. 

The emf at the sending end between line wires is found by 
multiplying Esn by V3. The regulation, efficiency, and power 
factor at the sending end may be found, as in the single-phase 
system, by using neutral voltages and line currents, as illustrated 
in Example 86. 


Example 86 

A 6,600-volt three-phase 60-c3 r cle transmission line is designed to trans¬ 
mit power to a 500-kva load. The line has a resistance of 4 ohms and a 
reactance of 12 ohms per wire. I^ind the regulation, the efficiency, the 
apparent-power input, and the power factor at the sending end for full kva 
output and for half load and no load at unity power factor and at power 
factors of 0.80 lead and lag. 

Making the calculation for full-load inductive at 0.8 power factor and 
using Ern as the reference, 


Then 


r 500 X 1,000 .. , 

Ir — -- = 44 amp, and 

6,600a/3 

Erx = = 3,810 volts. 

V 3 

Ern = 3,810 -f jO volts. 


The sending-end voltage to neutral is 

Esn = Erx + IZ volts 

- 3,810 + 44(0.8 — y'0.6)(4 +;12) volts 

- 3,810 -j- (35.2 -i26.4)(4 +jl2) volts 
= 4,268 -f i317 volts, and 

Esn = v/4,268 2 + 317 2 = 4,280 volts. 


The power input to the line at the sending end is 


Ps — Siesta + esiv'isN') kw 
_ 3(4,268 X 35.2 + 317 X 
1,000 

— 426 kw. 


-.26.4) 


kw 


The apparent-power input to the sending end is 


Us ~ Vs = BEsnIs vector kva 
_ 3 X 4,280 X 44 _ 
1,000 


565 vector kva. 
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The regulation of the line becomes 


„ , - E rn 4,280 - 3,810 

Regulat,0n : -E^r~ = — 3 T8I0 - 

= 0.123 — 12.3 per cent. 

Efficiency = |^gl00 — 94.5 per cent. 



Fig. 260.—Vector diagram for the three-phase line of Example 86. 


The sending-end power factor is 


P.F.s = — = *=—100 75.5 per cent. 

Vs 565 

The vector diagram for this calculation is similar to that shown in Fig. 260. 
The calculation for the other loads is given in Table VII. 


149. Equations of a Transmission Line Using Load Current as 
the Reference.—The equivalent 
circuit diagram, Fig. 259, the 

corresponding equation for the 
voltage at the sending end in 
terms of the voltage at the 
receiving end, and the line con¬ 
stants are the same for any 

reference axis. However, when 
using the load current as the 
reference, the IR drop is always 
in phase with the reference axis 

and the IX drop is 90 deg. short transmission line with inductive 

. . . . . t 11 load, using current as the reference 

ahead of this axis. In the case vect0 r. 
of inductive loads, Fig. 261, 
the impressed emf Esn- becomes 



i I 

-E pn cos9r-~ 

Esn cos O s 
Fig. 261.—Vector diagram for a 


Esn = (EjsatCos 6r + Ir + j(IrX + Ern sin Br) volts, (1006) 
having the magnitude, 

Esn — *\/ ( Ern COS Or + IrR) 2 + (JlrX -f- Ern sin 9r) 2 volts, 

(1007) 
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Table VII.—Calculation of the Operating Characteristics of a 
Three-phase Transmission Line Using the Voltage at the Load 
as a Reference 
Example 86 


Kind of load 


Zero 


Non¬ 

reactive 


Inductive 


Capacitive 


Power factor of load... 
Reactive factor of load 
P, 

Load current 


_g_ _ r 
V3E b r . 

Active component of current, %r .... 
Reactive component of current, i' R . 


Voltage to neutral, E RK “ “7=. 

V 3 

*B R = 4i R . 


e SN “ BRN + * r R ~ * B %- 
R = 4*'.. 


12i p 


m R A J2. 


: + *'* 


Apparent power input 




Power output ! 


3 #pat*; 


1,000 


'RNR 


1,000 


Apparent power output = 

< 

3 - 




‘RN^R 


1,000 


SN R 
1,000 ’ 
. e sm f R 


1,000 ■ 


S(e / —I** ^ i 

Power input =* ._ — R R 


1,000 


Power factor, sending end = 


3B SN I r 


Efficiency = 


3,810 


3,810 


|3,810 
0 


1.001 


221 


3,810 


88 
0 

13,898 

0 

264 

264 

[3,907 


44 1 


'3,8101 


176 

0 

3,986 


528 
5281 
14,021 


Impedance drop = IrZ . 

Voltage at sending end = E s = V 3 ^ S 2 v| 
line drop = Eg — E R . 


Wire drop = E s 


Regulation = 


JKJV' 


0 

|6,600 
0 
0 


2581 
250 
250 
258 

o' 

258 

100 

97.0 


279 
|6,770 
170 
97 


2 .kI 


531 
5001 
500 
527 

0 

527 

99. 

95.01 


558 

6,970 

370 

211 


0 . 8 ( 

0 . 8 ( 

0 . 8 ( 

0.80 

- 0 . 6 ( 

-0.6C 

0 . 6 ( 

0.60 

22 

44 

22 

44 

17.e 

35.5 

17. 

35.2 

— 13.2 

-26.4 

13.5 

26.4 

3,810 

3,810 

3.81C 

3,810 

70.4 

140.8 

70.4 

140.8 

-158.5 

-317 

158.5 

317 

4,039 

4,268 

3,722 

3,634 

-52.8 

-105.6 

52.8 

105.6 

212 

423 

212 

423 

159 

317 

265 

529 

4,042 

4,280 

3,731 

3,672 

267 

565 

246 

484 

200 

400 

200 ' 

400 

250 

500 

250 

500 

214 

452 

! 

196.5 

384 

-6 

-25 

10.5 

42 

208 

427 

207 

426 

78.0 

75.5 

83.5 

87.8 

96.2 

94.5 

96.2 

94.5 

279 

558 

279 

558 

7,000 

7,430 1 

6,470 

6,370 

400 

830 

-130 

-230 

232 

470 

-79 

-138 

a i 
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where, as before, cos 0 R is the power factor and sin 0 R is the reac- 
live factor of the load. For capacitive loads, Fig. 262, Or 
becomes negative and sin Or is negative in Eqs. (1006) and (1007). 
For nonreactive loads, cos 0 R — LOO, sin Q R = 0, and Eq. (1006) 
reduces to 

Esx = Erx + IrR + JIrX volts, (1008) 

the vector diagram being as shown in Fig. 254. 

For a three-phase transmission 
line the emf to neutral and the line 
current are used with the constants 
of one line wire in the preceding 
equations as in the calculation 
using the receiving-end voltage to 
neutral. The emf at the sending 
end will be in the correct phase 
relation to the line-wire current, 
and the emf between lines will be 
this neutral emf multiplied by \/3. 

This method of calculation gives 
simple equations for the rapid calculation of short transmission 
lines, and it is used as the basis for several graphical solutions. 

Example 87 

Calculate the voltage to neutral at the sending end, and the active and 
apparent power input for the same transmission line as given in Example 86 
and for the same load of 44 amp at 0.8 power factor inductive, using the 
load current-as the reference. 

From Example 86, Ern = 3,810 volts, Ir = 44 amp, and Z — 4 + jl2 
ohms. Then for this problem 

I R =44 4-yO amp, 

JErn - 3,810(0.80 + j0.60) volts 
= 3,040 + y2,280 volts. 

The sending-end voltage to neutral becomes 

Esn — Ern 4* Ir% volts 

= 3,040 + 44 X 4 + i(2,280 + 44 X 12) volts 
= 3,216 + j2,808 volts, and 
= v/3,216 2 + 2,808 s = 4,280 volts. 

The power input to the sending end is 

P s = 3(3,216 X 44 -f '2,808 X 0) watts 
= 423 kw. 





Fig. 262.—Vector diagram for a 
short transmission line with capaci¬ 
tive load, using current as the 
reference vector. 
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The apparent power at the sending end is 

Us = Vs = BEsnIs vector volt-amp 

= 3 X ^QQQ* ' 4 " = 565 VeCt0r kva * 

The vector diagram is similar to that shown in Fig. 261. 

150. Per Cent and Per Unit Constants and Calculations.— 

Where it is necessary to compare lines of different designs and 
ratings as to their characteristics, it is much easier to make the 
comparison when the quantities involved, such as the line 
constants, are reduced to per cent or per unit values. A given 
amount of the quantity under consideration is taken as an entity 
of 100 units or 100 per cent of the chosen unit, all other amounts 
of the same quantity being given in their ratio to this amount, 
the ratio being expressed in per cent. A familiar example is 
found when the full-load rating of a machine or a transmission 
line is considered as such a base, it being expressed as 100 per cent 
of full load; any other operating load is expressed as a per cent 
of this full load, half load being 50 per cent of full load. For 
purposes of such comparisons, the per cent expressions are much 
more convenient than the actual rated values in kilowatts or 
kilovolt-amperes. 

Calculations can be made using these per cent expressions, 
but the value 100 enters into these calculations with each quan¬ 
tity. This difficulty can be eliminated by using a per unit value 
instead of a per cent value; the base value being expressed as 
unity, all other ratios to this base being expressed as decimals. 
The per unit value is the per cent value divided by 100. Because 
the fractional values from one one-hundredth to unity are 
expressed as a whole number in the per cent system, this system 
is usually used in specifying the quantity, whereas the per unit 
system is used in the calculations. This involves no complica¬ 
tions, since the connecting factor is always 100. 

The definitions of the per unit quantities are as follows: 

Per Unit Resistance Drop.—The per unit resistance drop in a 
transmission line is the product of rated full-load line current 
and the resistance of one wire divided by the rated voltage to neutral 
at the receiving end . 

Per Unit Reactance Drop.—The per unit reactance drop in a 
transmission line is the product ,of rated full-load line current 
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and the reactance to neutral of one wire divided by the rated voltage to 
neutral at the receiving end. 

Per Unit Impedance Drop.—The per unit impedance drop in a 
transmission line is the product of rated full-load line current 
and the impedance to neutral of one wire divided by the rated voltage 
to neutral at the receiving end. 

These definitions are reduced to equation form for convenience 
in calculation. 

Let Ir = the rated full-load line current per wire, 

Ern = the rated neutral voltage at the load, 

R = the resistance of one wire, and 
X = the reactance of one wire due to the inductance. 

Then, the full-load normal values will be 

Ern = 100 per cent voltage = 1.00 in per unit values; 

P 

Ir — ™“ 100 per cent current, or I R = 1.00: 

Ern COS Or 

Prn = 100 per cent power, or P RN = 1.00 at full load. 

Then, by definition, 

T 7? 

_JL_ =- p er un it resistance drop or per-unit resistance; (1009) 
Ern 

I X 

~— — per unit reactance drop or per unit reactance; (1010) 
Ern 

I Z 

= per unit impedance drop or per unit impedance. (1011) 

Ern 

The number of ohms that would make the ratios expressed in 
•Eqs. (1009), (1010), and (1011) equal to unity, i.e. } that would 
make the respective drops equal to the base voltage, would con¬ 
stitute a basic unit of ohms; and the unit value of R, X, and Z 
would equal that value in ohms. The ratio of any given value of 
R, X, or Z to the base unit would express the per unit value of 
these respective quantities. This per unit value would be 
identical with the per unit value of drop caused by the given 
number of ohms, so that Eq. (1009) expresses the per unit resist¬ 
ance as well as the per unit resistance drop. 

Example 88 

Calculate the operating characteristics of the line of Example 86, using 
the per unit method. The line is a 6,600-volt three-phase 60-cycle circuit 



374 


ALTERNATING-CURRENT CIRCUITS [Chap. XIII 


designed to transmit a 500-kva load. The line has a resistance of 4 ohms 
and a reactance of 12 ohms per wire. The operating characteristics required 
are regulation, efficiency, apparent-power input, and power factor at the 
sending end of the line for full kva output at 0.80 power factor inductive. 

Ern = = 3,810 volts = 1.00 in per unit value; 

V3 

Vrn = = 166.7 vector kva = LOO; 

O 

I R = = 44 amp = 1.00 in per unit value. 

6,600V3 

Per unit resistance 
per unit reactance 

With Ern as the reference, 

Ern 
Ir 

Then 

Esn 

Esn 

Regulation 
Psn 

Efficiency 

The apparent power to neutral is 

Vsn — EsnIr vector volt-amp 
= 1.123 X 1.00 = 1.123 
= 1.123 X 166.7 — 188 vector kva. 

The power factor is 

PE.s ~ — 0.755 or 75.5 per cent. 

The calculation of this line for various loads and power factors is shown in 
Table VIII. 

151. Maximum Power Transmitted over a Given Line.—It 

is of interest to consider the maximum amount of power that 
may be transmitted oyer a short transmission line under certain 


- 1.00 AjO, 

= 0.80 - yo.60. 

- 1.00 -b (0.80 -yo.60) (0.046 -f i0.138) 

= 1.12 +^0.083, and 

= Vl-12 2 + 0.083 2 = 1.123 
* 1.123 X 3,810 = 4,280 volts. 

= 1 - - 3 1 - 0 0 = 0.123 = 12.3 per cent. 

= [(1.12) (0.80) + (0.083) (-0.60)] = 0.849 
= 0.849 X 166.7 = 141.5 kw. 

= jyrrjjr = 0.944 = 94.4 per cent. 
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Table VIII. —Calculation of the Operating Characteristics of a 
Three-phase Transmission Line by the Per Unit Method Using 
the Emf at the Load as a Reference 
Example 88 


Kind of load 


Zero 


Power factor of load 
Reactive factor of load. . 

Load current, Le. 

Active component, i R .. .. 
Reactive component, i R . 
Voltage to neutral, E RN . 
i R R «■» 0 . 0461 ^.. 


l'X =* 0.138ijj'. 


e SK ' 


E RN + i R R ~ i R X - 


ijjX — 0.138^ -. 

e 'sN = i R R + i R X ‘ . * 

E SN “ 'S/^SN + e '*SN * 
Power output, E RN i R .... 

e SN i R . 

e 'sN { R . 

Power input = P s =» 

e SN i R + e 'SN^ r’ - 


Apparent power input =» 

Pr 

' Pa . 

Power factor, sending end = 
PSN 


Efficiency ; 


EsnIr . 

Impedance drop — I R Z. 
Line drop = E s — E R ., 
Erno — i 


Regulation 


Er 


0 

0 

0 

1.00 

0 

0 

1.00 

0 

0 

0 

1.00 

0 

0 

0 

0 

0 


Line voltage sending end. 


6,600 


Non- 

reactive 

Inductive 

Capacitive 

1.00 

1.00 

0.80 

0.80 

0.80 

0.80 

0 

0 

-0.60 

-0.60 

0.60 

0.60 

0.50 

1.00 

0.50 

1.00 

0.50 

1.00 

0.50 

1.00 

0.40 

0.80 

0.40 

0.80 

0 

0 

-0.30 

-0.60 

0.30 

0.60 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

0.023 

0.046 

0.0184 

0.0368 

0.0184 

0.0368 

0 

0 

—0.0414 

-0.0828 

0.0414 

0.0828 

1.023 

1.046 

1.0598 

1.1196 

0.9770 

0.9540 

0 

0 

-0.0138 

-0.0276 

0.0138 

0.0276 

0.069 

0.138 

0.0552 

0.1104 

0.0552 

0.1104 

0.069 

0.13$ 

0.0414 

0.0828 

0.0690 

0.1380 

1.025 

1.055 

1.0606 

1.1200 

0.9794 

0.9640 

0.50 

1.00 

0.40 

0.80 

0.40 

0.80 

0.5115 

1.046 

0.4239 

0.8957 

0.3908 

0.7632 

0 

0 

-0.0124 

-0.0497 

0.0207 

0.0828 

0.5115 

1.046 

0.4115 

0.8460 

0.4115 

0.8460 

0.5125 

1.055 

0.5303 

1.1200 

0.4897 

0.9640 

97.8 

95.5 

97.5 

94.6 

97.5 

94.6 

99.8 

99.1 

77.5 

75.5 

83.8 

87.8 

0.073 

0.146 

0.073 

0.146 

0.073 

0.146 

0.025 

0.055 

0.0606 

0.120 

-0.0206 

-0.0360 

2.5 

5.5 

6.06 

12.0 

-2.06 

-3.60 

6,770 

: 

6,970 

7,000 

7,400 

6,470 

6,370 


conditions of operation. Consider a line with a constant 
impressed voltage Esn- in phase with the reference axis as 

Esn = Esn + jO volts 

and with line impedance 

Z = R + jX ohms. 


( 1012 ) 
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Let the load be considered of constant power factor and repre¬ 
sented by 


where 


Z x = Ri + jX i = Ri + jKBi ohms, 
Xx = KRi = tan 0« ohms. 


The total current taken by the load and line will be 
f Esn __ Esn 

of magnitude, 


Ir = 


#0 + jXo 
Esn 


amp 


amp. 


VRo 2 + x, 2 ' 

The power output of the line per phase becomes 

Esn 2 Ri 


= Ir 2 Ri = 


X 0 2 + Xo 2 

E SN 2 Rl 


watts 


(R + -Ki) 2 + (X + 


watts. 


(1013) 

(1014) 

(1015) 

(1016) 

(1017) 

(1018) 


Ri being varied, to vary the load, other conditions being kept 
constant, the maximum power will be found from 



dP R 


~ 0 


E S n 2 Ri 


2i)J 


(1019) 


dRi dR x l(R + Ri) 2 + (X + KR 

(. R+R 1 )*+(X+KR 1 y-2(R+R l )R 1 -2K(X+KR 1 )R 1 
l(R + R x y + (X + KR l yy 


Hence, 


(R + Riy + (X + KR 1 y = 2 (R + ROR 1 + 2XE 1 (X + KR X ), 
or 

R 2 - Ri 2 + X 2 - K 2 Ry - 0, 

and 

R 2 + X 2 = (1 + K 2 )R X \ (1020) 

or 

Z 2 = Zy, Z = Zi ohms, (1021) 

i.e., for maximum power output the impedance of the load must 
be equal to the impedance of the line. The point of maximum 
power does not occur at the point of maximum efficiency. 
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Other power factors may produce a still greater value of power 
than the value at the chosen power factor. To investigate this 
condition consider Eq. (1020) as 

Z 2 = (1 + K 2 )RP, (1020) 

or 

I "Z 2 7 

Ri = \jt~rrw 2 = — • ohms. (1022) 

\ 1 + K 2 Vl + K 2 


Substituting this value of Ri into Eq. (1018), 


Es 


2ZV1 + K 2 + 2(R + KX) 


watts. (1023) 


In view of the fact that for inductive loads K is positive, for 
capacitive loads K is negative, and for nonreactive loads K is 
zero, the following cases are interesting: 

For nonreactive load K = 0, 


Esn 2 

2 (JR + Z) 


watts. 


(1024) 


For direct current X = 0, 

PRN max = -jjt watts. (1025) 


For large values of K , 

E 2 

Ptur max = <ik(z \ X) ( a PP roximatel y) watts. (1026) 
The value of load resistance to produce Pnv max is 

Ri = . ? r ohms, (1022) 

Vl + K 2 

which becomes Ri = Z for nonreactive loads. For direct cur¬ 
rents, Ri = R for maximum power, or, the load and line resist¬ 
ance being equal, the efficiency of transmission at maximum 
power direct current is 50 per cent. 

The value of K to produce the very maximum value of power 
is found by differentiating Eq. (1023) in respect to K , as 

dP RNmax = n = EsAKZil + K 2 )-* + X] 

“ 2[ZVl~+K 2 +(R + KX)] 2 


dK 


( 1027 ) 
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KZ 


vi + K 2 


;= 


and 


K = - 


X 

22 


is the value of X to produce this condition. 

Xi 


X == 


22i 


or 


X = Xi 

“22 22i' 


(1028) 

(1029) 

But, by assumption, 

(1030) 


and the condition is satisfied with a leading current of the same 
power factor as that of the line itself. But, since the condition 
that Z — Z i must also be satisfied for maximum power, then 

R = Ri ohms and X = —Xi ohms, (1031) 

or the condition gives the same equation for maximum power as 
that for a d-c circuit [Eq. (1025)], the efficiency under this con¬ 
dition being 50 per cent. 


Example 89 

What is the maximum power that may be transmitted for unity power 
factor and for power factors of 0.80 inductive and capacitive with normal 
voltage impressed at the sending end for a 22 , 000 -volt 60-cycle 3 -phase 
transmission line 30 miles long constructed of No. 0000 B. & S. copper 
conductor spaced 4 ft. apart? 

R — 8.30 ohms, X — 20.4 ohms, Z = 22.1 ohms, 

and Esn — 12,700 volts. 

For unity power factor at the load, K = 0, 

RzN max = 2 (k~+Z) watts (1024) 

i2,7()0 2 _ 162 X 10 6 

2(8.30 + 22.1)' 60.8 WattS 

== 2,660 kw, 

and 

Pji mar == 3 X 2,660 = 7,980 kw. 

For inductive load, 0.80 power factor, 

Z?i = 0.8-Z4 ohms, 


Xi = O.6Z1 ohms, 
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K = —1 = 0SZl = 0 75 

K Ri 0 . 8 Zt °’ 75, 


- J= M ==== watts 

2ZVl + K* + 2(R + iTX) 

_ 162 X 10 6 _. 

2 X 22.lVl + SW 2 + 2(8.30 + 0.75 X 2Q.4) 
162 X 10 5 , co „ , 

102.5 - 1 > 580kw ' 


P Rmax = 3 X 1,580 = 4,740 kw. 

For capacitive load, 0.80 power factor, 

K = -0.75, 

and 

„ 162 X 10 6 

= -/ ~q - 

2 X 22.1 VI + 0.75 2 + 2(8.30 - 15.3) 
= 3,920 kw, 

and 

Pr = 3 X 3,920 = 11,760 kw. 


Example 90 

What is the very maximum power that may be transmitted over the 
line- of Example 89 with normal voltage at the sending end of the line? 
Find the power factor of the load and the efficiency of transmission at this 
load. 


R = 8.30 ohms, X = 20.4 ohms, Z =22.1 ohms, 
R l = R = 8.30 ohms, Xi = -X = -20.4 ohms, 




Esn 2 

4R 


162 X 10 6 
4 X 8.30 


watts 


162 X 10 6 
33.2 


= 4,875 kw. 


and 

P Rmax = 3 X 4,875 - 14,625 kw. 

-r - j Esn 12,700 

Line current = = 2 x 8 30 ” 765 amp ' 

Voltage at receiving end = 765 X 22.1 = 16,900 

= 29,300 volts between lines. 

Efficiency = 50 per cent. 

Power factor of load “ ^ ® 0.375 

= 37.5 per cent. 
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* Problems 

1- 13. A 60-cycle 2,200-volt single-phase distribution circuit is constructed 
of 500,000-circular-mil stranded copper conductors spaced 15 in. apart on 
centers and has a resistance of 0.1166 ohm per mile of conductor and an 
inductance of 1.246 millihenrys per mile of conductor. It delivers 1,500 kva 
at 0.88 power factor inductive from a substation to an industrial plant 
located 4,200 ft. from the substation. Find the voltage required at the 
substation and the efficiency and regulation of the line. Draw the vector 
diagram with receiving-end voltage as the reference. 

2- 13. A 60-cycle single-phase distribution circuit 380 ft. long delivers 40 
kva at 440 volts at 0.80 power factor inductive. It is constructed of No. 6 
B. & S. stranded copper conductor spaced on 12-in. centers and having a 
resistance of 2.17 ohms per mile of conductor and an inductance of 1.672 
millihenrys per mile of conductor. Find the efficiency and regulation of the 
line. Draw the vector diagram, using the load emf as the reference. 

3- 13. A 11,000-volt single-phase distribution line 6 miles long is con¬ 
structed of No. 0000 stranded copper wire on 24-in. centers and has a 
resistance of 0.278 ohm per mile of conductor and a reactance of 0.588 ohm 
per mile of conductor. A load of 3,000 kva at 0.85 power factor inductive 
is being delivered by the line. Calculate the voltage required at the sending 
end of the line, the regulation, and the efficiency. Draw the vector diagram, 
using voltage at the load as the reference. 

4- 13. A single-phase transmission line has a total resistance of 10 ohms 
and an inductive reactance of 30 ohms for the two wires. If the receiving- 
end voltage is 6,600 volts, find the regulation and efficiency for the following 
values of current, 0, 50, 100, 150 amp and for the following conditions of 
load, (a) direct current, (b) alternating current at unity power factor, (c) 
alternating current at 0.70 power factor inductive. Assemble the results in 
the form of a table. 

5- 13. A three-phase 60-cycle distribution circuit transmits power from a 
substation to a factory 2,600 ft. away. The line is constructed of No.' 00 
stranded-copper conductor on 15-in. centers and has a resistance of 0.429 
ohm and an inductance of 1.482 millihenrys per mile of conductor. Cal¬ 
culate the regulation and efficiency of the line when it is delivering 150 kva 
at 0.70 power factor inductive and 550 volts. Draw the vector diagram, 
using load voltage to neutral as the reference. 

6- 13. A 2,300-volt 60-cycle three-phase feeder is 2.4 miles long. It is 
constructed of No. 0 B. & S. stranded-copper conductor on 18-in. centers 
and has a resistance of 0.54 ohm and a reactance of 0.595 ohm per mile. 
Calculate the regulation and efficiency of the line when it is delivering 350 kva 
at 0.75 power factor inductive. Draw the vector diagram, using receiver 
voltage to neutral as the reference. 

7- 13. A 25-cycle 4,000-volt three-phase distribution circuit is 3.8 miles 
long. It is constructed of No. 00 B. & S. stranded copper conductor having 
a resistance of 0.428 ohm and a reactance of 0.257 ohm per mile. Find the 
regulation and efficiency of the line when it is delivering 800 kva at 0.85 
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power factor inductive and 4,000 volts. Draw the vector diagram, using 
the receiver voltage to neutral as the reference. 

8- 13. A 60-cycle three-phase transmission line 12 miles long is con¬ 
structed of No. 0 B. & S. copper conductor having a resistance of 0.54 ohm 
and a reactance of 0.644 ohm per mile. Find the regulation and efficiency 
of this line when it is delivering 3,000 kva at 16,500 volts at 0.80 power 
factor inductive. Use the receiver voltage to neutral as the reference for 
the calculation and the vector diagram. 

9- 13. A 66,000-volt three-phase 18-mile transmission line is constructed 
of 266,800-circular-mil aluminum cable, steel reinforced, with a spacing of 
6 ft. horizontal. It has a resistance of 6.30 ohm and a reactance of 12 
ohms per wire. Calculate the regulation and efficiency when 35,000 kva is 
delivered at 66,000 volts and unity power factor. 

10- 13. Calculate the operating characteristics of a three-phase trans¬ 
mission line 22 miles long constructed of No. 0000 B. & S. stranded copper 
conductor spaced in an equilateral triangle 3 ft. apart, for loads of 0, 800, and 
1,500 kva at unity power factor and at power factors of 0.80 current leading 
and lagging. The delivered voltage is maintained at 11,000 volts. The 
line resistance is 6.11 ohms and the line reactance is 14.0 ohms. Use the 
delivered voltage to neutral as the reference, and express the results in 
tabular form. 

11- 13. A 44,000-volt 60-cycle three-phase transmission line is constructed 
of No. 0000 aluminum cable, steel reinforced, with a spacing of 5 ft. horizontal. 
The resistance is 15.8 ohms and the reactance is 25.1 ohms. Calculate the 
regulation and efficiency of this line when it is delivering 9,500 kva at 
44,000 volts at 0.80 power factor inductive. Use the load current as the 
reference. 

12- 13. A 33,000-volt three-phase transmission line has a resistance of 
12.5 ohms and an inductive reactance of 35 ohms. What is the regulation 
of the line when it is delivering a load of 8,000 kw at unity power factor? 
Use the load current as the reference. What is the copper loss in the line 
when transmitting this power? 

13- 13. Calculate the operating characteristics of a three-phase trans¬ 
mission line 40 miles long constructed of No. 0 B. & S. copper conductor 
spaced vertically 4 ft. apart for loads of 0, 5,000, and 10,000 kva at unity 
power factor and at a power factor of 0.80 current leading and lagging. The 
voltage is maintained constant at 50,000 volts at the receiving end. Use the 
load current as the reference. The line has a resistance of 22.2 ohms and a 
reactance of 29.6 ohms per wire. Use the tabular method of solution, and 
draw the vector diagram for the 10,000 kva load for all three power factors. 

14- 13. A 15,000-volt three-phase 60-cycle transmission line 12 miles 
long is constructed of No. 2 B. & S. copper conductor and has a resistance of 
0.858 ohm and an inductance of 1.817 millihenrys per mile of wire. The line 
is rated at 2,000 kva; what are the per unit and per cent resistance and 
reactance of the line? 

15- 13. The resistance per mile for a 44,000-volt 25-cycle three-phase 
transmission line 25 miles long constructed of No. 0 B. & S. copper con- 
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ductor with a horizontal spacing of 5 ft. is 0.54 ohm and the reactance per 
mile is 0.77 ohm. The line is rated at 10,000 kva; what are the per unit 
constants of the line? 

16- 13. Calculate the regulation and efficiency for all transmission lines 
having 8 per cent resistance and 14 per cent reactance when carrying a full 
load at unity power factor. Draw the vector diagram. 

17- 13. A three-phase load takes 10,000 kva at 0.70 power factor induc¬ 
tive at 66,000 volts at the receiving end of a transmission line. The line 
has a resistance of 4 per cent and a reactance of 10 per cent. Calculate the 
voltage between wires at the sending end, the regulation and efficiency of the 
line, using the per unit method and receiver voltage to neutral as the refer¬ 
ence. Draw the vector diagram. What are the values of R and X in ohms 
per wire? 

18- 13. Calculate the operating characteristics of a three-phase transmis¬ 
sion line having a resistance of 3 per cent and an inductive reactance of 8 
per cent on the basis of 500 kva at 15,000 volts, for loads of 0, 400, 600, and 
1,000 kva at unity power factor and 0.70 power factor inductive and capaci¬ 
tive loads. Use the receiving-end voltage as the reference in .the calcula¬ 
tions, and draw the vector diagrams for the 400 kva loads. 

19- 13. A three-phase transmission line has been operating at 25 cycles 
and has a resistance of 7 per cent and a reactance of 16 per cent when 
delivering 1,000 kva at 33,000 volts. The frequency of the line is raised 
to 60 cycles, and the voltage is changed to 22,000 volts. What are the new 
per cent constants at 1,000 kva? 

20- 13. What is the very maximum power that may be transmitted over 
a three-phase line having an impedance Z = 4 -j- yiO, with 33,000 volts 
impressed on the line? 

21- 13. Calculate the operating characteristics of a single-phase trans¬ 
mission line having a resistance of 10 ohms and an inductive reactance of 
25 ohms per wire and operated with 13,200 volts at the customer's load for 
loads of 0, 300, and 600 kva at unity power factor and 0.866 power factor 
Inductive and capacitive loads. Use the tabular method of calculation, and 
draw the vector diagrams for the 600 kva loads at the three power factors. 

22- 13. The impedance of each conductor of a three-phase transmission 
line is given as Z — 10 4* /30 at 60 cycles. The line voltage at the load is 
88 ,000, and the load is 25,000 kva at 0.75 power factor inductive. Calcu¬ 
late the sending-end voltage, the regulation, and the efficiency at this load. 

23- 13. Calculate the regulation and efficiency of a 6,600-volt three-phase 
60-cycle transmission line 8 miles long constructed of No. 0 B. & S. stranded 
copper conductors with a 30 in. horizontal spacing, when carrying a load of 
800 kva at 90 per cent power factor inductive. 

24- 13. A 44,000-volt three-phase 60-cycle 38-mile transmission line has 
No. 000 B. & S. stranded copper conductors spaced 5 ft. on centers in the 
form of an equilateral triangle. Calculate the efficiency and regulation 
of this line when it is delivering 8,000 kva at 0.80 power factor inductive. 

25- 13. Consider a three-phase transmission line with impedance 
Z = 5 +j20, a load of 15,000 kva at the receiving end, and a constant 
receiver voltage of 44,000 volts between lines. Vary the power factor of 
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the load from 0.40 lagging to 0.40 leading by steps of 0.2, and calculate the 
values of the impressed emf between wires, regulation, efficiency, power 
factor, and impedance drop for these loads by tabulation. 

26- 13. Calculate the regulation and efficiency for all transmission lines 
having a resistance of 9 per cent and a reactance of 21 per cent carrying full 
load at 0.80 power factor inductive. Draw the vector diagram. 

27- 13. The impedance of one conductor of a three-phase transmission 
line is Z — 40 -f- jS 0 at 60 cycles. The line is transmitting 6,000 kva at 
66,000 volts 25 cycles and at 0.70 power factor leading current. What are 
the per unit values of its constants at 25 cycles? 

28- 13. Calculate the operating characteristics of a three-phase trans¬ 
mission line having a resistance of 4 per cent and a reactance of 12 per 
cent on a 2,000-kva base, the voltage between lines at the load being 22,000 
volts. Use current as the reference vector, and calculate for loads of 0, 
1,000, 1,500 and 2,000 kva at unity and 0.75 power factors lead and lag. 
Draw the vector diagrams for each type of load. 



CHAPTER XIV 


MEDIUM-LENGTH TRANSMISSION LINES 

Transmission lines of considerable length with medium volt¬ 
ages, or branches of longer' transmission lines at higher voltages, 
have a charging current flowing over the line sufficient appreci¬ 
ably to affect the operating characteristics. For such lines, the 
more rigorous solutions developed in the next chapter are not 
necessary, and a mathematical solution involving only circular 
functions and complex quantities is very often applied. Such 
solutions give results sufficiently accurate for lines 200 miles or 



Fig. 263.—Distributed resistance, inductance, and capacitance of a transmission 

line. 


less in length at standard frequencies for transmission of energy 
and for transmission voltages not over 150,000 volts between 
wires. They also serve as a rapid check method for the solution 
of longer lines and for preliminary estimates of operating charac¬ 
teristics of any length of line. 

152. Distributed Resistance, Inductance, and Capacitance.— 

Each unit length of line, t.e., each centimeter or each mile, has 
a resistance, an inductive reactance, and a capacitance. From 
Fig. 263, representing any high-voltage transmission line, it is 
seen that, when the line is considered from the load end, the first r 
and x must carry the load current and the charging current for C t ; 
the next r and x must carry this same current as well as the 
charging current for C 2 , always added vectorially; the last r 
and x, that at the sending end of the line, must carry the load 
current and the entire charging current of the line. In order to 
derive the proper values of E, and the resistance, inductive 
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reactance, and the capacitive susceptance must be considered as 
distributed along the entire line. Solutions in this chapter will 
be based upon approximate methods where equivalent values 
of the constants are concentrated or bunched at certain points 
along the line giving a lumpy instead of a smooth line. In the 
next chapter, exact solutions for long lines will be developed, 
the constants being considered as uniformly distributed along 
the line. 

In order to study the effect on the sending-end voltage E s of 
the distributed charging current I c flowing through the dis¬ 
tributed resistance and inductive reactance of the line, consider 
the load at the receiving end to be zero so that the only current 



Fig. 264.—Transmission line at no load with uniformly distributed constants 


flowing is the charging current. The line may be considered 
as consisting of a large number of resistances and reactances 
connected in series and the same number of condensers of equal 
susceptance connected in parallel, as represented in Fig. 264. 

Let R = the total resistance of the line, 

X = the total inductive reactance of the line, 

Z — the total impedance of the line — R + jX, 
b — 2irfC = the total charging susceptance of the line, calcu¬ 
lated from the equations derived in Chap. XII, 

I o = the total charging current of the line at no load, 
n = L = the number of mile sections, or length of the line, 
r = R/L — the unit resistance per mile of line, 
x — X/L = the inductive reactance per mile of line, 
z — r + jx — the impedance per mile of line, 
b C 

Y = 27r/ T = the charging susceptance per mile of line. 

Ju L 

The charging current, 

T n b 

Ic x = E rn -£ amp, 

is proportional to, and 90 deg. ahead of, Em, as shown in Fig. 265. 
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The current /i = I Ci flows through r and x, producing a voltage 
drop IiZ so that 

E» — 2?*.v + t\z volts. (1032) 

The charging current Ic s is proportional to, and 90 deg. ahead 
of, and 

i -2 = /i + /c a amp. (1033) 


The voltage drop in the second section of the line is I 2 z, and 

Ez = E 2 + 7 2 i volts. (1034) 



Fig. 205.—No-load charging current and voltage along a transmission line. 


The charging current Ic 3 is proportional to, and 90 deg. ahead 
of, Ez so that 

Iz — 4~ ic t amp (1035) 


and 


E 4 — Ez ~f" Izz amp. 


(1036) 


Likewise, the charging current in the last section I Cn is propor¬ 
tional to, and 90 deg. ahead of, E n so that 


and 


in — i(n — 1 ) + tc n amp 
EsN = En + InZ amp. 


(1037) 

(1038) 


From the vector diagram (Fig. 265), it is seen that the charging 
current per unit length of line is not constant, because of the 
change in magnitude of the voltage along the line, and that 
the charging currents are not in phase with each other, because of 
the change in phase position of the voltage vector along the line. 
For lines of medium length, however, where the total charging 
current is relatively small, Ebn differs from E RN by only a small 
percentage in magnitude and by only a fraction of a degree, or at 
best a few degrees, in phase position, so that no great error is 
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introduced by assuming that the charging current per unit 
length of line is constant in magnitude and phase and that it is 
equal to 

Ic = jr amp, (1039) 

where I 0 is the total no-load charging current of the line. Hence, 



Fig. 266.—Equivalent no-load charging current and voltage along a transmission 

line. 

the impedance drops along the line are all in phase, as shown in 
Fig. 266. Therefore, 

h = Ic x = Ic amp, (1040) 

h = Ii + Ic, = 21 c amp, 

1 % — 1 % ~\~ Ic z ~ 3 Ic amp 

and Ic = In -1 + I c n = nl c amp. (1041) 

The total impedance drop in the line becomes 

E z = I\Z + I%z + IzZ + . . . + InZ volts (1042) 
— I cZ -b 2 1 cZ + 31 cz + . . . + ul cZ 
= I c z( 1 + 2 + 3 + . . . + n) volts. (1043) 

The sum of the arithmetical series of n terms having a common 
difference of 1 is 

S = W(ra - ti ) - (1044) 

2 

When the unit of length chosen is small, as, for instance, when 
r and x are taken per centimeter, n becomes very large and 

S = t~ (approximately). (1045) 
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Hence. 


volte, 

(1046) 

and 

jr yr 

Esn — Ern -f~ Ez ~ Ern H volts. 



(1047) 


Equation (1047) may be interpreted as indicating that the effect 
of the charging currents on Esn is equivalent to that produced by 
half the total charging current flowing through the entire imped¬ 
ance of the line or to that produced by the entire charging current 
flowing through half the impedance of the line. The former 
interpretation gives the “nominal-x” solution and the latter the 



Fig- 267.—Circuit diagram for a Fig. 268.—Circuit diagram for a 
nomiual-T solution of a transmission nominal-T solution of a transmission 
line. line. 


“ nominal-T” solution. In either case, the total load current 
must be transmitted over the whole line, and the effects of both 
load and charging current must be taken into consideration in 
calculating the line characteristics. 

In Fig. 267, the equivalent circuit diagram for the nominal-x 
solution, half the capacitance of the line is concentrated at the 
receiving end and the charging current for this capacitance must 
be added to the load current to give the line current. This 
current is passed through the entire resistance and reactance of 
the line to obtain the emf Esn, at the sending end of the line, 
and finally the charging current for the other half the line capaci¬ 
tance, at proper value and phase position corresponding with 
Esn } must be added to the line current to obtain the current 
consumed by the line and load combined. In Fig. 268, the equiv¬ 
alent circuit diagram for the nominal-T solution, the entire 
load current is passed through one-half the line resistance and 
inductive reactance to obtain the emf E M n, at the center of 
the line. The charging current of the entire line, corresponding 
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in value and phase position with E M n, is added to the load current 
to obtain the total line current. This current is then passed 
through the resistance and the inductive reactance of the 
remainder of the line to obtain the voltage Esn, at the sending 
end. These two approximate solutions give results that check 
very closely with measured results for lines of the type for 
which they are derived. The nominal-T solution is a better 
introduction to the equations and the vector diagrams of the 
transformer, but the nominal-x solution is slightly shorter in 
application, and it compares more nearly with the solutions in 
Chap. XIII for the shorter lines. The nominal-7r method is often 
convenient to use for lines forming parts of a power-system net¬ 
work where the capacitive kilovolt-amperes may be included with 
the loads at the stations in which the lines terminate, and the 
short-line calculation may then be applied to the line between 
stations. 

153. Nominal-7r Solution.—Consider half the capacitance of 
the transmission line concentrated at each end, as in Fig. 267. 
The capacitive susceptance agreeing with this equivalent diagram 
becomes 


b C R = bcs = 2tt/~ mhos, (1048) 

where C is the total capacitance of one wire to neutral from 
Eqs. (969) to (976). Taking Ern as the reference vector, 

Ern = Ern + j0 volts, 


and the load current, in reference to Ern, is 


Ir = is + ji*' amp 

where E BN is the emf to neutral. The charging current at the 
receiving end is 


where 


Icr = E RN jb 0 R = jicR amp, 


icR — Ern^cr amp. 


(1049) 

(1050) 


The equivalent line current becomes 

II = 1r + Icr amp 

= Ir + j(i& + icr) = i& + jii amp, 


(1051) 
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where 

%l = in amp 

(1052) 

and 

ii! = in' + icR amp. 

(1053) 

The voltage at the sending end of the line is 



Ess- = Ebn + hz volts 

= Erv + (ih + Pl')(R + 3 X ) volts 

(1054) 


= E rn + zlR - it!X + j(*VB + iiX) volts 

= Csjv + jess' volts, 

(1055) 

where 


as = Ess + ii ,R - ihX volts 

(1056) 

and 


&sn — ii!R Hb iiJH volts. 

(1057) 


The charging current for the line capacitance at the sending end 
becomes 

ics = Esxjbcs = (ess + je SN ')jbcs amp (1058) 

= — esx'bcs + jessbcs = ics + jics' amp, (1059) 

where 

ics = ~ es.v'bcs amp (1060) 

and 

os' — esNbcs amp. (1061) 

The total current at the sending end of the line is the sum of 
the charging current and the line current of Eq. (1051), or 

Is = II + Ics amp (1062) 

= (i L + ics) + j(iL + ics) = is + jis amp, (1063) 

where 

is = iL + ics amp (1064) 

and 

is = iL + ics amp. (1065) 

The magnitude of the emf at the sending end is 

Esn ’ = yU sn 2 + e S N ft volts 


( 1066 ) 
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Is = \i& 2 + is'" amp. (1067) 

From these equations, 

Psn = estfis + esN'is watts (336) 

is the power input per phase to the line. The efficiency becomes 

Efficiency = §** = & (1005) 

Jr SN Jrs 

and, the apparent power input per phase being EsnIs , the power 
factor at the sending end of the line is 


P.F.s 


P SN 
EsnIs 


Figure 269 is the vector diagram for a nominal-7r solution of a 
transmission line with an inductive load, using the receiving-end 



Fig. 269.—Vector diagram for a nominal-x solution of a transmission line with 

inductive load. 

voltage to neutral as the reference. In solving the network, as 
shown in Fig. 267, which is the nominal-** representation of a 
medium-length transmission line, any reference axis may be 
chosen, the process of solution of the network being the same. 
The general equations into which the values of I R and Ern , 
expressed with any reference, may be inserted are 


Icr — jbcRpjRN amp, (1049) 

I L = h + I cr amp, (1051) 

Esn ~ Ern -b IlZ volts, (1054) 

tcs — jbcsEsN amp, (1058) 

and 

* Js = I& ~h tcs amp. (1062) 
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In Fig. 270, the vector diagram is shown for the nominal-x 
solution of a transmission line with inductive load, current being 
used as the reference. To show the effect of the power factor 
of the load on the relative value of the sending- and receiving-end 



Fig. 270.—Vector diagram for the nominal-7r solution of a transmission line with 
inductive load, using current as the reference vector. 

voltages, a vector diagram. Fig. 271, is shown for a nominal-7r 
solution with a capacitive load. 

The same definition for regulation applies to the medium- 
length line as to the short line, i.eregulation is the 'percentage 
change in voltage at the receiving end of the line in terms of rated 



Fig. 271.—Vector diagram for a nominal-7r solution of a transmission line with 

capacitive load. 

receiving-end voltage, when the load is reduced to zero, the voltage at 
the sending end being held constant at the value required for the par¬ 
ticular load previously chosen . The open-circuit voltage for the 
medium-length line at the receiving end differs from that at the 
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sending end, whereas in the short line they were the same. Even 
when the load on the line is reduced to zero, there still remains the 
charging current of the line that passes through the line resistance 
and reactance, as shown in the circuit diagram, Fig. 267. From 
this diagram, 


and 


1l = Icr = E RN jb CR amp, 

Esn = Ern + E RN jbc R Z volts 
= Ern(1 + jbcnZ) volts. 


(1068) 

(1069) 

(1070) 


The vector diagram for the open-circuit condition of the nomi- 
nal-7r solution is shown in Fig. 272. This vector diagram is 
shown for two different receiver 
voltages, the voltage Earn being Js s h 

the open-circuit sending-end 
voltage with rated voltage at 
the receiving end, whereas Ern 
is the open-circuit voltage at 

the receiving end for any given o BW 

voltage Esn held at the sending f* G * 272 -“-Open-circuit vector dia- 
end. Since, for the calculation transmission line, 
of regulation, the sending-end 

voltage is to remain fixed, the receiving-end voltage must be 
calculated for the known sending-end voltage. This may be done 
by solving Eq. (1070) for Ern. 



Ern — 


Es 


l+jb-Z 


r Volts, 


(1071) 


where Er/ is the receiving-end voltage when the load is reduced 
to zero, Esn being held constant. 

Regulation is calculated from these values and the definition in 
the usual manner as 


Regulation = ~-? N —ioo per cent. (1072) 
Ern 

In Fig. 272, the two triangles O-Ern-Esno and 0-E r /-E S n 
are similar since two sides including a common angle are propor¬ 
tional. This gives rise to another method for calculating the 
receiving-end voltage when the load is reduced to zero. Since 
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Erx 

Ess 

Ers' 


Ers 

Esso 

Ers 


Esso 


Ess volts, 


(1073) 


where Esso has been calculated from Eq. (1070) for a value of 
Er N equal to its rated value. If Eq. (1073) is substituted in 
Eq. (1072), there results 


Ers jji jp 

- Jhss ~~ &RN 

Regulation = — Q —.= - 100 per cent (1074) 

Urn 

= - El —100 per cent. (1075) 


Although Eq. (1075) may be found convenient to use in the cal¬ 
culation of regulation, it must be borne in mind that it has been 
derived by proportion from Fig. 272 and is not the definition of 
regulation. 


Example 91 

Determine the operating characteristics of a .transmission line designed 
for transmitting 22,000 kva at 66,000 volts three-phase 60 cycles and having 
a resistance of 20 ohms per wire, an inductive reactance of 40 ohms per wire, 
and a capacitive suseeptance of 0.00025 mho per wire, using the nominal- 
7T solution for full kilovolt-ampere output at 0.80 power factor inductive. 

The rated receiver voltage to neutral is 


Ers 

The load current is 


66,000 


38,100 volts. 


22,000 X 1,000 

66,000vis 


192.5 amp. 


Taking Ers as the reference, 

Ers = 38,100 + j0 volts, 

Ir = 154 —7115.5 amp, 

bcR — bcs — — 0.000125 mho. 

Then 

lea =70.000125(38,100 + 70) amp 
= 7^-76 amp. 

Ir = 154 — 7H5.5 +74.76 amp 
= 154 —7119.7 amp. 

JEsn ~ 38,100 + (154 —7110.7) (20 + 740) volts 
= 45,600 + 73,900 volts. 
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Esn = s/ 45,600 2 + 3,900 s = 45,750 volts. 
Ics = ^0.000125(45,600 + ,/3'900) amp 
= —0.495 4-./5.70 amp, and 
is = 154 - yil0.7 - 0.495 + j5.70 amp 
= 153.5 — yi05 amp, and 
Is = -v/153.5 2 + 105 2 = 186 amp. 


The power input to the line is 


Psn = [(45,600) (153.5) + (3,900) (~105)] 10~ 3 
« 6,586 kw. 

„ 22,000 X 0.80 K . , 

Prn - —--g- = 5,867 kw, and 

Efficiency = ^^ 100 = 89.1 per cent. 

Vsn - Usn = 45,750 X 186 = 8,520 kva, 
P.F.s = MIlOO = 77.3 per cent. 


The voltage between lines at the sending end is 

E s = 45,750\/3 = 79,250 volts. 
* , 45,600 +j8,900 

EliN ” 1 +y(d.oooi25)(2o TW) 
— 45,900 +J3,920 volts, and 
Ern' - 46,100 volts. • 


Regulation 


46,100 — 38,100 


— 0.206 = 20.6 per cent. 


This line is calculated for various loads and power factors in Table IX. 


154. Nominal- 7 T Solution Using the Per Unit Constants. —The 

per unit values of resistance and reactance are found in the same 
manner as for the short line in Chap. XIII. The per unit value 
of the charging current is based on the relation of a charging 
current that would be produced by a voltage of normal E RN 
applied to the capacitive susceptance of the whole line, corre¬ 
sponding to the capacitance of one wire to neutral, to the full-load 
rated current of the line. Then 

Per unit Ic = (1076) 

where b c is the capacitive susceptance in mhos of one wire to 
neutral; 

E rn is the rated voltage to neutral at the load; and 
I R is the rated full-load current. 
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The value of be in mhos required to make the numerator equal 
to the denominator of the right-hand side of Eq. (1076) would 
make the charging current just equal to the rated full-load 
current, and it would be the base value of susceptance. Since 
the ratio of the actual susceptance in the circuit to this base value 
is the same as the ratio of the actual charging current produced by 
b c to the rated current, the per unit value of b c is equal to the per 
unit value of charging current, and Eq. (1076) may be written 

Per unit be = per unit Ic — (1077) 

J. It 


Example 92 


Calculate the operating characteristics at rated full-load 0.80 power factor 
inductive of the same transmission line as specified in Example 91, using 
the nominal-*- solution and per unit values of the quantities involved. The 
line is designed to transmit 22,000 kva at 66,000 volts 60 cycles and has a 
resistance of 20 ohms per wire, an inductive reactance of 40 ohms per wire, 
and a capacitive susceptance of one wire to neutral of 0.00025 mho. 

Using rated conditions as base values, 


Erx — 38,100 volts = 1.00 = 100 per cent Ern, 

Ir — 192.5 amp — 1.00 = 100 per cent Ir, 

rr 38,100 X 192.5 , , 

Vrn = —— j-qqq- = 7,330 vector kva 

= 1.00 = 100 per cent power output. 


Per unit R = 


192.5 X 20 
38,100 


= 0 . 101 , 


Per unit X = ^^4 = 0.202, and 


Per unit be — 


38,100 
0.00025 X 38,100 
192.5 


0.0494. 


Taking Ern as the reference, 

Ern = 1.00 4-JO, 

Ir = 0.80 - JO.60, 

Per-unit bcR = = 0.0247. 


Then, 

Icr = J0.0247(1.00 + joy 
= 0 4- JO.0247. 

Il = 0.80 - JO.60 4- JO.0*247 
- 0.80 - J0.575, 
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The voltage at the sending end becomes 

E sn = 1.00 + (0.80 - ./0.575) (0.101 +^0.202) 

= 1.197 + JO. 104, and 
Esn = 1 . 202 . 

ics =^0.0247(1.197 +j0.104) 

= -0.0025 + j'0.0296, and 
Is = 0.80 - j'0.575 - 0.0025 + i0.0296 
= 0.7975 —j‘0.5457, and 
Is = 0.8985. 

For the calculation of efficiency, 

Prn = 0.80, 

Psn = (1.197) (0.7975) + (0.104) (-0.5457) 

= 0.8985. 

, Efficiency = ? =* 0.891 = 89.1 per cent. 

The apparent power input is 
UsN 
(P.F.)sn 
Ern' 

Regulation = 

This line is calculated by the per unit method for various loads and power 
factors in Table X. ! 

155. Nominal-T Solution.—The circuit diagram for the 
nominal-T solution of a transmission line is shown in Fig. 268, 
the capacitance of the line being concentrated and placed at the 
middle of the line with one-half the resistance and one-half 
the reactance of one wire between it and each end of the line. The 
equations used in the calculation by this method of solution are 
derived by applying Kirchhoffs laws to the circuit diagram. 
The values of Ern and In are obtained from the known load condi¬ 
tions and expressed to any desired reference. The voltage at the 
middle of the line, referring to Fig. 268, is 

Emn = Ern + Ir ~2 volts. (1078) 

The charging current for the line capacitance at the middle of 
the line becomes 


= Vsn = (1.202) (0.966) = 1.163. 
0.8985 

= -j = 0.773 = 77.3 per cent. 
= 1.206, * 

1 2 °i"6o ~ = °- 206 = 20 - 6 P er 


= 0.206 = 20.6 per cent. 


ic ~ EmnA>c amp. 


(1079) 
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The sending-end current, which passes through half the line 
impedance, is 

i.-h + io amp. (1080) 

The sending-end voltage to neutral is 

Esx = Emit + Isf volts. (1081) 

The operating characteristics can be calculated from these 
values. 



Fiq 273 ._Vector diagram for the nominal-T solution of a transmission line with 

nonreactive load. 



In Fig. 273 is shown the vector diagram of the nominal-T 
solution of a transmission line with a unity power-factor load 
in which case both the current and voltage coincide with the 
reference axis. In Fig. 274 is shown the vector diagram for an 
inductive load and in Fig. 275 for a capacitive load, the latter 
with current as the reference. 

The sending-end voltage at no load differs from that at full 
load and also from the no-load receiving-end voltage. A caleula- 
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tion must be made for E RN f in order to obtain the value of receiv¬ 
ing-end voltage to be used in the calculation of regulation. 
Referring to Fig. 268, it is seen that with the load reduced to zero 
the voltage at the middle of the line is equal to that at the 
receiving end, so that for open circuit Eq. (1081) may be written 

* * • Z 

Esn = Ern -f- JcTj volts 

= Ern + jb c ERN ~2 volts. (1082) 


Equation (1082) is the same as Eq. (1069), since b C R is equal to 
b c / 2, so that the same method of calculating Ern for a given value 



Fig. 275.—Vector diagram for the nominal-T solution of a transmission line with 
a capacitive load, using current as the reference vector. 

of Esn will apply to the nominal-T solution as to the nominal-w 
solution, and regulation is calculated in the same manner for both 
cases. 

Example 93 


Determine the sending-end voltage and current and the regulation of the 
same transmission line as used in Example 91 with 150 per cent^load at 
0.80 power factor inductive, using the nominal-T solution. The line is 
designed to transmit 22,000 kva at 66,000 volts three-phase 60 cycles, and 
has a resistance of 20 ohms, a reactance of 40 ohms, and a capacitive sus- 
ceptance of 0.0025 mho per wire. 

The load current is 


r 1.50 X 22,000 X 1,000 OQO Q , 

I R =-—---—-—*— = 288.8 amp, and • 

66,000a/3 

1b = 288(0.80 - ,0.60) = 231 - ,173.3 amp. 
jE RN = 38,100 + ,0 volts. 
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Then 

Emn = 38,100 +j'0 + (231 - ,173.3) (10 + ,'20) volts 
= 43,876 + j'2,890 volts. 
lc = (jO.0025) (43,876 + ,‘2,890) amp 
= —0.722 + ill amp. 
is = 231 -yi73.3 - 0.722 + yir amp 
= 230.3 — il62.3 amp, and 
Is — 281.5 amp. 

Esn = 43,876 +A890 + (230.3 -il62.3)(10 + i20) volts 
= 49,425 + i5,870 volts, and 

Esn = 49,800 volts. 

On open circuit, Emn is the same as Ern, and the charging current passes 
through one-half the line impedance; so, for rated voltage, 

Esno = 38,100 + Q‘0.0025) (38,100) (10 H-j20) volts 
= 37,900 + il00 volts, and 

Esno - 37,900 volts. 

E rn ’ = 49,80 ° 7 ^ 8,1 - ° = 50,200 volts, and 
Regulation = 50 ’ 2( ^ 8 ~ 0 q 8 ’ -- = 0.318 = 31.8 per cent. 

This line is calculated using the nominal-T method for various factors of 
load in Table XI. 

156. Other Approximate Solutions.—-A slightly more accurate 
solution for the longer lines imay be made by breaking up the 



Fig. 276.—Equivalent circuit diagram for a transmission line divided into two 
separate nominaW lines in series. 

♦ 

line into two lines of half the total length connected in series 
with each other, as indicated in Fig. 276, where one-fourth the 
capacitance is placed at each end of each division of the line. 
The equivalent diagram for solution is shown in Fig. 277, where 
C/2 is placed in the middle of the line and C/4 at each end, giving 
an impedance drop due to one-fourth the line charging current 
through the first half of the line impedance and three-fourths the 
charging current over the remainder of the impedance, the other 
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one-fourth of the charging current being added at the sending 
end of the line to give the load current. Another approximation, 
sometimes alluded to as the Steinmetz method, is shown in 
Fig. 278 where C/6 is placed at each end of the line and 2C/3 
in the middle, giving an impedance drop due to one-sixth the 
charging current over one-half the line impedance and five-sixths 



Fig. 277.—Equivalent circuit diagram for a transmission line with one-fourth 
the capacitance at each end and one-half in the middle. 



Fig. 278.—Steinmetz equivalent circuit diagram for a transmission line with 
one-sixth the capacitance at each end and two-thirds in the middle. 



Fig. 279.—Equivalent circuit diagram for a transmission line divided into three 
nominal-7r lines in series. 

the charging current over the remaining half. Other methods of 
approximation are indicated in |figs. 279 and 280. In Fig. 279, 
the line is broken up into three separate lines, and in Fig. 280 into 
six separate lines, all in series with each other. Any other 
number of divisions may be used. Complications such as these, 
however, are seldom justified unless the emfs at substations or 
other definite intermediate points are desired. 








5 Transmission Line 
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157. A, B, and C, General Circuit, or Auxiliary Constants of a 
Transmission Line Using the Nominal-7r Solution.—Another solu¬ 
tion of the nominal-7r line may be derived in such a manner as to 
secure three constants for the line which may be used later in the 
calculation of the line characteristics for any load or reference con¬ 
ditions. In this derivation, neither the receiving-end voltage nor 
the current is used as the reference, but the reference may be sub- 



Eig. 280.—Equivalent circuit diagram for a transmission line divided into six 

nominal-7r lines. 


stituted at any point in the solution, usually in the application of 
the results. 

Using the nominal-7r diagram of Fig. 267, the charging current 
at the load is 

(1083) 


(1084) 


(1085) 

(1086) 


(1087) 

(1088) 


icR = ERNjb cr = Ern ~2 amp, 
and the line current becomes 

Y 

Ijj — Ir + Icr — Ir + Ern"~2 amp. 

The emf at the sending-end of the line is 

Esn = E rh -f- IlZ volts 

. . . . 7Y 

= E$n + IrZ + E rn -— volts 

= Fhei^l -f-+ IrZ volts, 

which may be written 

Esn — A Ern + BIr volts, 


A ~ ai + ja<i — A/6 a = 1 + 


ZY 


LZ* * 1 2 


where 
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and 

5 = 6i+ jb 2 = B[Bb = R+jX = Z. (1089) 

The current taken by the sending-end susceptance is 

. Y 

Ics = amp, (1090) 

and, substituting the value of E S n from Eq. (1086), 

ics = Erit^ + Ern—^ —h Ir- ~2 amp. (1091) 


The total current taken by the line at the sending end is 
Is * II + ics amp 


. Y • Y ZY 2 

= }r + Er n ~2 + Ern~2 + Ern 

, *■ ZY 


+ Ib~y amp 


= i + ^] + i»/[i + 

amp, 

(1092) 

which may be written 



is = AIr + CErn amp, 


(1093) 

where 

c = ex + j C2 = r[i + f] 

= C/Jc, 

(1094) 


the value of A being the same as given in Eq. (1088). 


I s * CErh 





AEjtff-Esjf 

"I a s Pit/r 


- a ‘ B x»- -^ 


Fig. 281.—No-load vector diagram for a transmission line, using the general 
circuit constants. 


These constants A, B, and C are complex numbers, character¬ 
istic of the line, and are independent of the load on the line or the 
reference used in the calculation; hence they may be calculated 
in advance and applied in the calculation of the line character¬ 
istics under any load conditions. They are known as the “gen- 
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eral circuit or auxiliary constants” of the line. At no load, 
Eq. (1087), becomes 

Esno = AErn = cliErx + JclzErn volts, (1095) 


and Eq. (1093) becomes 

Js = CErx = ciErn + jc 2 E RN amp. (1096) 

The no-load vector diagram is shown in Fig. 281 with Ern 

as' the reference. It is seen that 
Esn leads Ern by a small angle, 
the components of E$n being 
aiERjsr in phase with E RN and 
clJErx 90 deg. ahead of Ern, which 
will be the relation with any 
reference axis chosen. The cur¬ 
rent taken by the line at no load 
is more than 90 deg. ahead of Ern 
and slightly less than 90 deg. 
ahead of Esn- The charging cur¬ 
rent flows through the line resist¬ 
ance requiring that its position will be slightly less than 90 deg. with 
Esn . The component of Is at no load in phase with E S n, when 
multiplied by Esn , gives the loss caused by the charging current 
per wire, the total loss being three times this value. The vector 



Fig. 282.—Vector diagram for a 
transmission line with nonreactive 
load, using the general circuit 
constants. 



Fro. 283.—Vector diagram for a transmission line with inductive load, using the 
general circuit constants. 


difference between Ern and AErn at no load is the impedance 
drop caused by the no-load charging current. The vector 
diagrams for a transmission line using the A, B, and C constants 
pxe shown in Figs. 282, 283, and 284, for the conditions of unity 
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power factor, and inductive and capacitive loads, respectively. 
It is seen that B is in the nature of a new line impedance corrected 
for the fine capacitance and that C is in the nature of a line 
capacitance corrected for line imped¬ 
ance drop. 

The values of sending- and receiv¬ 
ing-end voltage needed in the cal¬ 
culation of regulation are very easily 
obtained, using the general circuit 
constants, when the transmission¬ 
line equations are given. From Eq. 

(1095) and the vector diagram, Fig. 

281, it can be seen that at no load 
the sending-end voltage is directly 

proportional in magnitude to the receiving-end voltage, and 



-i- 

Fig. 284.—Vector diagram for 
a transmission line with capaci¬ 
tive load, using the general cir*' 
cuit constants. 


Ern __ E S n (corresponding to rated E RN ) 


Er N (rated) 


Es 


(1097) 


Since both Esn and E S m are found in using Eq. (1095), the value 
of Ern, the receiving-end voltage when the load is removed 
with the sending-end voltage constant, is very conveniently 
calculated from Eq. (1098), which may be obtained directly from 
Eq. (1097), as 


JW = Ea * (^spondingjo r atedg^ ^ (rated) volts . 

EjSNQ 

(1098) 


Regulation is then calculated from the definition in the usual 
manner. 


Example 94 

' Calculate the values of the A, B, and C constants for a 60-cycle transmis¬ 
sion line 200 miles long constructed of 300,000-circular-mil copper spaced 
at the corners of a triangle 11 ft. apart. Write the corresponding general 
circuit equations of the line. The line constants corresponding to these line 
dimensions are found to be R = 39.2 ohms, X = 156 ohms, b c — 1,116 X 
10" 6 mho. 

For the nominal-x solution, 

Z = 39.2 4* il56 = 161 /75.9° ohms, 

Y = 0 +.71,116 X 10-« » 1,116 X i0~ 6 /9<r mho. 
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Then 


ZY = 161 /75.9° X 1,116 X 10" 6 /90^ 

= 0.1795 /165.9° = -0.174 -fy0.0438, 


and 


l = 1 + -0.174 + jQ.0438 = Q 913 + yo.0219, 
B = Z = 39.2 + .7*156, 


2 
fl 

C = j'1,116 X 10-«[l + 


—0.174 4~ .70.0438 j 
0.0000122 +j0.001067. 


The circuit equations become 

Esn — (0.913 +- j'0.0219)Bi22f + (39.2 + j’156) volts, and 
I s = (0.913 + j0.0219)/j> + (-0.0000122 + i0.001067)JSf sw amp. 

158. A, B, and. C Constants of a Transmission Line Using the 
Nominal-T Solution.— The A, B, and C constants of a trans¬ 
mission line using the nominal-T solution are slightly different 
from the values obtained by the nominal-*- method. When 
Fig. 268 is used for the derivation of the equations, the emf at 
the middle of the line is 

Eits = Ern + Irj volts, (1099) 

and the charging current at this point is 

7Y 

t c = EmnY = ErnY + 1 r ~y am P* (lioo) 


The total current taken by the line and load becomes 
Is = Ir + Icm amp 

ZY 

= Ir + ErnY + i b - 2 amp 
= /,[ 1 + + ErnY amp. (1101) 

The impressed emf is found by adding the impedance drop 
in the last half of the line to the voltage at the middle of the 
line, Eq. (1099), as 
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Esn = Emn + Is 2 volts 

- fi ■ 4 . t 2 4 - T Z TP ZY . t Z*Y .. 

— + iieg- “T Ern~2 r ia—volts 


i^22iv£ 


1 + 


£F 


+ /*£ 


1 + 


ZY\ 


volts. 


( 1102 ) 

(1103) 


Equation (1103) may be written 

Esjsr = AErn + BIr volts, 
and Eq. (1101) as 

Is = AI r + CE rn amp, 

where 

• ZY 

A = a x + ja 2 = A/0^ = 1 + 

B = h +jb 2 = JS/fc = ^1 , 

<? = £i + ic 2 — C7<9c — F = g + jb c . 


(1087) 

(1093) 

(1094) 

(1104) 

(1105) 


These values of the constants may be applied in Eqs. (1087) 
and (1093) to determine the values of Esn and I s . From these 
values, the regulation, efficiency, and power factor of the line 
may be calculated. The vector diagrams for this method of 
solution are the same as those for the nominal-x solution, Figs. 
281, 282, 283, and 284. 


Example 96 

Find the A, B, arid C constants for the same transmission line as in 
Example 94, using the nominal-T solution. Write the corresponding general 
circuit equations of the line. 

From Example 94, 

Z = 39.2 + ,7*156 - 161 /75.9° ohms, 
y=0+ jl,116 X 10- 6 /90° mhos. 

ZY = 0.1795 /165.9° = -0.174 + /0.0438. 


Then for the nominal-T line, 

A - 0.913 + yo.0219, 

= 154 /76.5° = 35.8 + j'149.4, 
(J = r = 0 + J0.001U6. 
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Then 

Esn = (0.913 +j0.0219)Epy + (35.8 + jU9A)I R volts, and 
Is = (0.913 +j'0.0219)/* + j0.001116&y amp. 

Problems 

1- 14. An 88,000-volt three-phase 60-cycle line is 86 miles long. The 
conductors are of No. 00 B. & S. stranded copper spaced 8 ft. apart hori¬ 
zontally. The constants per mile of conductor are: resistance, 0.4287 ohm; 
inductance, 2.15 millihenrys; and capacitance to neutral, 0.01406 juf. Calcu¬ 
late the sending-end voltage, current, and power factor when the line is 
delivering 15,000 kva at 0.80 power factor inductive at 88,000 volts. Use 
the nominal-*- solution with Erx as the reference. Draw the vector diagram. 

2- 14. A 66,000-volt 60-cycle three-phase line is 96 miles long. It is con¬ 
structed of No. 000 B. & S. aluminum cable, steel reinforced, with an equiva¬ 
lent spacing of 7 ft. The constants per mile of conductor are: resistance, 
0.579 ohm; inductive reactance, 0.790 ohm; and capacitive susceptance to 
neutral, 5.8 X 10~ 6 mho. Calculate the efficiency and regulation of the 
line when delivering 8,000 kva at unity power factor. Use the nominaW 
solution with Erx as the reference. Draw the vector diagram. 

3- 14. A three-phase transmission line has the following constants per 
wire at 60 cycles: Z == 27.7 +i79.7, Y - 0 +i542 X 10~ 6 . If this line is 
delivering 20,000 kva at 0.707 power factor inductive load at the receiving 
end with a voltage of 110,000 volts, calculate the regulation and efficiency, 
using the nominal-^ solution and Erx as the reference. Draw the vector 
diagram. 

4- 14. A transmission line is constructed to transmit 66,000 hp. from a 
hydroelectric plant at Keokuk, Iowa, to St. Louis, Mo., a distance of 144 
miles. The line voltage at St. Louis is to be maintained at 110,000 volts 
between lines. The system is three-phase 25-cycles, the wires being 
arranged in vertical planes at 10-10-20 ft. spacing, of 300,000-circular-mil 
B. <&; S. copper 19-strand cable, 0.625 in. in diameter. Calculate the effi¬ 
ciency, regulation, and power factor at the generating station for full load 
and for 50 per cent overload for a unity power factor load and for an induc¬ 
tive load at 0.70 power factor. Use the nominal-7r solution, voltage at the 
receiving end of the line as the reference and tabular method of calculation. 
Draw the vector diagram. 

5- 14. A 66,000-volt 60-cycle three-phase line 80 miles long, constructed 
of No. 0000 B. & S. aluminum conductors, has a resistance of 39.2 ohms, an 
inductive reactance of 62.4 ohms, and a capacitive susceptance of 474 X 10”" 6 
mho per conductor. Find the regulation and efficiency for a load of 10,000 
kva at 0.85 power factor inductive. Use the nominal-m solution with load 
current as the reference. Draw the vector diagram. 

6- 14. Calculate the per unit constants for an 88,000-volt three-phase 
transmission line 92 miles long, having a resistance of 25.6 ohms, an induc¬ 
tive reactance of 69.6 ohms, and a capacitive susceptance to neutral of 
524 X 10” 6 mho per conductor, the line being rated at 25,000 kva. 
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7- 14. Calculate the regulation and efficiency of the line of Prob. 6-14 for 
rated load and 0.80' power factor inductive, using the per unit constants 
and the nominal-ir solution. Draw the vector diagram. 

8- 14. Calculate the regulation, and efficiency for a transmission line 
having 10 per cent resistance, 19 per cent reactance, and 12 per cent capaci¬ 
tive susceptance, using the nominal-® solution and E RN as the reference 
with 150 per cent load at unity power factor. 

9- 14. Find the voltage between lines, the regulation, efficiency, and the 
power factor at the sending end for a 10-000-kva 66,000-volt three-phase 
60-cycle transmission line when delivering 5,000 and 10,000 kva at unity 
and 0.85 power factor inductive loads, keeping the voltage at the receiving 
end constant. The line has a resistance of 14 ohms, a reactance of 34 ohms, 
and a capacitive susceptance of 625 X 10~ 6 mho. Use the nominal-® solu¬ 
tion and per unit constants. 

10- 14. Find the sending-end voltage, current, and power factor for a three- 
phase 60-cycle transmission line having a resistance of 46.4 ohms, a reactance 
of 84.2 ohms, and a capacitive susceptance to neutral of 554 X 10"" 6 mho, 
when delivering 35,000 kva at 110,000 volts at 0.707 power factor inductive. 
Use the nominal-T method with Ern as the reference. Draw the vector 
diagram. 

11- 14. Calculate the sending-end power factor, efficiency, and regulation 
for a transmission line 100 miles long designed to transmit 22,000 kva at 
88 kilovolts three-phase 60 cycles, using the nominal-T method of calcula¬ 
tion, for the rated load at unity power factor. Use the load current as-the 
reference, and draw the vector diagram. The resistance of the line is 
27.7 ohms; the inductive reactance, 77.4 ohms; and the capacitive suscep¬ 
tance, 562 X 10“ 6 mho per conductor. 

12- 14. Calculate the same line as in Prob. 4-14 but use the nominal-T 
solution. 

13- 14. Find the efficiency and regulation of a 44-mile 50 kv three-phase 
60-cycle transmission line using No. 1 B. & S. copper conductors, the resist¬ 
ance of the line being 30.8 ohms, the reactance 34.2 ohms, and the capacitive 
susceptance 240 X 10“ 6 mho per conductor, the line carrying a load of 
7,500 kva at unity power factor. Find the per unit constants, and use the 
nominal-T solution and the per unit method with Ern as the reference. 

14- 14. Determine the operating characteristics of a transmission line 
50 miles long, designed for transmitting 18,000 kva at 66,000 volts three- 
phase 60 cycles, for open-circuit, half-load, and full-load output at unity 
power factor and 0.80 power factor inductive load. Use the nominal-T 
solution, per-unit values, and Ern as the reference. The line is constructed 
of No. 0000 B. <fc S. copper conductors and has a resistance of 13.85 ohms, an 
inductive reactance of 36.4 ohms, and a total capacitive reactance to neutral 
of 3,320 ohms per conductor. 

15- 14. Derive the general circuit or auxiliary constants for a three-phase 
transmission line 50 miles long operating at 66,000 volts 60 cycles and con¬ 
structed of No. 000 B. & S. stranded copper conductors spaced 8 ft. apart 
vertically, using the nominal-® solution. The resistance is 0.35 ohm per 
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mile; the reactance, 0.792 ohm per mile; and the capacitive susceptance to 
neutral, 5.41 X 10~ 6 mho per mile of conductor. 

16- 14. Calculate the general circuit or auxiliary constants for a 100-mile 
three-phase 88,000-volt 60-cycle transmission line, having a resistance, of 
35 ohms, a reactance of 70 ohms, and a capacitive susceptance to neutral of 
590 X 10~ 6 mho per conductor. Use the nominal-T solution. * 

17- 14. Derive the auxiliary constants for a 150-mile three-phase 60-cycle 
transmission line for 120,000 volts, using the nominal-T solution. The 
conductors are 300,000-circular-mil aluminum cable steel reinforced and 
spaced 14 ft. vertically. The resistance per mile of conductor is 0.311 ohm; 
the reactance, 0.785 ohm; and the capacitive susceptance, 5.26 X 10~ 6 mho. 

18- 14. Calculate the values of the auxiliary constants for a transmis¬ 
sion line for the nominal-T solution if the line constants are given as 
Z = 73.5 -f j402 ohms and 7 = 0 + j2,690 X 10^ fi mho, expressing the 
values in rectangular and polar coordinates. 

19- 14. Calculate the sending-end voltage, current, and power factor for a 
140-mile 110,000-volt 60-cycle three-phase line when delivering 25,000 kva at 
0.80 power factor inductive. The general circuit constants for the line are 
A = 0.958 + i0.0141, 5 = 37.8 -f ;113, and C = -0.000003 + ./0.000728. 
Draw the vector diagram. 

20- 14. Calculate the operating characteristics of a transmission line 
75 miles long, designed for transmitting 30,000 kva at 88,000 volts three- 
phase 60-cycles for no load, half load and full load at unity power factor and 
0.85 power factor inductive if the line has the following auxiliary constants: 
A = 0.988 + yO.00435, B = 20.7 -f #7.5, and C = -0.000001 + ^0.000417. 

21- 14. Find the charging kilovolt-amperes delivered by the generator and 
the generator voltage for the open-circuit condition for a 100,000-volt 
60-cycle transmission line 105 miles long, having a resistance of 0.235 ohm, 
a reactance of 0.798 ohm, and a capacitive susceptance of 5.35 X 10~ 6 mho 
per mile of conductor, using the nominal-T method. Draw the vector 
diagram. 

22- 14. Calculate the operating characteristics for a 100-mile 120,000-volt 
three-phase 60-cycle line when delivering 40,000 kva at unity power factor 
and at 0.85 power factor inductive. The line is constructed of No. 0000 
B. & S. copper conductors and has a resistance of 27.7 ohms, a reactance of 
79.7 ohms, and a capacitive susceptance of 542 X 10 -6 mho. Use the 
nominal-T solution and Ern as the reference. 

23- 14. Make an analytical solution—the solution for the general case—for 
sending voltage and current for a transmission line, using the nominal-T 
solution and current at the load as the reference. Draw the vector diagram 
for the same reference. 

24- 14. Calculate the efficiency and regulation for transmission lines having 
8 per cent resistance, 19 per cent reactance, and 10 per cent capacitive 
susceptance, using the nominal-T solution and full-load 0.80 power factor 
inductive. 

25- 14. Calculate the auxiliary constants for the line of Prob. 22-14, using 
the nominal-T solution. 
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26- 14. Given a three-phase transmission line delivering 50 amp at 68,000 
volts to neutral and having the auxiliary constants: A = 0.809 + ./0.037, 
B = 38.46 + /206.4, and C = 0.001 7/90° 47' . Calculate the sending-end 
voltage and current at 0.70 power factor capacitive load. Draw the vector 
diagram. 

27- 14. Derive the equations for the auxiliary constants for a transmission 
line using the Steinmetz approximation. 



CHAPTER XV 


LONG TRANSMISSION LINES 

159. Distributed Constants of the Line. —Certain errors have 
been introduced by lumping the constants of the line in the solu¬ 
tions of transmission lines in the previous chapters. In this 
chapter, a method of solution is derived that takes into account 
the distributed character of these constants, i.e., the fact that 
the resistance, inductance, and capacitance of the line are dis¬ 
tributed uniformly along the line. It is necessary to apply this 
method to long lines in order to obtain accurate results. The 
length of a line in this sense depends upon both the distance in 
miles and the frequency; a line of low frequency and long in dis¬ 
tance and one of high frequency but short in distance are both 
electrically long lines. The former is usually encountered in 
steady-state calculations of lines for power transmission, whereas 
the latter is encountered in the calculation of communication 
lines. 

In addition to the constants of resistance, inductance, and 
capacitance of a transmission line, there is a constant to replace 
the loss due to corona and to leakage currents over insulators in 
certain portions of the system, the loss being proportional to a 
function of the line voltage. This consideration gives rise to 
four constants per unit length of line (per mile for instance), 
where r is the resistance per mile of wire; 

x is the reactance due to inductance per mile of wire; 
b is the susceptance due to the charging current per mile 
of wire; 

g is the conductance due to leakage and corona per mile 
of wire. 

For the whole length of line, where L is the length in miles, 

R is the total resistance of a wire, 

X is the total reactance of a wire, 

B is the total susceptance of a wire, and 
G is the total conductance of a wire. 

418 
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160. Development of the Equations of a Long Line.—Let the 

emf impressed on the load be E RN and the load current be I R 
both referred to the same reference, which may be taken as E RN . 
At. the point P, Fig. 285, x miles distant from the load, the emf 
to neutral at the load side of P may be taken as E, which is the 
vector sum of the voltage E RN and the impedance drop of the line 
for x miles. The current will be I amp, which is the vector sum 
of the load current I R and the integrated current due to the line 
admittance for x miles. This emf and current are both referred 
to the same reference as are the values at the load, usually the 
voltage across the load. 


cbo 


Z S P-dI -->t 

h" I Ir 

load 

E 

-> 

* 1 

E+dE 

sn r 
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' .. . 
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Fig. 285.—Circuit diagram for the rigorous solution of a transmission line. 

Owing to the line admittance in the length cfcr, there will be 
a change in the current I by the amount 

dl = Eydx amp (1106) 

for a constant effective value of the line emf, where ydx is the 
admittance of the length dx of the line. The current beyond 
the differential length will be increased to / +• dl by the admit¬ 
tance of the differential length under consideration. The current 
flowing in this differential length will cause a drop in emf of 

dE — Izdx volts, (1107) 

where zdx is the impedance of the length dx The emf beyond 
the point P, toward the sending end, is then E + dE. Dividing 
Eqs. (1106) and (1107) by dx, the differential equations of the 
circuit are found to be 


— - Ey = 0 amp, 


(1108) 
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and 


dE 

dx 


Iz = 0 volts. 


(1109) 


Differentiating Eqs. (1108) and (1109) with respect to x, 


and 


drf 

dx 2 


.dE 


d?E .dt _ 

dx 2 Z dx 


( 1110 ) 

( 1111 ) 


Substituting the values of dl/dx and dE/dx from Eqs. (1108) 
and (1109) into Eqs. (1110) and (1111), respectively, new equa¬ 
tions containing only I and E as variables in respect to x are 
obtained for solution, as 

g-#/ = 0 (1112) 

and 

0 - m = 0, (1113) 


■which are the fundamental differential equations of a trans¬ 
mission line. Equations (1112) and (1113) are of the form. . 


d 2 y 
dx 2 


— ay = 0, 


(1114) 


which is integrated by letting 

y = De™. (1115) 

Differentiating Eq. (1115) with respect to x, 

% = mDf, (1116) 

and again differentiating this new equation in respect to x, 

g = m 2 De™. (1117) 

Substituting the values of d 2 y/dx 2 and y from Eqs. (1117) and 
(1115) into Eq. (1114), 

m 2 De mx — aDe mx = 0, 
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or 

m 2 - a = 0, (1118) 

where m, and D are arbitrary constants. From Eq. (1118), 

m = ±Va. (1119) 

From Eq. (1119), it is seen that m must have two roots and like¬ 
wise there must be two values of D, as 7>i and D 2 , so that the 
solution of Eq. (1114) becomes 

y = D 1 , V ~ ax + (1120) 

since the complete solution is the sum of the individual solutions, 
using the different arbitrary constants previously derived. 
Applying this solution to Eq. (1112), 


( 1121 ) 

where the integration constants D i and D 2 remain to be deter¬ 
mined from particular applications of this equation. Letting 

v = VM, ( 1122 ) 

to shorten the work in writing the equations, Eq. (1121) becomes 
7 = Dn ix + D 2 e- ix amp. (1123) 

From Eq. (1108), 

E = volts. (1108) 

Differentiating Eq. (1123) and substituting in Eq. (1108), 

E = - vD 2 e- ix ] (1124) 

= - Die-™]. (1125) 

Equations (1123) and (1125) become the general solutions of the 
transmission line. 

161. Solution for Voltage and Current at Any Point along the 
Line.—For the solution of Eqs. (1123) and (1125) at any point 
along the line, it is necessary to assume the values of E and I at 
some particular point. It is usual to use the voltage and current 
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, , . u ^ _ n the known values. Then, for x = 0, 

’Sl B r a ndT=I R and, substituting these conditions into 

Eqs. (1123) and (1125), 

I B = Z>i + I >2 amp, (1126) 

and 


e*» = - **> volts 

= Zo(Di - £>z) volts, 


(1127) 

(1128) 


* Vi/V = Vz/Y is the surge impedance of the line, 
o/the length of the line and having the 

dimensions of an impedance. 

From Eqs. (1126) and (1127), 


Di + Dz — 
Di - I>2 = 


Ir, 

Ern 


(1126) 

(1129) 


and, solving Eqs. (1126) and (1129), 


and 



Em I 

£0 J 

ErA 

Zo J 


(1130) 

(1131) 


are the particular values of the constants of Sub¬ 

stituting these values of Di and D, into Eqs. (1123) and (1125), 


1 ’ i[ f *+ x)“ + ^ “ x}~" ”“ p <n32) 


and 


E = \[Er, + Zj B ]^ + \[E*» - Zj volts. (1133) 


Equations (1132) and (1133) give the value of current and 
emf at any point along the line in terms of the current and emf 
to neutral at the load, the constants of the line per unit length, 
and the distance from the load. Since v is a complex quantity, 
expressed as 


* = v#, 


(1122) 
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it may be considered as made up of two terms, real and imaginary, 
as 

v = V# = a + jp (1134) 

per unit length of line, and 


£±i'X = £ ± (ax+jfix) __ ctXg ± ipx 

= e ±ax /0x. 


(1135) 


In Eq. (1134), v is called the “propagation constant,” a the 
“attenuation constant,” and /3 the “wave-length constant” per 
unit length of line. Hence v, as an exponent in e ix , is seen to be a 
measure, both of the attenuation of the wave and of the change 
in the phase position of the vector at different distances along the 
line measured from the load. 

Equations (1132) and (1133) may be changed by rearrange¬ 
ment to a more convenient form for calculation. By rearranging 
the terms in these equations, 


and 


Since 


and 


f. f [e vx + €-**1 Een [e* 

= I i 2 —J + 17 [- 


. . fVX p—‘ bx . . V 

E = Em ■-2- “b Zoh — 


VX _ ,-DI 


amp, 


■VX _ r—VX 


volts. 


cosh vx 


e ix + e~ 


sinh vx = 


-VX _ -—VX 


2 ’ 


(1136) 

(1137) 

(1138) 

(1139) 


these equations may be written 

E = E rn cosh vx + Zj R sinh vx volts 

and 

E 

1 = 1b cosh vx 4- - sinh vx amp. 

Zq 


(1140) 

(1141) 


162. Voltage and Current at the Sending End.—At the sending 
end of the line, the variables I and E become Is and Esn. The 
distance x becomes L, and the hyperbolic angle becomes vL as 


vL =?= — V*LyL = y^ZY rad., (1142) 
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where Z = zL is the total impedance of the line and Y = yL is 
the total admittance of the line. Letting 

vL = 'y/ZY = 0 rad., (1143) 

the voltage and current at the sending end of the line may be 
expressed as 

Esn = Ern cosh 0 + ZJr sinh 0 volts, (1144) 

and 

Is = i R cosh 0 + — sinh 6 amp. (1145) 

Z o 

The hyperbolic function of the complex angle 6 can be obtained 
from tables or charts that have been prepared for the purpose. 
If these charts or tables are not readily available, the hyperbolic 
function of the complex variable may be expanded in terms of the 
hyperbolic and trigonometric functions by using Eqs. (247) and 
(248), derived in Chap. Ill, as 

cosh (0i + ;0 2 ) = cosh 0i cos 0 2 + j sinh 0i sin 0 2 (248) 

and 

sinh (0i + jd 2 ) = sinh 0i cos 0 2 + j cosh 0i sin 0 2 , (247) 

where 

0 = 0i + 002. (1146) 

The hyperbolic functions of the real angle 0i may be found 
in tables, or they may be calculated from the exponential form 
of the function expressed as 

cosh 0i =- - - (240) 

and 

sinh - - ■ (239) 

Equations (1144) and (1145) are in the same form as Eqs. 
(1086) and (1092) of Chap. XIV, where the relations are expressed 
in terms of the general circuit constants, and may be expressed as 

Esn — AErn + BIr volts (1087) 

Is = AI r + CE rn amp, 


and 


(1093) 
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where, in this case, 


A = cosh 9 , 

B = Z 0 sinh 0, 


(1147) 

(1148) 


C = sinh £ (1149) 

Equations (1144) and (1145) may be written 

Esn ~ Ern cosh 6 + Z1r—~- —- volts, (1150) 


U = in cosh 6 4- YE rn ^A1 amp , 

9 


l = zJN 

Y v ZY 


' J_ = Z 

zy~ e 


(1151) 


(1152) 




(1153) 


For solving the equation in the form given in Eqs. (1150) and 
(1151), Dr. Kennedy has published convenient tables and dia- 
1 , , sinh 9 cosh 6 , tanh 9 , , .,, 


grams giving the values : 


■t—, and - 


for values of the 


hyperbolic angle 9 as the argument. 

If the starting point of writing the equations had been measured 
from the sending end instead of the receiving end, Eqs. (1140) and 
(1141) would become 

1 = 1 R cosh vx - 1~Ern sinh vx amp, (1154) 

Zq 

and 

E — Esn cosh i)x — Z 0 Ir sinh vx volts. (1155) 

Upon putting in the conditions that, when x = 0, E = Esn and 
I — ts and that, when x = L, E = Ern and 7 = Ir, the equations 
for the line would be 

Ern = A Esn - Bis volts (1156) 


Ir — AIs — CEsn amp. 


and 


(1157) 
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These equations can be used to determine the conditions at the 
receiving end of the line when those at the sending end are known. 

Example 96 

Calculate the complex angle v ~ \/lhj per mile of line for a 200,000-volt 
three-phase three-wire line having the following values per mile of line: 
r per mile of conductor = 0.147 ohm, 
x per mile of conductor = 0.805 ohm, 
b per mile of conductor = 5.38 X 10 ~ 6 mho, 
g per mile of conductor = 0 . 0 . 

From the above constants, 

z - r + jar « 0.147 + 7*0.805 - 0.8183 /79.65° ohms, 

V - g +jb = 0 +75.38 X 10-« = 5.38 X 10~ 6 /90° mho. 

Then 

= v^/^-| L??rad - 

= [0.8183 X 5.38 X 10' 6 ]« 90 ° 

= 0.002098 /84.82° rad. per mile 
= « + 7*0 = 0.0001893 + 70.00208 rad., 

where 

a. a* 0.0001893 hyperbolic radians, 

= 0.00208 circular radians = 0.1197°. 

Example 97 

Calculate the A , B, and C constants for 100 , 200, 300, 400, 500, and 600 
miles of the line of Example 96. Using the 300 mile length of line as an 
illustration, 

0 = 300i; = 0.6294 /84.82° rad. 

= 0.05679 + 7*0.624 rad., or 
0 i = 0.05679 hyperbolic rad. 

0 2 = 0.624 circular radians — 35.91°. 

From tables of functions or from calculations using the definitions of the 
hyperbolic functions of a real variable in terms of the exponential quantities^ 

cosh 0 i * cosh 0.0567 = 1.0016, 
sinh 0 i — sinh 0.0567 = 0.05682, 
cos 0 2 = cos 35.91° = 0.8100, 
sin 0 2 as sin 35.91° = 0.5865, 

cosh 0 = cosh 0.0567 cos 35.91° + j sinh 0.0567 sin 35.91° 

= 1-0016 X 0.8100 +70.0568 X 0.5765 
= 0.8113 +7*0.03333 = 0.8120 /2.35° 
sinh 0 = sinh 0.0567 cos 35.91° + j cosh 0.0567 sin 35.91° 

- 0.05682 X 0.8100 + 7 I.OOI 6 X 0.5865 
« 0.5893 /85.52°, 
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Z 0 » 



- Oy 
2 


_ J 0.8183 /79.65° - 90° 

^5.38 X 10“ 6 /___ 

- 390 /-5.175° . 


The constants A, B } and C become 

A = cosh 6 - 0.8120 /2.35° , 

B — Zo sinh b = 390 /-5.175° X 0.5893 /85.52° 
= 229. 8/80.34° , 


6 = -r- sinh b 
Zo 


0.5893/85.52° 


390 /-5.175° 

= 1,511 X 10~ 6 /90.7°. 

The calculations for all the specified lengths of line are given in Table XII. 


Table XII.— Calculation of the A, B> and C Constants for a 
20,000-volt Transmission Line by the Use of Hyperbolic 
Functions 
Example 97 


Length in miles 

100 

200 

300 

400 

500 

600 

di = lee 

0.01893 

0.03786 

0.05679 

0.07572 

0.09465 

0.11358 

02 W 

11.97° 

23.94° 

35.91° 

47.88° 

59.85° 

71.82° 

cosh di 

1.00016 

1.0007 

1.0016 

1.0020 

1.0045 

1.0064 

sinh di 

0.01868 

0.03787 

0.05682 

0.07756 

0.09347 

0.11380 

COS 02 

0.9782 

0.9140 

0.8100 

0.6708 

0.5023 

0.3120 

sin 02 

0.2074 

0.4058 

0.5865 

0.7417 

0.8648 

0.9501 

cosh 01 COS 02 

0.9784 

0.9146 

0.8113 

0.6727 

0.5045 

0.3140 

sinh 0i sin 02 

0.003926 

0.01537 

0.03333 

O'. 05622 

0.08197 ' 

0.1081 

0A. 

0.23° 

0.962° 

2.35° 

4.78° 

9.23° 

19.0° 

A 

0.9785 

0.9148 

0.8120 

0.6908 

| 

0.5110 

0.3321 

A * cosh 0 

0.9785/0.23° 

0.9148/0.962° 

0.8120/2.35° 

0.6908/4.78° 

0.5110/9.23° 

0.3321/19° 

0 s 

84.90° 

85.13° 

85.52° 

86.09° 

86.86° 

87.87° 

S . 

S = sinh 0 

0.2083 

0.2083/84.9° 

0.4076 

0.4076/85.13° 

0.5893 

0.5893/85.52° 

0.7456 

0.7456/86.09° 

0.8699 

0.8699/86.86° 

0.9569 

0.9569/87.87° 

0Z — 0V 
“ 2 

-5.175° 

-5.175° 

-5.175° 

-5.175° 

-5.175° 

-5.175° 

■ 

6b — 6g •— 0 Zq 

B 

6r — 03 ~ 6z 

cx io« 0 

79.72° 

81.22/79.72° 

79.96° 

158.96/79.96° 

80.34° 

229.8/80.34° 

80.92° 

290.8/80.92° 

81.68° 

339.3/81.6S° 

82.69° 

373.2/82.69° 

90.08° 

534/90.08° 

90.305° 

1,045/90.305° 

90.695° 

1,511/90.695° 

91.265° 

1,912/91.265° 

92.035° 

2,231/92.035° 

93.045° 

2,453/93.045° 

ax 

0.9784 

0.9146 

0.8113 

0.6727 

0.5045 

0.3140 

as 

0.003926 

0.01537 

0.03333 

0.05622 

0.08197 

0.1081 

h 

14.49 

27.72 

38.61 

45.88 

49.10 

47.58 

hst 

79.92 

156.5 

226.6 

287.1 

335.7 

370.1 

Cl 

0.0 

-5.6 X 10~6 

-18 X lO- 8 

-42 X 10-6 

-79 X 10-6 

-120 X 10-« 

C2 

534 X 10-« 

1,045 X 10-6 

1,511 X IQ" 6 

1.912 X 10-« 

2,230 X 10-6 

i 

2,450 X IQ—6 
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163. “Equivalent-*” Solution.— The constants of the circuit 
for the nominal-x solution have been found to be 

Z'Y' 

~ 2 ~’ 


A = 1 + 
B = Z', 


(1088) 

(1089) 


and 




(1094) 


When these values are compared with the constants of the line, as 
given by Eqs. (1147) to (1149), it is seen that, where the charging 
admittance is not large, the difference in the performance char¬ 
acteristics, as given by the two solutions, will not be great but for 
long lines the error due to concentrating the admittance at the two 
ends becomes large. The constants are similar in form and 
may be made equal by modifying the line constants, used in the 
k circuit. The true constants, as expressed m Eqs. (1147) to 
(1149), aie 


B 


and 


= cosh 9 = cosh \ZzZ , 

. (1147) 

^sinh 6 ^.sinh Vj %Y 

~ Z 6 Z VZY ’ 

(1148) 

^sinh Q y r sinh V ZY 

6 VI? 

(1149) 


If, in the x circuit, instead of using the values of Y and Z, a 
modified, or corrected, line impedance Z’ is used and a modified, 
or corrected, admittance Y '/2 is concentrated at each end of the 
line, the constants of this circuit may be made equal to those of 
the actual line. The constant B for the nominal-x line will be 
equal to the true constant B if 


Z’ = Z^- 


= z 


^.si nh VZY 

Vlf 


(1158) 


The constant A for the nominal-x line will be equal to the 
true constant A if 

Y'Z ' 


1 + = cosh 6 = cosh VZY 


(1159) 


2 
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Since 


yy _ 2(cosh 9 — 1) _ 2(cosh 6—1) 



cosh 6 — 
sinh 6 


1 


Z 


Vlf 



cosh 0—1 
sinh 6 ’ 



tanh - 
= Y — z= 
V ZY 
2 , 

tanh | 
2 


(1160) 


(1161) 


(1162) 


If, therefore, the impedance of the line is taken as 


Z’ = * sinh i 


and the charging admittance, concentrated at each end, is taken 
as 


r 

2 




2 


(1163) 


the tt circuit gives results that are exactly equivalent to those 
given by the rigorous solution; such a modified or corrected 
circuit is known as the equivalent-^ circuit. This circuit is 
equivalent, however, only in the sense that it accurately repre¬ 
sents the behavior of the line at the terminals, as the results given 
for intermediate points will differ widely from those of the actual 
line. 
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The faqtors, 


sinh 9 

~ T 


and 


tanh 

~r 


e 

2 


2 


are called “ correcting factors/’ and may be calculated by the use 
of tables of hyperbolic functions. Dr. Kennedy, who first 
developed this solution, has published graphical charts from 
which the correcting factors may be determined readily with 
sufficient accuracy for most transmission-line calculations. 
When the corrected line constants Z' and Y' are determined, the 
solution is obtained exactly as for the nominal-x method. The 
work involved in determining the correction constants, without 
the aid of graphical charts, and applying the equations for the 
nominal-7r solution is fully as great as in obtaining the true 
constants A , B , and C from tables of hyperbolic functions. 

164. Equivalent-T Solution.—The correction factors to be 
applied to the line constants so that the equivalent-T solution 
will agree with the rigorous solution are the same as those used 
to convert the nominal-rr into the equivalent-T circuit but 
in the reverse order. Thus, if the line impedance is taken as 

tanh ~ 

Z' = Z —g—' (1164) 

2 

and the line admittance, 

f.i sf>, (1165) 


is concentrated at the center of the line, the circuit is equivalent 
to the actual line and the equations developed for the nominal-T 
solution may be applied. 


Example 98 

Calculate the current, voltage, power, and power factor at the sending 
end of the lines of Example 97 under open-circuit conditions when the voltage 
at the receiving end is 200,000 volts between fines for lines of 100, 200, 300, 
400, 500 ? and 600 miles. 
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Taking the 300-mile line as an illustration, the calculations are as follows: 

A = 0.812 /2.35° - 0.8113 + jO.0333, 

B = 229.8 /80.34° , 

<S = 1,511 X 1Q- V90.7 0 = (-18 + yi,511) X 10~A 

Taking Ern as the reference, 

Ern — 115,740 + j0 volts. 

The open-circuit sending-end voltage is 

E S m = 115,740(0.8113 + #.0333) volts 
— 93,680 + j‘3,849 volts, 

and 

Esnq — 03,750 volts. 



c i e rn' 


Fig. 286.—Open-circuit vector diagram for a transmission line, using the general 

circuit constants. 

The open-circuit sending-end current is 

Is 0 = 115,740( — 18 4-/1,511) X lO-'amp 
= -2.08 + /174.5 amp, 

and 

Iso = 174.5 amp. 

Psno — esNoUo + esito'iso' watts 

= 93,680(—2.08) + 3,849 X 174.5 watts 
= 477 kw. 

The vector power at the sending end is 

V S n o = EsnJso vector volt-amp 

« 93750 X 174.5 = 16,360 vector kva. 

Then the power factor at the sending end at no load is 

477 

P.F.so = ~ m = 0.0292 - 2.92 per cent. 

The open-circuit vector diagram is shown in Fig. 286, and the calculations 
for the other lengths of line are given in Table XIII. 
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Fig 288.—Curves showing the variation of line current and neutral voltage 
with distance from the load for open circuit and for nonreactive load. 
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Table XIII. Calculation of the Operating Characteristics of a 
200 , 000 -volt Transmission Line under Open Circuit 
Er = 200,000 volts, p RN = o 

Ern = 115,740 volts, Ir — 0 

Example 98 


Length, miles. 

100 

200 

300 

400 

500 

600 

. 

0.9784 

0.9146 

0.8113 

0.6727 

0.5045 

0.3140 

° 2 . 

0.003926 

0.01537 

0.03333 

0.05622 

0.08197 

0.1081 

\ . 

14.49 

27.82 

38.61 

45.88 

49.10 

47.58 

\ .. 

79.92 

156.5 

226.6 

2S7.1 

335.7 

370.1 

. 

0.0 

-5.6 X lO-e 

-18 X 10"« 

-42 X 10-6 

-79 X 10-6 

-120 X 10“< 

C 2 . 

534 X 10-« 

1,045 X 10-6 

Cfl 

X 

o 

1,912X10-6 

2,230 X 10-« 

2,450 X 10“< 

e SN = a l E RN . 

112,980 

105,610 

93,680 

. 77,680 

58,250 

36,260 

e 'sN = a 2 E RN . 

453 

1,775 

3,849 

6,491 

9,465 

12,480 

E SNO = 

\/ e 2 4_-/ 2 

V e SK *+■ e SN- 

112,980 

105,620 

93,750 

77,930 

59,010 

38,350 

i s = CjExx . 

0 

-0.635 

-2.08 

-4.85 

-9.12 

-13.86 

•-' s - . 

61.7 

120.7 

174.5 

220.8 

257.5 

282.9 

ho = VfJg + i' 2 s 

61.7 

120.7 

174.5 

220.8 

257.7 

283.1 

e SN : S X 10_! . 

0 

-67.0 

-195.0 

-377.0 

-532.0 

-502.0 

Vs x 10-3 . 

27.9 

214.0 

672.0 

1,433 

2,435 

3,530 

■Csv = 

e SN { S + e W‘s 

27.9 

147.0 

477.0 

1,056 

1,903 

3,027 

W 5 oX 10 - 3 - 

6,970 

12,730 

16,360 

17,200 

15,200 

10,850 

P. F. SO, percent... 

0.40 

1.15 

2.92 

6.14 

12.5 

27.9 


Figure 287 shows in polar form the magnitude of the neutral voltage and 
of the charging current and their phase position with reference to the 
receiving-end voltage at all points along the line at no load. In Fig. 288, 
the neutral voltage and charging current are shown plotted against the 
distance from the receiving end in miles. 

Example 99 

Calculate the operating characteristics of the lines of Example 97 for 
a nonreactive load of 50,000 kva at 200,000 volts. The calculations and 
results are tabulated in Table XIV. 

The following calculations on the 300-mile line illustrate, the method to be 
used: ' - 


E bn = 115,740 + jO volts, 

_ 50,000 

Ir ~ 


200\/3 
Ir = 144.3 + j0 amp. 


= 144.3 amp, and 
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s.v = 115,740(0.8113 + j'0.03333) + 144.3(38.61 + .7226.6) volts 
= 99,250 + j‘36,549 volts, and 
ssr = 105,700 volts. 

is = 144.3(0.8113 + j'0.03333) + U5,740(-18 + j'1,541) X 10' 6 

amp 

= 115 +yi79.2 amp, and 
Is = 213.2 amp. 

str = 99.250 X 115 + 36.549 X 179.2 kw 
= 17,960 kw. 

Efficiency 0 = 92.7 per cent. 


Regulation 

Vsn 


E s 

E*' 


volts 

105.700 X 115,740 = 130 2 00 volts. 
93,750 

130,200 - 115,740 nf| _ ^2.7 per cent. 

115,740 

105.700 X 213.2 = 22,520 vector kva. 

0 = 79.7 per cent 

EsnVS = 183,000 volts, 

Ern' a/ 3 = 225,100 volts. 



Vol+acie Scale 

r T 1 

0 20,000 


Current Scale 

l~—I-1 

0 25 50 


Fig. 289.—Polar diagram showing the variation of line current and 
voltage with distance from the load for a nonreactive load. 


neutral 



Art. 164] LONG TRANSMISSION LINES 435 

The calculation for the other lengths of line are found in Table XIV 

Table XIV. —Calculation of the Operating Characteristics of a 
200,000 -volt Transmission Line under Normal Nonreactive 
Load 

Example 99 


Length, miles 

100 

200 

300 

400 

500 

600 • 

. 

0,.9784 

0.9146 

0.8113 

0.6727 

0.5045 

0.3140 

. 

0.003926 

0.01537 

0.03333 

0.05622 

0.08197 

0.10810 

\ . 

14.49 

27.72 

38.61 

45.88 

49.10 

47.58 

*2. 

79.92 

156.5 

226.6 

287.1 

335.7 

370.1 

C 1. 

0 

-5.6X10-* 

-18X10-6 

-42 X 10-6 

-79 X 10-6 

-120X10- 6 

C *. 

534X 10“ 6 

1,045 Xl0-s 

1,511X10-6 

1,912 X 10-» 

2,230 X10-6 

2,450 X 1Q“ ( 

a V E RN . 

112,980 

105,610 

93,680 

77,680 

58,250 

36,260 

a 2 E RN . 

453 

1,775 

3,849 

6,491 

9,465 

12,480 

Vs. 

2,091 

4,000 

5,571 

6,620 

7,085 

6,870 

V*. 

11,530 

22,580 

32,700 

41,430 

48,440 

53,410 

e SN = aE RN + bJ K 

115,070 

109,610 

99,250 

84,300 

65,335 | 

43,130 


11,980 

24,355 

36,549 

47,920 

57,905 ! 

55,890 

P SN ~ 







^ e *SN + e ' SN 

115,700 

111,700 

105,700 

97,080 

87,300 

78,800 

Jr . 

141.2 

132.0 

117.1 

97.07 

72.79 

45.31 

a Jr . 

0.57 

2.22 

4.72 

8.13 

11.84 

15.62 

Ci Ern . 

0.0 

-0.635 

-2.08 

-4.85 

-9.12 

-13.86 

e lJS RN . 

61.7 

120.7 

174.5 

220.8 

257.5 

282.9 

l 3 = aI R + C 1 E M” 

141.2 

131.4 

115.0 

92.22 

63.67 

31.45 

i's = a JR + C 2 E RN • 

62.27 

122.9 

179.2 

228.9 

269.3 

298.5 

I S = - 

154.2 

179.7 

213.2 

246.5 

276.5 

300.5 

e SN*S X 10 a . 

16,250 

14,320 

11,410 

7,774 

4,160 

1,356 

e SN * S ^ ^ . 

746 

2,994 

6,550 

10,970 

15,590 

19,670 

P SN = 







+ e 'sN l S ■ 

17,000 

17,314 

17,960 

18,744 

19,750 

21,026 

P RN 

Effic. = -5—. 

P SN 

F e sn 
Urn- Urn rj- 

Regulation, per cent.. 

98.0 

96.3 

92.7 

88.9 

84.4 

78.3 

118,200 

122,200 

130,200 

139,300 

i 

169,800 

237,400 

3.36 

5.82 

12.7 

20.6 

47.0 

105.5 

Vs«". 

17,830 

20,060 

22,520 

23,900 

i 24,200 

23,670 

P. F.^, per cent. 

95.5 

86.3 

79.7 

78.4 

81.6 

88.8 

E s = . 

200,100 

193,200 

183,000 

163,000 

150,200 

136,500 

E ’r 

204,600 

211,500 

225,100 

241,000 

295,500 

1 

412,000 


Figure 289 shows in polar form the magnitude of the neutral voltage and 
of the line current and their phase position with respect to the receiving- 
end voltage at all points along the line. The neutral voltage and line cur¬ 
rent are plotted against the distance from the receiving end in Fig. 288. 
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Table XV. —Calculation of the Operating Characteristics of a 
200 ,000 -volt Transmission Line under Normal Inductive Load 
Example 100 


c x X10'«. o 

c 2 X10~«. 534 

. 112 ’ 9S0 

VW. 453 

bi K . 1,673 




'RN + bj'R+tjR--- 

t - 

e*SN + e,i Str . 


5 T V«. " • u 

+ 115.4 

e SN i 8 X10"». 13,760 

Vs xl0 ' 5 . ~ 190 

P SN ~ e SN l S + ^SN*'s . 13,570 

Effic. = ■=-—■. 98.3 

r SN 

„ e sn 


Per centreg. =- =-. -.... 7.62 

Ern 

e sn t s X 10_ *. 14 « 050 

P. F.^, per cent..... 96.5 

. 211,000 

E A S =* V 3 E' rn . 215,000 


96.8 


300 

400 

500 

600 

0.8113 

0.6727 

0.5045 

0.3140 

0.03333 

0.05622 

0.08197 

0.10810 

38.61 

45.88 

49.10 

47.58 

226.6 

287.1 

335.7 

370.1 

-18 

-42 

-79 

-120 

1,511 

1,912 

2,230 

2,450 

93,680 

77,680 

58,250 

36,260 

3,849 

6,491 

9,465 

12,480 

4,460 

5,296 

5,670 

5,480 

-19,620 

-24,860 

-29,065 

-32,040 

117,760 

107,836 

92,980 

73,780 

-3,340 

-3,970 

-4,250 

-4,110 

26,160 

33,140 

38,750 

42,720 

26,670 

35,660 

43,970 

51,090 

120,500 

113,500 

102,800 

89,700 

-2.08 

-4.85 

—9.12 

-13.86 

93.65 

77.66 

58.24 

36.25 

-2.89 

-4.87 

-7.10 

-9.37 

94.46 

77.68 

56.22 

31.76 

174.5 

220.8 

257.5 

282.9 

-70.24 

-58.24 

—43.68 

—27.2 

3.84 

6.48 

9.46 

12.5 

108.1 

169.0 

223.3 

268.8 

143.5 

186.2 

230.4 

270.5 

11,110 

8,370 

5,230 

2,340 

2,860 

6,030 

9,820 

13,740 

13,970 

14,400 

15,050 

16,080 

95.5 

92.6 

88.6 

82.9 

148,300 

168,000 

201,100 

270,100 

28.4 

45.5 

73.2 

133.3 

17,300 

21,130 

23,650 

24,260 

80.6 

68.2 

63.6 

66.2 

208,900 

196,500 

178,000 

155,500 

256,700 

291,000 

348,000 

467,000 
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Example 100 

Calculate the operating characteristics of the line of Example 97 for an 
inductive load of 50,000 kva at 0.8 power factor with 200,000 volts at the 
receiving end. The calculations and results are tabulated in Table XV. 

NsIN 



Fig. 290.—Vector diagram for a transmission line with inductive load using the 
general circuit constants. 



Fig. 291.—Polar diagram showing the variation of line current and neutral 
voltage with distance from the load for an inductive load. 

Figure 290 is the vector diagram, Fig. 291 is the polar diagram, and 
Fig. 292 the plot of current and voltage distribution for an inductive load. 

Example 101 

Calculate the operating characteristics of the lines of Example 97 for a 
capacitive load of 50,000 kva at 0.8 power factor with 200,000 volts at the 
^receiving end. 



Distance from { 

Fig. 292.—Curves showing the varia 
with distance from the load fc 



Voltage Scale 


Fig. 293.—Polar dia 
voltages i 


um 
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The calculations and results are tabulated in Table XVI. Figure 293 is 
the polar diagram, and Fig. 292 shows the plot of current and voltage dis¬ 
tribution for this load. 


Table XVI.— Calculation of the Operating Characteristics of a 
200 ,000 -volt Transmission Line under Normal Capacitive Load 

Example 101 
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Problems 

1- 15. Calculate tlie complex angle v per mile of line and the surge imped¬ 
ance for a 250,000-volt 60-cycle transmission line constructed of 397,500- 
circular-mil aluminum cable, steel reinforced, having the following constants 
per mile of conductor: resistance, 0.235 ohm; reactance, 0.788 ohm; and 
capacitive susceptanee to neutral, 5.24 X 10j^ mho. 

2- 15. Calculate the complex angle v = M) P er mile of line and the surge 
impedance for a 220,000-volt three-phase line that is constructed of 300,000 
circular-mil copper conductors and has the following values: r per mile of 
conductor = 0.196 ohm; x per mile of conductors 0.83 ohm; g per mile of 
conductor = 0; and b per mile of conductor = 5.22 X 10“ 6 mho. 

3- 16. A transmission line is constructed of No. 0 B. & S. stranded copper 
conductors having the following values per mile of conductor: resistance, 
0.540 ohm; inductance, 2.32 millihenrys;* and capacitance to neutral, 
0.013 X 10“ 6 farad. Calculate the complex angle v per mile and the surge 
impedance for frequencies of 25, 60, 180, and 900 cycles. 

4- 15. Calculate the complex hyperbolic angle 0 and the values of sinh 0 
and cosh 0 for a 250-mile line and a 500-mile line having the following 
constants per mile of conductor: r - 0.154 ohm; x — 0.766 ohm; and 
b = 5.38 X 10 -6 mho. 

6-15. A circuit constructed of No. 10 B. & S. copper conductors has the fob 
lowing constants: R = 102.8 ohms;X = 0.0372 henry; and C = 0.0787 X 
10~ 6 farad. Calculate the complex angle 0 and the surge impedance for this 
circuit for a frequency of 1,100 cycles. 

6- 16. Evaluate the factors cosh 0 and sinh 0/0 for 0 = 0.40/50°. 

7- 15. Calculate the auxiliary constants of the line of Prob. 2-15, using the 
hyperbolic function solution. The total line is 200 miles long. 

8- 15. Calculate the auxiliary constants for a transmission line 300 miles 
long with the following constants per mile of conductor: r — 0.147 ohm* 
x — 0.733 ohm; g = 0; and b = 6 X 10~ 6 mho. 

9- 15. The transmission line of Prob. 8-15 is operated at 220,000 volts and 
has a load of 60,000 kva at the receiving end. Calculate the efficiency, 
regulation, power factor at the sending end,, and sending-end current for 
loads of unity power factor and for 0.70 power factor inductive and capaci¬ 
tive. The circuit constants are A - 0.820 + ./0.0228, £ = 26.3 + j'214 
and (l — —0.000013 + jO.001527. Draw the vector diagrams. 

10- 15. Calculate the auxiliary constants for a 500-mile line having the 
line constants given in Prob. 4-15. 

11- 15. Calculate the efficiency and regulation of the line of Probs. 4-15 
and 10-15 for a load of 50,000 kva at 0.85 power factor inductive at 240,000 
volts. The circuit constants are A = 0.529 + jO.0854, & = 52.3 + ;322, 
and C ~ —0.000083 + jO. 00223. Draw the vector diagram. 

12- 15. Calculate the voltage and current at each 100 miles from the 
receiving end of the line for open circuit and for a load of 60,000 kva at 
0.80 power factor inductive and 250,000 volts for the line of Probs. 4-15 and 
10-15. 
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13 - 16 . A 220,000-volt three-phase line carrying a load of 40,000 kva has 
the following auxiliary constants: A = 0.932 -j- j0.00791, B = 16.1 + yi40, 
0 = (—3 + j941) X 10“ 6 . Calculate the values of the voltage and current 
at the sending end, regulation, and efficiency for this line with loads of unity 
power factor and 0.80 power factor lead and lag. 

14 - 16 . Taking the line of Example 97, using the values as given in Table 
XII, calculate the voltage and current at each 100 miles for a 600-mile line 
with the line short-circuited and 220,000 volts applied at the sending end. 
Plot these values against distance. 

16 - 16 . Taking the line of Example 97, using the values given in Table XII, 
calculate the voltage and current at each 100 miles for a 600-mile line with 
the line open-circuited at the receiving end, the receiver voltage being 250,- 
000 volts. Plot these values against distance. 

16 - 16 . A No. 10 B. & S. copper open-wire telephone line has the following 
constants per mile: r = 10.42 ohms per loop mile; L — 3.71 millihenrys per 
loop mile; C = 0.00819 m f per mile; and g = 0. Find v and Z 0 for frequencies 
of 100 cycles and 1,000 cycles. 

17 - 16 . (a) Calculate the values of I x for each 50 miles of a 200-mile line, 
the constants of which are given in Prob. 16-15 for a frequency of 1,000 cycles 
with E 8 — 20 volts and for the line short-circuited, i.e,, the load impedance 
Z R — 0. Plot these values against distance. (6) Calculate the values of 
E x for each 50 miles of the 200-mile line of (a) except that the line is open- 
circuited, i.e., the load impedance Z R = oo. Plot these values against 
distance. 

18 - 16 . Calculate the values of E x and I x for each 50 miles of the 200-mile 
line of Prob. 16-15 for the load impedance equal to the surge impedance of 
the line, Zr = Er/ 1 R = Z 0 , and E s = 20 volts. Plot these values against 
distance. 

19 - 16 . Calculate the equivalent-^ and equivalent-T auxiliary constants 
for the line of Prob. 8-15. 



CHAPTER XVI 


NONSINUSOIDAL WAVE FORMS 


165. Generation of Waves.—In Chap. I, Faraday’s law applied 
to a conductor rotating at a uniform velocity in a uniform 
magnetic field yielded a sinusoidal form of emf wave. In 
the other chapters of this text it has been found that, when a 
sinusoidal wave of emf is impressed upon a circuit containing 
constant values of resistance, inductance, and capacitance in 
series or parallel or any combinations of these constants, sinu¬ 
soidal waves of current and emf drop also result in each of the 



Fig. 294.—A coil rotating in a 
magnetic field having a greater 
density at the center of the poles 
than at the tips. 



Fig. 295.—A coil rotating in a 
magnetic field having a greater 
density at the tips than at the 
center of the poles. 


branches of the circuit. From this foundation and the mathe¬ 
matics of the vector, the vector diagrams representing the 
phenomena in a-c circuits have been built up. If a nonuniform 
field is considered, it will be found that the induced emf will not 
be sinusoidal. Sinusoidal waves of emf impressed on circuits 
with iron cores will produce distorted current waves; and load 
conditions in a-c machines connected to circuits will also cause 
distortions in the emf and current waves. It is the purpose of 
this chapter to develop the equations for the phenomena of a-c 
circuits from the point of view of distorted waves and to analyze 
such waves for their component harmonics. 

166. Distorted Flux Distribution in Generators.—If the flux 
distribution in the air gap of an a-c generator is as shown in Figs. 
294 and 295 instead of that in Fig. 1, the emf wave induced in the 
coil AB will not be a sine wave. In Fig. 1, the flux distribution is 
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uniform; in Fig. 294, it is more dense in the center of the pole face 
than at the tips; in Fig. 295, it is more dense at the tips than in 
the center; armature reactions may cause the flux to be more 
dense at one pole tip than at the other or than at the center of the 
pole. Nearly any desired flux distribution may be produced 
in an a-c generator by properly shaping the air gap of the machine. 
A study may be made of the emf wave induced in the armature 
coils with any wave shape, of flux by the application of the 
methods discussed in Chap. I. It will be found that the wave 
form of the emf induced will differ from that of the flux linked 
with the coil for all wave shapes except sinusoidal waves; for 
example, a flat-topped wave of flux enclosed corresponds to a 
peaked wave of emf. 

With any flux distribution the frequency of the generated emf 
is independent of the wave shape, being determined by the 
speed and the number of poles on the generator, as explained in 
Chap. I. The positive and negative lobes of the emf waves 
will be symmetrical, i.e., any ordinate in the positive lobe will 
have an ordinate of equal value but of opposite sign at 180 deg. 
or x radians distant along the time axis. Owing to conditions 
in the circuit outside the machine, however, waves of current 
and emf will be found to exist occasionally with unsymmetrical 
lobes, but all waves will have only one value of ordinate for each 
value of angle or time. 

167. Fourier’s Series or Equation.—It is often desirable to 
use a general mathematical expression for a wave of any shape 
that gives the value of the ordinate corresponding to any instant 
of time. It has been found by mathematical derivation, for 
recurring waves having single-valued functions of y, that the 
wave may be represented by Fourier’s equation in the form 
of a series, as 

y — A + Ai sin a + A 2 sin 2a + A 3 sin 3a + 

. . . + A n sin na + B i cos a + B% cos 2a 
+ Bz cos 3a + . . . B n cos na, (1166) 

where A is a constant term added to all ordinates; 

A i and Bi are maxima of the fundamental waves, i.e., 
waves of the lowest order or frequency; 

A 2 , B% . . . A n , B n are the maxima of the harmonics; 
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and a is the angle in degrees or radians measured from a common 
origin. For convenience in use, and for reference to other waves 
Eq. (1166) may be written 

y — A + Ci sin (a; -f - 0i) ~h 0 2 sin (2a -j- $ 2 ) 

4* C 3 sin (3a + 0s) + . . . + C n sin (na + 6 n ) (1167) 

where 

Cl = VaJTbI* 


C n = V A J + Bn 2 , (1168) 

and 

tan 0i = 


B 

tai1 6n = Tn (1169) 

where Ci, C 2 • • . C n are the maxima of the component waves 
and 0i, 02 ... On are the angular offsets of the points of 
crossing from negative to positive values of the component waves 
from the arbitrarily chosen origin. In most a-c waves, the 
value of A is zero and the axis of symmetry of the wave corre¬ 
sponds with the reference axis of angle or time. It will be found, 
also, that most waves have only odd harmonics, as will be 
demonstrated later. The methods of analysis of waves by 
Fourier's series will be discussed later in this chapter. 

Harmonic Component.—A harmonic component of a periodic 
quantity is any one of the simple sinusoidal quantities of the 
Fourier series into which the periodic quantity may be resolved. 

Fundamental. The fundamental of a periodic quantity is the 
component having the lowest frequency. 

Harmonics. The harmonics of a periodic quantity are all the 
harmonic components except the fundamental 

Pulsating Quantity. A pulsating quantity is a periodic quantity 
of which the values are always positive (or negative). The expression 
for a pulsating quantity is the same as for a periodic quantity , 
but with the limitation that the constant term Ao is numerically so 
large that y does not change sign. 

Ripple Quantity. A ripple quantity is a pulsating quantity 
in which the constant term is large relative to the change in amplitude 
during a cycle. 
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168. Plotting Waves.—Sometimes it becomes desirable to 
plot a wave corresponding to a given equation. It is usually 
best, for purposes of illustration, and in the study of such waves, 
to plot, first, the individual harmonics to the same scale of time 
and of ordinates and referred to the same origin and axis, and then 
to add the ordinates of the individual harmonics to obtain the 
ordinates of the required wave. In making this study, some of 
the following points should be noticed in regard to the waves. 



a. The Constant Term .—To study the effect of the constant 
term in Eqs. (1166) and (1167), plot the wave, 

e = 50 + 100 sin cot = 50 + 100 sin a. 


In this wave, e = 50 when 100 sin a = 0, or when a = 0, 180, 
360 deg., etc., or each 180 deg. When a — 90 deg., 

100 sin a = 100, 


and 


6 = 50 + 100 = 150. 


It will also have this value of 150 at 450 deg. and at each 360-deg. 
interval from a = 90 deg. 

When 

a = 270°, 

100 sin a = —100, 


and 


e = 50 - 150 = -50. 


It will also have this value at each 360-deg. interval from a = 
270 deg. In Fig. 296, two component waves 
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ei = 100 sin a and 
e 0 = 50, 

are plotted, as well as the total wave. The component wave e\ 
is symmetrical about the time axis. The component wave 
e 0 = 50 is a straight horizontal line parallel to the time or angle 
axis and 50 units above the axis. Hence, 

6 — 6o &1 

= 50 + 100 sin a 

is represented by a sine wave with its axis of symmetry displaced 
50 volts from the reference axis. The constant term e Q = 50 is 
the distance between the axis of symmetry of the wave, 

e = 50 + 100 sin a, 


and the reference axis., 

b. Harmonics .—The study of the effect of harmonics may be 
made by plotting representative waves. In this connection, 
plot the harmonic components of the wave, 

e — C\ sin (a 4- 0i) + C n sin (not + 0 n ). (1170) 

First plot the fundamental wave, 

d = Ci sin (a 4* 0i). (1171) 

The value of Ci is the maximum ordinate of this wave. This 
fundamental wave, or wave of lowest frequency, crosses the axis 
of reference, passing from negative to positive values, when 

sin (a + 0i) = 0 

or when 

(« + 0i) - 0 °, 


i.e., 0i deg. ahead of the origin. It 'will again cross the axis 
when 

a + 0i = 180°, 


or when 


a = 180° - 0i 
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180 deg. beyond the first crossing point. There will be a crossing 
point at each 180 deg. from the first crossing point. The wave 
has a positive maximum when 


or when 
and 


sin (a + 00 = 1 
O + 00 = 90°, 
a = 90° — 0,. 


and each 360 deg. from this angle, the value of the ordinate 
at this angle being e x = Ci. The maximum negative value will 
occur when 


or when 
and 


sin (a + 00 = — 1, 
a + 6 1 = 270°, 
a - 270° - 0!, 


and e x — —Ci at this instant and at each succeeding 360-deg. 
interval. Plotting a sine wave of the proper scale through these 
points will locate the fundamental wave. 

The nth harmonic may be located in a similar manner. Since 
the angle for the nth harmonic referred to the scale of the funda¬ 
mental is (na + 0 n ), this wave crosses the axis when 


or when 
and 


and again when 
or 


sin (na + 0 n ) = 0 
na + 0 n == 0°, 


na + 0 n ~ 180°, 


180° - 0 n 
a = - * 

n 


or 


a == 


180° On 


n 


n 
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Hence, the nth harmonic crosses the axis 8/n deg. ahead of the 
origin and at every 180 /n deg. of the fundamental wave scale. 
The angle 6 n refers to degrees as measured on the scale of the nth 
harmonic, its period being 1/n times the period of the fundamental 
wave. Consequently, this angle must be divided by the order of the 
harmonic n to measure the offset on the scale of the fundamental. 

Example 102 

Plot the component waves and the total wave for the equation 
e — 100 sin a + 50 sin (3a — 45°). 

The fundamental of the wave crosses the axis from negative to positive 
values when sin a is equal to zero, i.e ., at 0 deg. and each succeeding 360 deg., or 
0 deg., 360 deg., 720 deg. . . . The fundamental also crosses the axis from 
positive to negative values at 180 deg. and. at each succeeding 360-deg. 
interval. It has a positive maximum at 90 deg. and at each succeeding 
360 deg. and a negative maximum at 270 deg., 540 deg. . . . 

If the third harmonic wave were to be plotted on its own time scale, i.e., 
as 

e 3 = 50 sin fa ~ 45°), 

the crossing point of this wave would be at the point at which 
sin 08 - 45°) = 0, 

i.e., where j3 = 45°. However, in plotting it to the scale of the fundamental, 
jS is equal to 3a, and the wave for e 3 crosses the axis when 

50 sin (3a - 45°) = 0 

which crosses the fundamental axis when 


3a = 45° or 



Since the period of this wave is 1/w or }4 that of the fundamental, it 
must have a crossing point from negative to positive values at each succeed¬ 
ing interval of 360°/3 or 120 deg. The points on the total wave at the 
instant when either of the component waves passes through zero may be 
plotted by inspection, since it is that value of the component wave which is 
not passing through zero. Points between these values as needed may be 
found graphically by adding the instantaneous values of the component 
waves on the graph or by substitution of functions of the angles into the 
equation of the wave. The wave forms of this equation are shown in 
Fig. 297. 

Effect of Even Harmonics .—To study the effect of even har¬ 
monics on the shape of the resultant wave, try the effect of adding 
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a second harmonic to a fundamental at various relative phase 
angles. The wave 

e = 100 sin a -f- 25 sin (2a + 0 2 ) (1172) 


is plotted for various values of d 2 in Figs. 298 to 301. In Fig. 
298, 6 2 = 0 deg.; in Fig. 299, 0 2 = 180 deg.; in Fig. 300, 0 2 = 90 
deg.; and in Fig. 301, 0 2 = —90 deg. In each of these cases, the 



positive and negative lobes of the resultant wave are not sym¬ 
metrical. In Figs. 298 and 299, the lobes may at first appear 
symmetrical, but, upon application of the rule of symmetry, 
it is found that all ordinates in the positive lobe do not correspond 
to equal ordinates 180 deg. distant in the negative lobe. In 
Figs. 300 and 301, one lobe is flat and the next is peaked. In 
fact, waves cannot be symmetrical and contain even harmonics; 
hence, even harjnonics may not exist in emf waves generated by 
a-c generaf prs. 
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Fig. 300.—The component waves representing the equation 
e = 100 sin a + 25 sin (2a + 90 )• 
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d. Odd Harmonics .—A fundamental and a triple in a wave will 
serve to illustrate the general effect of adding odd harmonics at 



Fig. 302. —The component waves representing the equation 
e — 100 sin a + 25 sin 3a. 



Fig. 303.—The component waves representing the equation 
e = 100 sin a — 25 sin 3a. 


e — 100 sin a — 25 sin 3a. 

different phase angles. The wave, 

e = 100 sin a + 25 sin (3a + 0 3 ), (1173) 

is plotted for various values of 0 3 in Figs. 302 to 305. In Fig. 
302, 0 3 = 0 deg. and 

e — 100 sin a + 25 sin 3a. (1174) 

In Fig. 303, 0 3 = 180 deg. and \ 

e = 100 sin a + 25 sin (3a + 180°) 

= 100 sin a — 25 sin 3a. (1175) 


When 0 3 is zero, flat-topped lobes are produced, but when 0 3 is 
180 deg., peaked lobes are produced in the resultant wave. 
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The two lobes of the resultant wave are symmetrical and of equal 
areas for all values of phase angle. For 8 3 = 90 deg., illus¬ 
trated in Fig. 304, the two lobes are symmetrical but distorted 
by shifting the peak toward the right. For 83 = —90 deg., or 

e = 100 sin a + 25 sin (3a — 90°) (1176) 

illustrated in Fig. 305, the lobes are symmetrical, but with the 
peaks shifted toward the left. It will be found, by plotting 



Fig. 304.—The component waves representing the equation 
e = 100 sin a + 25 sin (3a + 90°) 2 . 



Fig. 305.—The component waves representing the equation 
e = 100 sin a + 25 sin (3a — 90°). 


different waves, that odd harmonics produce symmetrical waves; 
hence, ordinary emf and current waves from electrical apparatus 
may contain odd harmonics. The following study will be 
confined, almost entirely, to waves with odd harmonics; however, 
most of the equations and general theorems apply equally well 
to waves with even harmonics. 
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By inspection of a given plotted wave, it may be estimated 
whether there is a constant term and whether there is any appre¬ 
ciable even harmonic. Experience in plotting waves will teach 
one to estimate whether a wave has triple or fifth harmonics 
of appreciable magnitude. Alternator slots will sometimes 
produce higher odd harmonics of small magnitude in the emf 
waves, appearing as serrated projections and depressions on the 
fundamental emf, Fig. 306 representing an eleventh harmonic 
of small magnitude superimposed on a fundamental of much 
larger magnitude. These harmonics will usually produce little 



Fig. 306.—A fundamental wave and a small eleventh harmonic. 


result in the external circuit, being filtered out by inductance. 
In some cases, however, these waves are greatly amplified by 
capacitance in parallel with the circuit or they may produce 
disturbances in adjacent communication circuits. These waves 
will be studied in more detail later. 

169. Half-period Average of a Wave.— Half-period Average 
Value of a Symmetrical Alternating Current.—The half-period 
average value of a symmetrical alternating current is the algebraic 
average of the values of the current taken throughout a half period 
beginning with a zero value of the current. If the current has more 
than two zeros during a cycle , that zero shall be taken which gives 
the largest half-period average value. For distorted waves, the 
half-period average of the wave may be found by taking the 
mean of a sufficient number of ordinates of a complete half 
wave by the method explained in Chap. I. In determining 
the half-period average value of a wave from the equation of 
the wave, it is necessary that the limits of integration be taken 
from crossing point to crossing point of the total wave, those 
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crossing points being used which give the greatest net area. If 
the equation is written with this crossing point as the point of 
reference so that c = O'when a = 0, the limits of integration 
will be 0 and ?r. Assume an emf wave of the form 

e = E m% sin (. a + 6i) + Em s sin (3a + # 3 ) + . . . + 

E mn sm(na+dn), (1177) 

which has been written with the crossing point of the total 
wave as the reference point, i.e. 7 with the vertical axis passing 
through this point. The integration becomes, from the definition 
of the half-wave average, 

Eav = - r [E mi sin (a + 0i) + Em z sin (3 a + Bz) + . . . 

+ Em n sin (na + 6 n )]da. (1178) 

Choosing the kt h harmonic as representing any harmonic. 



sin (ka + 6k) da 


J^[sin ka cos 6k + cos ka sin 6 k ]da 

Icos 6k, 7 \ , sin 6 h . 7 * 

— t —(— cos ka) 4- t — sm ka 

j /C K> 0 

| cos 0k (1179) 


when k is odd, and is equal to zero when k is even. Hence, 

2f E m E m 

Eav — ~~ E m COS 6 \ 4 - * COS 6 3 4 -=r~ 5 COS 05 *4" • - - 

7TL 1 6 D 

+ COS 0 (2 »_1) (1180) 

E 

= Eav x cos 01 4-g-* COS 03 4- COS 05 + . . . 

+ §n -~i ) cos (H8i) 

Where the crossing point of the wave of Eq. (1177) is not 
known, it is necessary to place e equal to zero and to solve for 
the particular value of 0i that conforms to this condition. This 
cannot be done except for equations in which numerical values 
of the coefficients and the phase angles are known. The solution 
is then seldom direct, but it must be made by a “cut-and-try” 
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process, by trying various values of d 1 that satisfy the condition 
e = 0. The wave represented by Eq. (1177) should be plotted 
to see whether there is more than one value of di that satisfies 
the condition 6 = 0. 

When the particular numerical value of 6 ± is found by the 
preceding method, Eq. (1177) should be rewritten, with this value 
of 61 and the other angles (0 3 , h . . . 6 n ) being transformed 
to correspond with the new origin, or else the angle of offset 
must be applied in the limits of integration. Equations (1178) to 
(1181) then apply to this new equation. In the case of multiple 
values of 0i, a solution for E av should be made for each value of 
0i, and only the largest value of E av retained as satisfying the 
conditions laid down in the definition. 

An illustration of the application of this equation may be taken 
from the following equations and figures. Figure 302, cor¬ 
responding to the equation, 

e = 100 sin a + 25 sin 3a, (1174) 

has the area of the positive lobe increased over the area of the 
fundamental half wave by two triple lobes, and it is decreased 
by one triple lobe, or a net increase in area of one triple lobe, 
but, since the area of the entire wave is to be divided by the base 
of the fundamental, the average is seen to be the area of the 
fundamental plus the area of one triple lobe divided by the 
base of the fundamental, since 0 3 = 0 and cos 0 3 = 1.00. In 
Fig. 303, corresponding to the equation, 

e = 100 sin a — 25 sin 3a 
= 100 sin a + 25 sin (3a + 180°), (1175) 

the resultant wave has an area equal to that of the fundamental 
decreased by one lobe of the triple, the average agreeing with 
that determined by Eq. (1181), since cos 0 3 = cos 180 = —1.00. 

Example 103 

Find the half-wave average of the following wave: 

e = 100 sin a + 25 sin (3a — 90°). 

To find the crossing points, the right-hand member of the equation is set 
equal to zero, 

0 = 100 sin a + 25 sin (3a - 90°). 
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This is, in turn, satisfied when a is equal to 11 °46'. Then 

Eav — - I [100 sin « -f 25 sin ( 

ttJ11°46' 

II 9* |101°46' 

= - —100 cos a- 5 - cos (3a — 90°) 

7r o IA a -*u 

= 65.3 volts. 

Rewriting the original equation by shifting the axis to the crossing point of 
the wave, 

Eav = - f T [; I sin (a + 11°46') + 25 sin (3a - 54°42')]d« 
ttJo 

= i] — 100 cos (a + 11°46') — cos (3a — 54°42 / )| 

TTj O jO 

= 65.3 volts. 

This wave is shown in Fig. 305. 

170. Effective Value of a Wave. —The definition and deriva¬ 
tion of the expression for the effective value of a wave was given 
in Chap. I, and an application was there made to the simple sine 
wave. The following is an extension of the method to the equa¬ 
tion of any wave, as given in the Fourier form. Consider the 
wave of Eq. (1177), 

e = E mi sin (a + 0i) + Em a sin (3 a + # 3 ) + • • • 

+ Em n sin (na + 6 n ), (1177) 

as expressing any emf wave. The effective value of the wave 
is defined as 



Substituting the value of e from Eq. (1177) into Eq. (29), 


z = M 

'ij 

n 

E mi sin ( a + #i) + Em a sin (3a + 0a) + . . . 




" 2 

+ Em n sin (na + 6 n ) da (1182) 



/*2tt 

'0 

[js-*-ain*(« + e{) + E* sin 2 (3« + 0$ + . . . 

1 
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Equation (1183) contains the different kinds of terms in the entire 
expression representing the square of the wave of Eq. (1182), and 
the integration of these terms will give the integration of the 
equation. Integrating each term separately, 

sin 2 (not + 6 n )da = 1 - cos 2(na + 6 n )]da = %, (1184) 

J^ 2x | sin [(ft — l)a + dn-i] sin [na + 0„] | da = 

f^/4 | eos [“•+ ~ — cos [(2m — l)a + 0 n + 0 n _i] ^da 

= 0, (1185) 

since 

sin x sin y = 3^ [cos {x — y) — cos ( x + y)\. 

Hence the effective value of the emf wave becomes 


E 


sj 2 1 r{ 7r E < 


2 + E m 2 + 


+ E„, 


lEm* + E m * + . 

. . + E m > 

n 

(1186) 

V 2 


— a/ Ei 2 + Ez 2 + • * 

. +EJ. 

(1187) 


The effective value of any nonsinusoidal wave is the square root 
of the sum of the squares of the effective values of the component 
waves. It is independent of the phase relation between the component 
waves and of the starting point of the wave. This will be evident 
when it is considered that in squaring the wave all negative 
lobes of the fundamental and of the harmonics give positive 
areas, so that the area of the squared fundamental wave is 
increased by the same amount irrespective of the phase of the 
harmonics. 

Amplitude of a Generalized Sinusoidal Quantity.—The ampli¬ 
tude of a generalized sinusoidal quantity for any value of the 
independent variable is the value of the modifying function for that 
particular value of the independent variable. 

Amplitude of a Simple Sinusoidal Quantity.—The amplitude 
of a simple sinusoidal quantity is the largest value that the quantity 
attains. 

Peak Value. (Crest Value.) —The peak value of any quantity 
that varies with the time is the maximum value which the quantity 
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attains during the interval of time under consideration, The peak 
value of a periodic quantity is the maximum • value which the quantity 
attains at any time during a period. 

Crest Factor of aPeriodic Quantity—The crest factor of a periodic 
quantity is the ratio of the crest value to the effective value of the 
quantity. 

Ripple Ratio.—The ripple ratio of a ripple quantity is the 
ratio of the difference between the maximum and minimum values 
of the quantity to the average value. 

Form-factor of a Symmetrical Alternating Quantity.—The form 
factor of a symmetrical alternating quantity ' is the ratio of the 
effective value of the quantity to its half-period average value. 

Distortion Factor of a Wave.—The distortion factor of a voltage 
wave is the ratio of the effective value of the residue after the elimina¬ 
tion of the fundamental to the effective value of the original wave. 

Since the effective value of the wave is independent of the 
phase of the harmonics and the average value is not, it is possible 
to have the same form factor, or ratio of E to E aV) for waves of 
widely different shape'. It is even possible to have distorted 
waves with a form factor of 1.11, the same value as for a sine 
wave. In order, therefore, to compare a given wave with a sine 
wave it is necessary to consider the preceding definitions as well as 
other methods of comparison for the particular application in 
view. To illustrate some of the foregoing definitions and proofs 
the following examples have been chosen. 

Example 104 

Find the average and the effective values, the crest factor, and the form 
factor of the wave, 

e = 141.4 sin 157 1 — 28.2 sin 47P. 

This wave has a shape similar to that shown in Fig. 303, and the maximum 
value of the wave must be 

E m = 141.4 -f- 28.2 = 169.6 volts, 

since the two waves have their maxima in phase at the peak of the 
fundamental. 

E„. |(i«.4-2|S) 

= - X 132 = 84 volts. 

7T 
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_ a /l41.4» + 28.2 ! , 

E = \ >—2 - = 102 volts. 

Crest factor = = 1.66. 

102 

Form factor — -r-r = 1.22. 

84 

171. Power Equation, Active and Reactive Power.—The power 
consumed by a circuit having any wave of emf and current is 
defined in Chap. I as 

V = ei (30) 

for its instantaneous value, and, 

<«» 

for the active power, or the reading of the wattmeter. If the 
waves of emf and current are expressed by 

e = E +■ E m% sin (a + 0,) + . . . + E„ n sin (na + 0„) (1177) 

and 

i = I + 7 mj sin (a + /3i) + . . . + Im n sin (na + p n ), (1188) 
then, 

p = ei = EI + - • - + E*.,! sin (t»a + 0„) + sin (na + £„) 

+ . . . + Emjm n sin (na + 6„) sin (na + /S„) + 7 m> sin 

(a + 9{J sin (na + /3„) + E m I mi sin (na + 6 n ) sin (a + j8i) + 

. . . (1189) 

The active power is 

P = i f {eI +...+ E m I sin (na + 0„) + EI m sin 
2xJo ( 

(na + P n ) + . . . + E m Im n sin (na + 0») sin (na + fi n ) + Em x 
7 )% sin (a + 0i) sin (na + /3») + E m Jm x sin (na + 9 n ) sin 

(a + /Si) + . . . |da. (1190) 

Integrating Eq. (1190) by integrating the separate terms and 
applying the limits, 



aTERHATim-cuRiaxiciRcvm [o—• 


El da = BI 


2w22I. 
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f 

r Em I sin (fta + Bn) da -^jj 

Jo * 


E m I 

n 


cos ( na + B n ) 
n 

|2x 

— cos na cos B n + sin na sin 


|2tt 

10 


= 0. 


(1191) 


(1192) 


cos (na + Pn) 2r = o. (1193) 
o 


^Emh 

ir 


f Elm sin (na + fin) da Eln 

Jo r 

pE m J^ sin (na + 6 n ) sin (a + Pi) da = J Q 

{cos [(» - 1)« + fl. - W - cos + 1} “ + + 

l da = 0. 

f 2,r _E m J m sin (na + 0») sin (na + £»)<*“ = J 

Jo * \ 

{cos (e» - w - c° s ( 2ria + 6n+ 

- - 1 sin (2 na + ^ + ft*) 

(0n A0 a ~ 2ft 


da = 0. (1194) 

' 2ir Emjm n 

T" 


Em. dm 

I £—- COS 

2 | 

2 t tEJu COS ( 0 n •— £») 


(1195) 

- 71-^ 7* ' " 

Substituting th. values of the inters horn E„. (11M) to 
(1195) into Eq. (1190), 

P „« +Wl cos (».-w + + “.°iSr-« + (uw 

power produce y . Eq . (1196) each term contains 

same frequency or order 
lff s als l S een that each individual harmonic produces its part 
of the power independent of the existence of the other hannonic^ 
Reactive power is defined in an equation similar to Eq. (1196) 

0 = ^ Sin (#l - ** + EzI tl (2 - *) vars. (1197) 

The vector power is found as the square root of the sum of the 
squares of the active and reactive power, as stated in Eq. ( 
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If a current 


Example 106 


i = 141.4 sin a + 14.1 sin (3a + 30°) + 7.07 sin (5a + 90°) 

is passed through a circuit and the emf drop is found to be 

e = 1,000 sin (a -f 30°) + 500 sin (3a + 90°) + 100 sin (5a* - 30°) 

+ 50 sin (7a + 80°), 


what are the active, the reactive, the vector, and the apparent power, and 
power factor? 


I = VlOO 2 + 10 2 + 5 2 = 100.6 amp, 

E - = 794.5 volts, 

. . tt 794.5 X 100.6 „ . , 

Apparent power = U —-T000- -79.9 kva, 

P _ 1,000 X HI A eos 3QO + 500 X 14.1 cQg ^ _ 3QO) 

2 A 


+ 100X^07 co3( _ 3QO 


90°) + 5 ° - „ X -- cos (-80°) 


= 61,200 + 1,767 - 176.7 + 0 = 62,790 watts 
= 62.79 kw. 

Power factor = = 0.786 = 78.6 per cent. 

Q = i- 000 * 141 ^ sin 30' + 500 Xiil sin (90° - 30°) 


100 X 7.07 


sin ( — 30° 


90°) + 50 X ° sin (-80°) 


= 35,350 + 3,060 - 306 + 0 = 38,104 vars 
= 38.1 kvar. 


V = V62.79 2 + 38.1 2 = 73.4 vector kva. 


172. Anal ysis of Waves by Fourier’s Series —Since any recur¬ 
ring wave of y for any value of a may be expressed by the equation, 

y — A + A i sin a + A 2 sin 2a + . . . + A n sin na + Bi 
COS a + B 2 COS 2 a + . . • + Bn cos TIOtj (1166) 


where n may be any positive integer, even or odd, any wave may 
be broken up into these component waves by the process of 
analysis. Equation (1166) may also be written in the form 

v = A + Ci sin (a + 0i) + C 2 sin {2a + d 2 ) + Cz sin (3a + 0s) 

+ . . . + C n sin (na + 0»), (1167) 
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as explained before, where 

Cn = VA n * + &?, (1168) 

and 

tan d n = x* (1169) 

In order to determine the value of C n and 6 n for any harmonic, 
in respect to the chosen origin, it is necessary to obtain A n and 
B n , the coefficients of sin 0 n and cos d n , respectively. This 
result is accomplished in several ways, one of which is as follows: 

Determination of Constant Term .—To obtain the value of the 
constant term A, multiply Eq. (1166) by da and integrate as 

JT Ada + Ai sin ada + . . . + A n sin na da 

+ J^Bi cos ada + . . . + COS nada. (1198) 

In Eq. (1198), all terms integrate to zero on application of the 
limits except the term on the left and the first term on the right 


of the sign of equality, or 


ffyda. = ffdda = 2x1, 

(1199) 

and 


i r 

A= 2^Jo ^ 

(1200) 


From Eq. (1200), A is seen to be the mean ordinate of the original 

/*2tt 

wave, as explained previously, since J yda is the area of the 

wave and 2 t is the base for 360 deg. 

Determination of the Coefficient of Any Sine Term. —To deter¬ 
mine the value of A n , the coefficient of sin na, multiply Eq. (1166) 
by sin nada and integrate each term as 

J *2tt . /*2 t . j*2ir 

Q y sin nada = I A sin anda -f J Ai sin a sin nada + . . „ 

/*2ir . /*2 7r 

J Q A n sin 2 nada + I B i cos a sin nada + . . . 

J f*2ir 

B n cos na sin nada. (1201) 

After integration of the terms in the second member of Eq, 
(1201) it will be found that the equation reduces to the form 
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and 



y sin nada = 


2t A n 


( 1202 ) 



sin nada 




(1203) 


That is, An is twice the mean ordinate for 360 deg. of the wave 
derived by multiplying the original wave by a unit sine wave of the 
nth harmonic having its origin at the starting point for the analysis 
of the wave. 

Determination of the Coefficient of Any Cosine Term .—To deter¬ 
mine the value of B n , the coefficient of cos no., multiply Eq. 
(1166) by cos nada and integrate as 


J^ X y cos nada = * A cos nada -1- J^^A i sin a cos nada .+ • • . 
4 ' f Q *A n sin na cos. nada +...’ + cos a cos nada + 

. . . •+ J* Q B n cos 2 nada. (1204) 


After integration of the terms in the second member of Eq. 
(1204) it will be found that the equation reduces to the form 


and 


l 


2tt 

y cos nada 


2 irB n 



2ir 

y cos nada 


(1205) 

(1206) 


That is, B n is twice the mean ordinate of the wave derived by multi¬ 
plying the original wave by a unit cosine wave of the nth harmonic 
having its origin at the starting point for the analysis of the wave. 

By the application of the above methods, any of the coefficients 
may be found independent of a knowledge of the other coeffi¬ 
cients. By a determination of each of the values, A, A lf A 2 
. . . A n , B lf B 2 . . . B n , for as many harmonics as desired, 
the equation of the wave may be written- in the form of Eq. 
(1167), siiice 


Cl = + Bi\ 

On = VAF+W 


(1168) 
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and 

, , Bi 

tan 0i = -j- 

tan 6 n = f 5 - (1169) 

In determining the values of 0i, 0 2 . . * 0», the signs of the 
quantities Ai, J3i . . . A n , B n must be noted. In the value of 
0i, if Bi and Ai are both positive, the angle 0i lies between 0 
and 90 deg.; if B x is positive and A i is negative, 0i is between 
90 and 180 deg.; if Bi and Ai are both negative, 0i lies between 
180 and 270 deg.; and if Bi is negative and Ai is positive, 0i is 
between 270 and 360 deg., the value of 0i being taken in a 
positive or counterclockwise direction from the origin in each 
instance. From the relation, 

sin (a + B’ n ) = — sin (a — 180° + 0«), 

and similar trigonometrical relations, it is possible to express 
all phase angles in values less than 90 deg. 

In making the analysis of a wave by this method, considerable 
time may be saved by applying the principles previously learned 
in regard to waves. If, by inspection, the wave has the same 
area above the axis as below, the value of A is zero. If the lobes 
of the wave are symmetrical, there are no even harmonics present 
in the wave and only odd harmonics need be considered in the 
analysis. The actual mechanical process of analysis may also 
be shortened by observing that the integration for all the coeffi¬ 
cients of the harmonics may be made for 180 deg. instead of 
for 360 deg., whereas the value of A must be determined for 
360 deg. For ordinary analysis, i0-deg. intervals are sufficient, 
and the start may be made at any point on the wave. 

The mechanical work of integration consists of first tabulating 
the values of all ordinates at each 10 deg. of the wave for 360 
deg., adding these ordinates, and dividing by their number, 
since 



Next, the values of sin a are taken for each 10 deg. for 180 deg. 
from a table of §ines, and each qrdinate is multiplied by its 
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corresponding value of sin a. The value of Ai is then the 
sum of these derived values divided by half their number, since 


Ax 


2 sin a 
18 



(1208) 


In a similar manner, cos a is applied for 180 deg., and the value 



m 

of is determined as the sum of these derived values divided 
by half their number, since 


Bi 


cos “ 
18 


cos “ 
9 


(1209) 


By taking sin 3 a and cos 3a and applying to the values of y, 
as explained for sin a and cos a, the values of A 3 and B 3 are 
determined as 


and 


A3 = 


% T 0 V sin 3a 


Bz = 


X/ cos 3oc 


( 1210 ) 


( 1211 ) 
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In a similar manner, At, Bs, etc., may be found and the equation 
of the wave written for as many harmonics as necessary. 


Example 106 

Make an analysis of the wave of current shown in Fig. 307 for the first, 
third, fifth, and seventh harmonics. 


Table XVII.— Analysis of the Wave of Fig. 307 for the Fundamental 
Harmonic by Fourier's Series 


Example 106 


a, 

degrees 

i 

sin a 

i sin a 

COS a 


+ 

- 

+ 

- 

5 

62.0 

0.0872 

5.41 


0.9962 

61.80 


15 

67.0! 

0.2588 

17.35 

| 

0.9659 

64:75 


25 

72.5! 

0.4226 

30.65 


0.9063 

65.70 


35 

78.5 ! 

0.5736 

45.00 


0.8192 

64.30 


45 

84.5 

0.7071 

59.75 


0.7071 

59.75 


55 

90.0 

0.8192 

73.75 


0.5736 

51.60 


65 

95.0 

0.9063 

86.10 


0.4226 

40.15 


75 

99.01 

0.9659 

95.60 


0.2588 

25.61 


85 

100.0 

0.9962 

99.62 


0.0872 

8.72 


95 

98.0 

0.9962 

97.60 


-0.0872 


8.55 

1$> 

82.0 

0.9659 

79.20 


-0.2588 


21.22 

115 

50.0 

0.9063 

45.31 


-0.4226 


21.13 

125 

1 14.0 

0.8192 

11.47 


-0.5736 


8.03 

135 

!- 13.0 

0.7071 


9.19 

-0.7071 

9.19 


145 

- 29.0 

0:5736 


16.63 

-0.8192 

23.75 


155 

- 41.0 

0.4226 


17.33 

-r-0.9063 

37.15 


165 

- 50.0 

0.2588 


12.94 

-0.9659 

48.29 


175 

- 56.5 

0.0872 


4.93 

' 

-0.9962 

56.30 





746.81 

61.02 


617.06 

58.93 










X, = 2^ 

B '= 2 X- 18 


18 

COS a 


746.81 - 61.02 
9 

617.06 - 58.93 
9 


685.79 

9 

558.13 

9 


76.2. 

62.0. 


Cl - VAi 2 + BS = V76.2 2 4- 62.0 2 = 98.2. 
6i = tan -1 ~~ - tan -1 0.814, 
ti = 98.2 sin (a + 39° 10'). 


= 39° 10'. 
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Table XVIII— Analysis of the Wave of Fig. 307 for the Third 
Harmonic by Fourier’s Series 
Example 106 


a, 

degrees 

i 

3a:, 

degrees 

sin 3a: 

i sin 3 a: 

COS 3a: 

i COS Za 

+ 

- 

+ 

- 

5 

62.0 

15 

0.2588 

16.05 


0.9659 

59.89 


15 

67.0 

45 i 

0.7071 

47.30 


0.7071 

47.30 


25 

72.5 

75 

0.9659 

70.03 


0.2588 

18.76 

•t. 

35 

78.5 

105 

0.9659 

75.82 


-0.2588 


20.31 

45 

84.5 

135 

0.7071 

59.68 


-0.7071 


59.68 

55 

90.0 

165 

0.2588 

23.29 


-0.9659 


86.93 

65 

95.0 

195 

-0.2588 


24.59 

-0.9659 


91.76 

75 

99.0 

225 

-0.7071 


70.00 1 

-0.7071 


70.00 

85 

100.0 

255 

-0.9659 


96.59 

-0.2588 


25.88 

95 „ 

98.0 

285 

-0.9659 


94.66 

0.2588 

25.36 


105 

82.0 

315 

—0.7071 


57.98 

0.7071 

57.98 


115 

50.0 

345 

-0.2588 


12.94 

0.9659 

48.29 


125 

14.0 

375 

0.2588 

3.62 


0.9659 

13.52 


135 

-13.0 

405 

0.7071 


9.19 

0.7071 


9.19 

145 

-29.0 

435 

0.9659 


28.01 

0.2588 


7.50 

?55 

-41.0 

465 

0.9659 


39.60 

-0.2588 

,10.61 


165 

-50.0 

495 

0.7071 


35.35 

-0.7071 

35.35 


175 

-56.5 

525 

0.2588 


14.62 

-0.9659 

54.57 






295.79 

483,53 


371.63 

371.25 











Az 

B 8 

c 3 

tan 63 


295.79 - 483.53 -187.74 


9 


9 


= -20.7. 


371.63 - 371.25 0.38 


9 9 

V -20+ (1042 2 = 20.7. 


= 0.042. 


= -0.001985, e 3 = 179° 54'. 


0.042 
: -20.7 
: 20.7 sin (3« + 179° 54'), 
: -20.7 sin (3a - 0° 6'). 
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Table XIX.— Analysis of the Wave of Fig. 307 for the Fifth 
Harmonic by Fourier’s Series 
Example 106 


a, 

i 

5a, 

sin 5a 

i sin 5a 

cos 5a 

i cos 5 a 

degrees 


degrees 


+ 

- 

+ 


5 

62.0 

25 

0.4226 

26.19 

. 0.9063 

56.20 


15 

67.0 

75 

0.9659 

64.71 

. 0.2588 

17.34 


25 

72.5 

125 

0.8192 

59.39 

.-0.5736 


41.59 

35 

78.5 

175 

0.0872 

6.85 

.-0.9962 


.78.20 

45 

84.5 

225 

-0.7071 


59.75 -0.7071 


59.75 

55 

90.0 

275 

-0.9962 


89.66 +0.0872 

7.85 


65 

95.0 

325 

-0.5736 


54.49 0.8192 

77.82 


75 

99.0 

375 

0.2588 

25.62 

. 0.9659 

95.62 


85 

100.0 

425 

0.9063 

90.63 

. 0.4226 

42.26 


95 

98.0 

475 

0.9063 

88.82 

.-0.4226 


41.41 

105 

82.0 

525 

0.2588 

21.22 

.-0.9659 


79.20 

115 

50.0 

575 

-0.5736 


28.68 -0.8192 


*40.96 

125 

14.0 

625 

-0.9962 


13.95 -0.0872 


1.22 

135 

-13.0 

675 

-0.7071 

9.19 

. 0.7071 


9.19 

145 

-29.0 

725 

0.0872 


2.53 0.9962 


28.89 

155 

-41.0 

775 

0.8192 


33.59 0.5736 


23.52 

165 

-50.0 

825 

0.9659 


48.29 -0.2588 

12.94 


175 

-56.5 

875 

0.4226 


23.87 -0.9063 

51.20 






392.62 

354.81 . 

361.23 

403.93 


. 392.62 

— 

354.81 

= 37.81 =4 20 

A.s — 

9 



n 361.23 

- 

403.93 

-42.70 

i»5 *= '-- 

T 


9 


C 6 = V4.20 2 + 4.75 2 = 6.34. 
tan 0 5 = = -113. = - 4 8° 30'. 

= 6.34 sin (5« — 48° 30'). 
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Table XX.— Analysis of the Wave of Fig. 307 for the Seventh 
Harmonic by Fourier’s Series 
Example 106 



i 

7a, 

Sin 7a 

i sin 7a 

cos 7a 

i COS 7a 

degrees 


degrees 

j 

+ 

- 

1 

+ 

- 

5 

62.0 

35 

0.5736 

1 

35.56 

. 0.8192 

50.79 


15 

67.0 

105 

0.9659 

64.72; 

.-0.2588 


17.34 

25 

72.5 

175 

0.0872 

6.32 

.-0.9962 


72.22 

35 

78.5 

245 

-0.9063 


71.14 -0.4226 


33.17 

45 

84.5 

315 

-0.7071 


59.76 0.7071 

59.75 


55 

90.0 

385 

0.4226 

38.03 

. 0.9063 

81.57 


65 

95.0 

455 

0.9962 

94.64 

.-0.0872 


8.28 

75 

99.0 

525 

0.2588 

25.62 

.-0.9659 


95.62 

85 

100.0 

595 

-0.8192 


81.92 -0.5736 


57.36 

95 

98.0 

665 

-0.8192 


80.28 0.5736 

56.21 


105 

82.0 

735 

0.2588 

21.22 

. 0.9659 

79.20 


115 

50.0 

805 

0.9962 

49.81 

. 0.0872 

4.36 


125 

14.0 

875 

0.4226 

5.92 

.-0.9063 


12.69 

135 

-13.0 

945 

-0.7071 

9.19 

.-0.7071 

9.19 


145 

-29.0 

1,015 

-0.9063 

26.28 

. 0.4226 


12.26 

155 

-41.0 

1,085 

0.0872 


3.58 0.9962 


40.84 

165 

-50.0 

1,155 

0.9659 


48.29 0.2588 


12.94 

175 

-56.5 

1,225 

0.5736 


32.41 -0.8192 

46.28 



i 



377.31 

377.37 . 

387.35 

362.72 


, 377.31 - 377.37 _ -0.06 

A-7 — O ~ Q 


„ 387.35 - 362.72 24.63 __ 0 w 

B 7 = - - - = — - 2.73. 

C 7 = Vo.0067 2 + O 3 2 = 2.73. 

**“ , ’-41i7 -- 408 ’ , '- g0 " 8 ' 5 ' 

ir = 2.73 sin (7a + 90° 8.5'). 

The complete equation of the wave is, therefore, 

i = 98.2 sin (a + 39° 10') - 20.7 sin (3a - 0° 6') 

+ 6.34 sin (5a - 48° 30') + 2.73 sin (7a + 90° 8.5'). 

The values obtained for the phase displacement angles of the 
various harmonics are measured from the starting point of the 
analysis or from a — 0. If the analysis had been begun at some 
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other point on the wave, the values obtained for A i, Bi, A 3, B&, 
A 5? # 5 , and A 7 , £7 would have been different, but the values of 
Ci, C3, C 5, and C 7 would have remained unchanged, and the two 
equations would have differed only in the values of the phase- 
displacement angles of the harmonics. If the starting point 
for the analysis is shifted by 0 deg., the phase displacement angle 
for the fundamental will be changed by /3 deg., that for the third 
harmonic by 3/3 deg., and that for the nth harmonic by n(3 deg. 
The analysis may, therefore, be started at any point on the wave 
and the resulting equation rewritten with reference to any other 
point on the wave by subtracting n/3 deg. from the phase dis¬ 
placement angle of each harmonic. If the reference point is 



Fig. 308.—Rectangular wave of current for Example 107. 

shifted to the left, or ahead, the sign of /3 will be positive, and if 
the shift is to the right, or backward, the sign of /3 will be negative. 

The usual practice is to consider the equation of a wave with 
reference to the crossing point of the total wave. For the pre¬ 
ceding analysis, this would mean shifting the reference point 
50 deg. ahead of the point used in the analysis, and the new 
equation would be obtained by subtracting 50 deg. from the 
phase of the fundamental, 150 deg. from the phase of the third 
harmonic, 250 deg. from the phase of the fifth harmonic, and 
350 deg. from the phase of the seventh harmonic. If only 
angles less than 90 deg. are used, the equation becomes 

i = 98.2 sin (a ~'l0° 50') + 20.7 sin (3a + 29° 54') 

+ 6.34 sin (5a + 61° 30') + 2.73 sin (7a + 110° 8 , 5 '). 

Example 107 

Derive the equation for a rectangular current wave having a maximum 
value of 100 amp and crossing the axis at a = 0°, 180°, 360°, etc. 

Figure 308 illustrates the wave for which the analysis is to be made. From 
Eqs. (1203) and (1206), the values of the coefficients of the sine and cosine 
terms of the Arth harmonic may be derived when the equation of the wave i§ 
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known, feince the wave is a series of straight lines parallel to the axis, it 
is easy to write the equation for each part of the discontinuous wave?. The 
equations for integration are written 


and 



2 7T 


i sin kadot 


B k 


1 

— I l COS kadac, 
ttJQ 


(1203) 

(1206) 


where A k and B k are the magnitudes of the sine and cosine waves of the &th 
harmonic, respectively. For the case of a wave with discontinuities, an 
integration must be made for each interval between discontinuities. 

For the wave of Fig. 308, it is seen that for 


0 < cl <tt, i — 100, and for 

7r < a. < 2tt, i = —100. 

Then for the Wn harmonic, Eqs. (1203) and (1206) become, 


and 


Ah = Jq 2 sin kocda -f- J i sin kocda 

B k — ~j^ 2 cos koidct + J* 


i 


cos kccda J. 


Substituting the values of i, since the wave is a straight line parallel to the 
axis of a, ( 


A k — ~~W LC sin kocda — J* sin &adaj 


400 

IC7T 


for k odd and 0 for k even, 


cos kocda. —* cos fcadaj 


= 0 for k odd or even. 


Then, substituting the various values of k from 1 to n f the equation for 
the wave may be written as 


i 5 == 155 [”sin a + ~ sin. 3a -j- v sin 5a + 


L 


_|_ 


1 . 

- sm na 
n 


]• 


For any square-top current wave having I m as its height, 

i = —Z m j^sin a + ^sin 3a + ^sin 5a + . . . +~sinnaj, 

when the analysis is started at the crossing point of the wave from negative 
to positive values. • „ 

It is seen from this analysis that all cosine terms drop to zero for a wave 
that is symmetrical about the axis at a = 7r/2 as well as about the horizontal 
axis. 


173. Fisher-Hinnen Method of Wave Analysis —A more 
convenient and. rapid method of determining the constants 
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A and B for, the various harmonics, particularly when their 
number is limited to only two or three, is based upon the 
simple trigonometrical relation by which a circle is divided into 
m equal parts, or angles. The sum of the sines is zero and the 
sum of the cosines is also zero for all integral values of m greater 
than one. Then the sum of m ordinates equally spaced over a 
complete cycle or 360 deg. of a sine or cosine wave is equal to 
zero irrespective of the starting point. This may be seen from 



Fig. 309.—A sine wave cut by six coordinates equally spaced over one complete 

cycle. 


Fig. 309 where the successive ordinates are displaced from each 
other by 360/m deg., and, starting at a = 8, their values are 

«i = E mi sin (o + —) = E m sin S cos — + 

1 \ m / 1 m 

E m cos 8 sin ——; (1212) 

1 m v y 

02 = E m sin (s +2—) = E mi sin S cos 2 — + 

1 \ m / 1 m 

1 Em, cos S sin 2 (1213) 

0s = E m sin (s +3 —) = E m sin S cos 3 — 

\ m / 1 m 

+ E mi cos S sin 3 — (1214) 

i m v y 

e m = E m sin ( 5 + m ) = E m sin 8 cos m > 

qao° 

4- E m cos 5 sin m- -(1215) 

Since cos x + cos 2x + cos 3a; + . . . + cos mx = 0, (1216) 

when mx = 360 deg., or a multiple of 360 deg., then 2e = 0. 
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The 2 n half waves of the nth harmonic will also be divided 
into m equal parts by these same ordinates spaced n 360/m 
degrees apart on the scale of the nth harmonic. These ordinates 
will be 


ei 


e 2 


= Em n sin ^ 
= E mn sin ^ 


n8 + n 


360 

m 


■) = si 


sin n8 cos n 


360° 

m 


n8 -f- 2n 


360° 

m 


+ Em cos n8 sin n • 

360° 



m 

— E m 

• * o 360° 

sm n 8 cos 2 n - 

n 


m 

+ Em 

cos n8 sin 2n 

360° 


rri 

= E m 

sin n8 cos mn 

360° 


(1217) 


(1218) 


t? • / • , 360°\ 

e m — Em sm I n8 + mn -- 1 

n \ m J 


+ E m cos n8 sin mn 


m 

360° 

m 


(1219) 


These ordinates will add to zero except in the limiting case when 
n/m = k, a whole number, when the angle between successive 
ordinates becomes a multiple of 360 deg., or when 


n = 1c 360° 
m 

and 

sin (n5 + k 360°) = sin n8, 
giving these ordinates the values 

ei = Em n sin (n8 + k 360°) = Em n sin n8, (1220) 

e 2 - E m [ sin (nS + 2k 360°) = Em n sin n8 (1221) 


= E m sin (nS + mk 360°) = E m sin nb. (1222) 

Hence 

le = mEm n sin n8, (1223) 

or, in this limiting case, the sum of the m ordinates is equal 
to m times the ordinate at the starting point, a = 8. Figure 310 
shows three complete cycles divided into m parts where k = 
and Fig. 311 shows the same relation when k = 1.00. 

To apply the above principles to the analysis of a wave ? assume 
the wave to have the ordinary Fourier’s form, 
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e = Ai sin a + Az sin 3a -j- A 5 sin 5a + • • • + A n sin na, 
+ Bi cos a + Bz cos 3a + B& cos 5a 4- . . . 

+ B n cos na. (1166) 

If, starting at any point a = 8 , three ordinates are erected at inter¬ 
vals of 120 deg., i.e.j at (5 + 120°), (5 + 240°), and (5 + 360°), 



Fig. 310.—A sine wave showing three complete cycles cut by ordinates spaced so 

that k = 



Fig. 311.—A sine wave showing three complete cycles cut by ordinates spaced 
so that k = 1 on the basis of the wave shown being a third harmonic. 


thus dividing the wave into three equal parts, the value of the 
ordinates will be 

ci = A 1 sin (5 + 120°) + A 3 sin (35 + 360°) + A s sin (55 + 
240°) + . . . + A t sin (95 + 360°) + . . . + A n sin 
(nS + nl20°) + B\ cos (5 + 120°) + B 3 cos (35 + 360°) 
+ B 8 cos (55 + 240°) + . . . + B, cos (95 + 360°) + 

. . . + B n cos (nS + n 120°), (1224) 

e 2 = A 1 sin (5 + 240°) + A, sin (35 + 360°) + A s sin- (55 + 
120 °) +...+A 9 sin (95 + 360°) + . . . + A n sin 
(nS + m240°) + Bi cos (5 + 240°) + B 3 cos (35 + 360°) 
+ Bs, sin (55 + 120°) + . . . + fi 9 cos (95 + 360°) + 

: • • + B n cos (nS + n 240°), (1225) 
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and 

e 3 = Ai sin (5 + 360°) + A 3 sin (36 + 360°) + A s sin (58 + 
360°) + . . . + A 9 sin (95 + 360°) + . . . + A n sin 
(n8 + n360°) + B x cos (5 + 360°) ~f B z cos (36 4 - 360°) 
+ B§ cos (56 + 360°) + . . . + B$ cos (96 + 360°) + 

• • • B n cos (n8 + n 360°). (1226) 

The sum of these ordinates becomes 

e x + e % + = 3A 3 sin 35 + 3 B z cos 36 + 3 A 9 sin 95 + 3# 9 

cos 95 + 3A 15 sin 155 + 3^15 cos 156 + . . . , (1227) 

all harmonics disappearing except the third and multiples of the 
third. In order to secure values of the coefficients A 3 , B Zj etc., 
it is necessary to make the values of sin 36, cos 35 , etc., either 
unity or zero. Choosing the value of 5 such that a = 5 = 0 , 
erecting the ordinates at 120, 240, and 360 deg., and since cos 
0 deg. = 1 . 00 , 

Cl 20 ° 4“ ^240° 4” 0360° ~ 33s 4~ 3J3 9 + SB 15 + . . . , (1228) 

the A terms dropping out. Again, taking a value of a = 5 = 
9 % = 30 deg., erecting ordinates at 30, 150, and 270 deg., 

C 30 0 4" 0i5o° 4~ 6270 ° ** 3 A 3 — 3A 9 4~ 3 A is 

— 3 A 21 + - - . , (1229) 

since sin 90 deg. = 1 , sin 270 deg. = — 1 , etc. It is evident 
that the preceding proof must be correct since all component 
sine waves of the third harmonic and each odd multiple of the 
third harmonic will pass through zero each 120 deg. of the 
fundamental scale, beginning at the chosen starting point of 
the analysis. Also each cosine wave of the third harmonic will 
have a maximum positive or negative value at zero and each 
120 deg. of the fundamental scale. The cosine waves will pass 
through zero and the sine waves through maxima at 90 deg. 
from the starting point on the scale of the triple or 30 deg. on 
the scale of the fundamental, and each 120 deg. of the funda¬ 
mental from this point or at 30, 150, and 270 deg., as chosen. 

In the same manner, if the wave is divided into five parts by 
ordinates spaced BG % = 72° apart, 

Ci ~b + C 3 + 64 4“ 65 — 5As s ^ n 56 4~ 5B 5 cos 55 

4- 5A U sin 156 + 5B U cos 156 4 - . . . (1230) 
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and if a = 5 = 0, or if ordinates are erected at 72, 144, 216, 288, 
and 360 deg., 

672 ° 4“ 6 144° + 6216 ° + #288° + ^360° 

= 5£ s + 5B 15 + . . . , (1231) 

and if 5 == = 18°, sin 55 = 1, sin 155 = — 1, etc., 

e 18 o ^90° + 6162 ° + ^234° 4" ^306° 

= 5A, - 5A i 5 + . . . . (1232) 

This will give the coefficients of the fifth harmonic and each 
higher odd multiple of the fifth harmonic. 

Putting a = 0 deg. in Eq. (1166), 

6 0 - B 1 + B 3 + B, + . . . + B n , (1233) 

or 

Bi = e 0 - + . • • + B n ), (1234) 

and when a = 90 deg., sin a 1, sin 3a; — — 1, sin 5a; = 1, etc., 

and 

690 ° = A\ — 4.3 4~ 4.5 — ^4.7 + . . . A n , (1235) 

or 

Ai = 690 ° 4" Az — A$ + Ai — .4.9 4" - • - A n . (1236) 

From Eqs. (1234) and (1236), it is seen that the values of the 

coefficients of the first harmonic may be found only after all the 
other coefficients have been determined. It is also seen that 
none of the coefficients for the lower harmonics may be found by 
this method until those for all the higher odd multiples are known. 
It is advisable, therefore, to determine by inspection or test the 
highest harmonics of appreciable magnitude and to analyze 
for the constants in the reverse order of their frequencies. 
Since,.in most cases, the magnitude of the harmonic will decrease 
with the increase in its order or frequency, it is seldom necessary 
to carry the analysis farther than the ninth harmonic. 

Example 108 

Analyze the wave shown in Fig. 307 by the Fischer-Hinnen method. 
When the two lobes of the wave are symmetrical, the half lobe may be 
divided into 2 n parts and the ordinates at angles greater than 180 deg. 
read at (a — 180 deg.) but with the sign reversed. Thus, for the third 
harmonic, the values may be read at 0, 120, and 60 deg. instead of at 120, 
240, and 360 deg. The ordinates as read from the curve of Fig. 307 are 
shown in Table XXI, 
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The results of the analysis by this method are seen to compare 
favorably with those obtained by the Fourier series form of 
solution for the same wave. The accuracy of this method is 
limited by the accuracy of locating and measuring the different 
ordinates on the wave. Since the values of A and B depend upon 
the difference between values in the table that are very nearly 
equal, a slight mistake in measuring any of the ordinates of the 
wave may cause a considerable percentage error in the values of 
these coefficients. Ordinary errors of measurement will have the 
greatest effect on the values of the coefficients for the lower 
harmonics, where only a few ordinates are used, as the errors do 
not compensate, as they tend to do for the higher harmonics. 
The percentage error, however, will not be greater since the maxi¬ 
mum value of the lower harmonics is much greater than that of 


Table XXI.— Analysis of the Wave of Fig. 307 by the 
Fischer-Hinnen Method 


Fifteenth harmonic 


O' 

i + 

i — 

or 

i+ ! 

i — 

24 

72.0 


6 

62.3 


48 

86.3 


30 

75.5 


72 

98.0 


54 

89.5 


96 

97.2 


78 

99.8 


120 

34.5 


102 

89.5 


144 


28.0 

126 

10.0 


168 


51.7 

150 ■ 


35.8 

192 


65.3 

174 


55.8 

216 


79.0 

198 


68.8 

240 


92.4 

222 


82.7 

264 


100.0 

246 


95.6 

288 


75.5 

270 


99.7 

312 

7.0 

294 


55.5 

336 

41.9 


318 

19.0 


360 

59.5 


342 

47.0 


... 

496.4 

. 

1 

491.9 

: 

492.6 

493.9 


B u - 


496.4 - 491.9 
15 


0.300. 


A 15 = 


492.6 - 493.9 
15 


-0.08^ 
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Table XXI.— Analysis of the Wave of Fig. 307 by the 
Fischer-Hinnen Method. —( Continued ) 


Thirteenth harmonic 


a. 

* + 

i ~ 

< X 


i — 

28 

74.0 


7 

63.0 


55 

90.0 


35 

78.5 


83 

100.0 


62 

93.5 


111 

65.0 


90 

99.7 


138 


19.0 

118 

40.5 


166 


50.5 

145 


29.0 

194 


66.5 

173 


55.0 

222 


82.7 

201 


70.0 

249 


97.0 

229 


86.7 

277 


96.5 

256 


99.2 

305 


18.0 

284 


85.5 

332 

38.0 


312 

6.0 


360 

59.5 


339 

44.6 


... 

426.5 

430.2 


425.8 

425.4 


426.5 - 430.2 
13 


425.8 - 425.4 
13 


Eleventh harmonic 


CL 

i + 

. 

t — 

a. 

33 

77.0 


8 

65 

95.2 


'41 

98 

95.5 


74 

131 


4.0 

106 

164 


48.5 

139 

196 


67.5 

172 

229 


86.7 

204 

262 


99.9 

237 

294 


55.5 

270 

327 

32.0 


303 

360 

59.5 


335 

... 

359.2 

362.1 

i 



365.1 - 362.0 
" lT 
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Table XXI.— Analysis of the Wave of Fig. 307 by the 
Fischer-Hinnen Method.— (Continued) 


Ninth harmonic 


a 

i -f 


a. 

-3 - 

i+ 

i — 

40 

81.3 


10 

64.3 


80 

99.8 


50 

87.4 


120 

34.5 


90 

99.7 


160 


45.5 

130 


1.5 

200 


69.5 

170 


53.0 

240 


92.3 

210 


75.3 

280 


93.0 

.250 


97.0 

320 

21.7 


290 


67.5 

360 

59.5 


330 

35.7 



296.8 

300.3 


287.0 

294.3 


296.8 - 300.3 „ on , 287.0 - 294.3 

=-9- = "°- 39 - - -9- = 


Seventh harmonic 


a 

i+ 

i — 

i 

a 

i + 

i — 

51 

88.1 


13 

66.0 


103 

87.5 


64 

95.0 


‘ 154 


■ 40.3 

116 

51.0 


206 


73.0 

167 


51.0 

257 


99.5 

219 


80.7 

308 


3.0 

270 


99.7 

360 

59.5 



25.2 



235.1 

215.8 


; 237.2 

231.4 


B 7 = 


235.1 - 215.8 


- 2.76. 


A 7 = 


237.2 - 231.4 


0.83. 


7 


7 
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Table - XXI.~ Analysis of the Wave of Fig. 307 by the 
Fischer-Hinnen 1 Method.—( Continued ) 


Fifth harmonic 


a 


i — 

a. 

i+ 

i — 

72 

97.8 


18 

68.8 


144 


28.0 

90 

99.7 


216 


79.0 

162 


47.0 

288 


75.0 

234 


89.5 

360 

59.5 


306 


10.0 


157.3 

182.0 

| 

168.5 

146.5 


n , yj 157.3 - 182.0 A A 

B $ Bis ~- r - — —4.95. As 

a 

Bs - —4.95 - 0.30 - -5.25. 


, 168.5 - 146.5. . , 

Am --^- = 4.4 

As - 4.40 - 0.09 - 4.31. 


Third harmonic 


a 


i — 

a 

i+ 


120 

34.5 


30 

75.4 


240 


92.3 

150 


35.8 

360 

59.5 


270 


99.7 


94.0 

92.3 


75.4 

135.5 


Bz + B, + B l6 = — 3 9 - 2 ' 3 = 0.56. 


JS 3 = 0.56 + 0.39 - 0.30 = 0.65. 

4a - A a + Au = — 13 - 5 ' 5 - = -20.03. 

4s = -20.03 - 0.81 + 0.09 = -20.75. 


Fundamental Harmonic 

a — 0. io = 59.5. a — 90. iso — 99.7. 
ia = Bi -j- Bz -f -#5 “H Ri + . . . + Bn< 

B i = 59.5 - 0.65 + 5.25 - 2.76 -f 0.39 + 0.26 + 0.28 - 0.30 = 61.97. 
igo — A %.— Az + -4.5 — At A" • • • A 15 . 

A 1 = 99.7 - 20.75 - 4.31 + 0.83 +• 0.81 + 0.29 - 0.03 - 0.09 « 76.45. 
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Table XXI.— Analysis of the Wave of Fig. 307 by the 
Fischer-Hinnen Method.— {Continued) 

Bi » 61.97, A x = 76.45, Ci = VAJ -V BF = 98.3, 9 i = 39° 10' 

B 3 = 0.65, A 3 = -20.75, C 3 = ^/JJ~+~B? = 20.8, 0 3 * 178° 10' 

B 5 = 5.25, A 5 = 4.31, Cs = •%/A£ B£ = 6.8, 0 3 = —50°40' 

#7 = 2.76, A 7 = 0.83, (7 7 = VA 7 2 + # 7 2 = 2.9, 0 7 = 73° 15' 

B 9 * -0.39, i 9 = -0.81, (7 9 = VI7 + £ 9 ‘ 2 = 0.895, 0 9 = 205° 50' 

B n = -0.26, A u = 0.29, C n = VAh 2 + £ n 2 = 0.39, 0 a = -41°50 / 
#u = -0.28, A is = 0.03, Ci 3 - VAis 2 + B u z - 0.281, 6 U = -83°50' 
Bn = 0.30, Aib == -0.09, Cis = VAis 2 + B ls 2 = 0.31, 0 15 * 106° 45'. 

The wave is then expressed by 
i = 98.3 sin (a + 39° 10') - 20.8 sin (3a - 1° 50') 

+6.8 sin (5a - 50° 40') + 2.9 sin (7a + 73° 15') 

- 0.895 sin (9a + 25° 50') + 0.39 sin (11a - 41° 50') 

+ 0.281 sin (13a- 83° 50') - 0.31 sin (15a - 73° 15'). 

the upper harmonics for ordinary waves. As given in the preced¬ 
ing analysis the values of the ordinates are taken at the nearest 
whole angle in degrees. If a device is available for reading the 
ordinates at equal divisions of the base, the accuracy is increased. 

It is to be noted that this analysis has been carried to the 
fifteenth harmonic with the coefficients for the last three higher 
harmonics nearly equal. This was done so as to make the 
values of the components of the lower harmonics more accurate 
since the coefficients of these higher harmonics must be used in 
determining the coefficients for the first, third, and fifth har¬ 
monics. It is possible that any investigation of the seven¬ 
teenth, nineteenth, and twenty-first harmonics would bring the 
values for the first and third as well as the fifth and seventh 
more nearly like those of the first method of analysis. 

174. Electromotive Force Relations in a Circuit Having 
Resistance, Inductance, and Capacitance in Series with a 
Distorted Wave of Current Flowing.—To study the effect of 
resistance, inductance, and capacitance in series in a circuit with 
any wave of current flowing, assume that the current wave, 

i = I Wl sin (a + 0 X ) + Im 3 sin (3 a + 0 3 ) + • * • + Im n sin. 

(na + 0 *), (1237) 

is passed through the circuit. The resistance Will produce a drop 
proportional to the resistance as 
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e r = ri (6) 

- rl mi sin (a + 0i) + rlm 3 sin (3a + 0 3 ) + . . . -f rJ TOn 

sin (m + 0»), (1238) 


having an effective value 


E, 


-4 


(rl m ) 2 + (rl m )* + 


+ (rl m Y 


= rJ, (1239) 


the effective value of the current wave of Eq. (1237) being 


j/» I 2 + /» J 2 + . • 


J 2 



(1240) 


From Eq. (1238), it is seen that the resistance-drop wave has each 
component of the current wave multiplied by the resistance and 
that the emf wave must be of the same shape as, and in phase 
with, the current wave. The effective value of the resistance 
drop is equal to the resistance times the effective value of the 
current wave. 

The inductance effect will be found by an application of 
Faraday's law to Eq. (1237) to obtain the induced emf wave, 
since 

- - -*!• < 57 > 


The wave of emf consumed by inductance from a passage of the 
current wave through the circuit will be 

e< ' = L jt (67) 
or 

e/ — cos (a + 0i) + ZuLIm z cos (3a + # 3 ) + . . . 

+ noLI m% cos (not + 0 n ) (1241) 

= xl mi cos (a + 0 i) + 3 xl m3 cos (3a if 0 3 ) + . . . 

+ nxlm n cos (not + 6 n ). (1242) 

It is seen from Eq. (1242) that each component wave of current 
through a coil produces its reactance drop independent of the 
presence of the other harmonics of current; that the reactance of 
the coil for each harmonic is equal to its reactance for the funda- 
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mental multiplied by the order of the harmonic; and that the emf- 
drop wave due to inductance is not of the same shape as, nor in 
phase with, the current wave. The effective value of this wave 
is 


„ . j(xi ni y + (3xi m y + . 

. . + (nxl m j 2 

* \ 2 

= VCxIx ) 2 + (3a;/ 3) 2 + . . 

. + ( nxln) 2 . 


(1243) 

(1244) 


The maximum value of each harmonic of the emf wave is ampli¬ 
fied in respect to its relative value in the current wave by the 
order of that harmonic. The equivalent reactance of the coil 
is taken as 


Be. 

I 


-4 


{xhY + (3x1 z) 2 + 


+ ( nxl n y 


h 2 + Is 2 + . 


+ In 2 


(1245) 


which is greater than the reactance of the coil for the funda¬ 
mental frequency. The value of the equivalent reactance 
depends upon the order and the relative value of the harmonics; 
hence, it, can have no definite value for a given coil independent 
of the shape and the fundamental frequency of the current 
wave. Its value is, however, independent of the relative phase 
shift of the component harmonics in the current wave. 

From previous equations, the effect of capacitance may be 
studied by the application of the equation, 

< - <TP « 2 > 


to the emf wave across the condenser, or, solving for the emf 
drop, 



(119) 


may be applied to the equation of the current wave (Eq. (1237)) 
as 


e c = [Im x sin (a + 0i) + Im, sin (3 a. + 0$) + *. . . 

+ Im n sin (na + 6 n )]da (1246) 
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Im Ira 

= - c °s (a + di) - -g—j COS (3a + 0 S ) — . 

I m . 

— cos (na + e n ) (1247) 

= %clm 1 COS (a 4- Oi) 4—g- 2 COS (3a + # 3 )+ • • . 

xjm 

4 - cos (na 4- 0») (1248) 


for the steady condition of the circuit after the starting transient 
terms have died away. From Eqs. (1247) and (1248), it is seen 
that the emf-drop wave due to capacitance is similar in sdme 
respects to the emf-drop wave due to inductance, each harmonic 
of emf being 90 deg. out of phase with its corresponding harmonic 
of current; however, the shift of 90 deg. is in the opposite direc¬ 
tion, being 90 deg. behind the current instead of 90 deg. ahead. 
In other words, each harmonic of emf drop due to capacitance 
is 180 deg. out of phase with the corresponding harmonic of 
emf drop due to the inductance. It is also seen that each 
harmonic of the emf drop due to capacitance is smaller in 
relative magnitude than the corresponding harmonic in the 
current wave. The effective value of the emf drop due to 
capacitance is 


2 

I 7 (1249) 

and the equivalent reactance is 


E t 




Xjtj 


+ 


4- 




E. 

I 



(1250) 


which must be less than the reactance of the condenser for the 
fundamental frequency. The value of this equivalent reactance 
depends also upon the order and the relative value of the har¬ 
monics; hence, it can have no definite value for any particular 
condenser independent of the shape of the current wave. As 
for inductive reactance, the value of the equivalent reactance is 
independent of the relive phase angle qr shift qf the component 
harmonics. 
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When the effects of resistance, inductance, and capacitance 
are combined into the same equation by the application of the 
fundamental equation, 

e 0 = e r 4~ e L + e c (124) 

s — Ri 4~ + ~J" idt, (125) 

and passing the current wave of Eq. (1237) through this circuit, 
e a — rl mi sin ( a + 6 X ) + x L Im x cos (a + &i) 4 - x c I mi cos (a + 0i) 
+ rlm z sin (3 a + 63) + 3 x L Im 3 cos (3a: + O3) + cos 

(3a + 0a) + ... + rlm n sin (na + 0«) + nxLlm n cos 
(no. + 0*0 + cos ( na. + On)- (1251) 

Consolidating the terms in Eq. (1251), 

Co = ' \/r 2 + (x L + x c ) 2 Im sin (a + 6 X + 00 + 


Jr 2 

+( 

f 

Zx L + 

aYj 

3 / lm * 

sin 

(3 a 

+ + £3) + • - - 



+ - 

\j r2 + 1 

[nx L 4- 

Xc\ 

n) 

~2 

| 7m n 

sin (na + 6 n + ft.) 

(1252) 

J^ 2 

+ 

(torfL - 

" 2tt fCj 

2 

1 i m 

sin 

(«+«!+ /»0 + 


•\J 

+ 1 

(&rfL - 

. 1 ) 
6 -KfC) 

~2 

| J» 

sin 

3 

(3a + 8s + ^3) + . 

■ ■ 

■Jr 2 

+ 

(2mrfL 

1 Y 

2mrfC ) 

Sin (71<X ~f“ 0n 4" ^n)y 

(1253) 


sin 

(a -f“ 0x + /h) 

+ 


, sin (3a -f- 63 + £3) 




+ 

. . . 

4~ 

sin (na + 9 n + /3„), 

(1254) 


where 

Zi = Vr 2 + (xl + Xc) 2 = <\Jr 2 + (27rfL - 2^) 

*» = + («* + 5) 2 = V r2 + ( 2wx/L " 2^rc) ’ 


(1255) 
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tan /3i = 


X, + X C _ 2vfL 2x/C 


tan 0 n = 


uxl + ~ 2 mrfL 


1 

2 nirfC 


The effective value of this emf is 

= V(« l-^l) 2 + (23 7 >) 2 + ■ • • + 

and the equivalent impedance is 


Eo 

\(zJ,Y + (z 3 / 3 ) 2 + • 

. . {Sjn) 2 _ 

i * 

V Ii 2 + h 2 + • • 

, L? 


(1256) 


(1257) 


(1258) 


which depends upon the relative values of r, **, and *. as well 
as upon the relative effective values of the component current 
harmonics. The power factor of the circuit is 

Pr E r _r ( 1259 ) 


P.F.c = 


EJ 


Eo z'' 


and the equivalent phase angle is found from 
So 


, E r _i r 
= cos -1 — = cos — 


E. 


(1260) 


175 Current Wave Produced by a Distorted Wave of Emf 
Impressed on a Circuit Having R, L, and C in Series.—When a 
wave of emf represented by Eq. (1177) is impressed upop a 
circuit having R, L, and C in series, the current wave flowing 
will have the form 

i = I m sin (a + Yi) + I», sin (3« + 7») + • • • 

1 + Im n sin {not + Y«), (1261) 

the current being taken as the reference wave. Passing this 
current through the circuit with r, L, and C in series, the emt- 
drop wave will be 
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e = rl mi sin (a + 71 ) + cL — i Wi cos (a 4 - y x ) 4 - 

rJ Wa sin (3a + 7 - 3 ) 4~ ^3 coL — —^ Im 3 cos (3a + y 3 ) + . . . 

rlm n sin (na + y n ) 4- ^ncoL — cos ( 71 a + 7 n ) (1262) 

= *\/ r2 .+ 0*^ + x c yi mi sin (01 + ri + /Si) + 

\ 7,2 4- ^3#z, H- sin (3a + T 3 + # 3 ) + . . . 

-Jr 2 + 4 - sin (na + Y» + /3 W ) (1263) 

“ Z\ Im x sin (a 4~ yi + /Si) 4~ z>zIm 3 sin (3a + 73 4“ fiz) + 

* ZnXm n Sin (fl<X 4* yn 4~ firi) j (1264) 

where 


Hi = ijr* + (uL - - ~i/r* + (z* + 

+ (”* + ?)’■ < 125 « 


tan /3i = 


^ COC Xi, 4- 


tan /8n, 


I *^c T 1 

nxi H- nuL - ^ 

n nooC 


,(1256) 


Equation (1264) must be identical with the impressed emf 
Eq. (1177), since there must be a dynamic balance of emf com¬ 
ponents at every instant. Hence, 

Em 3 = Zjm,; Im x = ^ 


JO/rn 

Em — Z-nXm s ^ m n ~ 7 (1265) 

n &n 

a 4” Ti 4“ Pi — a + 0iJ 7i — 01 

?i« 4” 7^ 4 0* = + A? Tn “ (1266) 
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The equation of current must become 


E m Em 

i = —- sin (a + di — jSi) -- sin (3a -{- 6 z — $ 3 ) -4" . 

Zi Zz 

E 

— sin (not + e n - j 8 „), (1267) 

z n 

the effective value being 

' - WUWh ■ ■ • W o»> 

The equivalent impedance of each branch is 

^ “ /m\2 /tti\2 / 77 T \ 2 y (1269) 


/ ES + E^-f . . 

• EJ 

k f )' + ($)’+ • 



and the power factor 


P.F . 0 — cos 6 0 = 


Pr _ Jr 
El “ J7 7 


(1270) 


the equivalent phase angle being cos -1 (. P.F . 0 ). 

176. Resonance in a Circuit Containing R, L, and C in Series 
with a Distorted Wave of Impressed Emf.—If an emf expressed 
by Eq. (1177), 

e = E mi sin (a + 61 ) + Em z sin (3a + # 3 ) + • . . 

+ Em n sin inoL + 6 n ) } (1177) 


be impressed on a circuit having a constant resistance and induc¬ 
tance and a variable capacitance the current flowing at any 
instant will be given by Eq. (1267) as 



sin (not. + 6 n - p n ). (1267) 



Art. 176] b'onSINUSOIDAL WAVE FORMS 489 

With some value of G the value of x c will be such that 

nx L = ——, 
n 

or a condition of resonance will exist for the nth harmonic. 
The effective value of I n will, therefore, be 



and, if r is small relative to x c and xl, the nth harmonic of current 
will be very prominent in the total current wave, producing also 
a large nth harmonic in the voltage drops across the condenser 
as well as across the inductance. 

A slight increase in C will now make nx L > —x c /n and thus 
produce a marked reduction in the nth harmonic of current. 
As the other components of the current wave will be only slightly 
affected by a small increase in C, the effective value of the total 
current will be decreased at first. As C is further increased, I n 
will continue to decrease but all the other components of current 
will increase, the total value of the current reaching a minimum 
and then increasing with increasing values of C until, at some 
larger value of capacitance, a resonant condition will exist for 
the harmonic of the next lower order. This harmonic of current 
will have an effective value of 


I (n—1) 


E(n- 1 ) 
r 


and will be large relative to the other components of the current 
wave, producing a second maximum point in the total current, 
usually higher than for the nth harmonic. It will thus be seen 
that as C is increased the effective value of the current will 
reach maxima at each of the values of C that produces resonance 
for some harmonic of emf. Thus a curve plotted between 
capacitance and current will, in general, have as many maxima 
as there are harmonics in the impressed emf wave. Since the 
magnitudes of the harmonics in the emf wave usually decrease 
as the order of the harmonic increases, the magnitudes of the 
maxima of current will increase as C is decreased, and the current 
will reach its greatest value when Xl = or at the point of 
resonance for the fundamental frequency. 
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Trom the above analysis, it is seen that a distorted emf wave 
may produce abnormal voltages as well as currents in a circuit 
that is in resonance for any harmonic higher than the funda¬ 
mental wave of the circuit as well as when a sine wave is impressed 
and the.circuit is “tuned” for this frequency. This is of con¬ 
siderable importance in transmission-line operation where light¬ 
ning or other transient conditions may superpose a higher 
frequency emf on the normal voltage of the line. * 

Example 109 

An emf expressed by 

e = 150\/2 sin 377 1 + 50\/2 sin 1,131 1 + 30^2 sin 1,885* 

is impressed on a circuit having a resistance of 10 ohms, an inductance 
of 0.0796 henry, and a variable capacitance. Calculate the effective value 
of the current for the different values of capacitance. 

-1 -1 _ -1 
Xel 377 C’ Xci ~ 1,131C’ ~ 1,885 C' 

x L , = 377 X 0.0796 = 30, x L3 = 1,131 X 0.0796 = 90, xti = 1,885 X 

0.0796 = 150. 

The effective value of the harmonics of current will be 



The values of I Q for the different values of C are tabulated in Table XXII. 
Figure 312 shows fche curve between I 0 and C in which the maxima at the 
points of resonance for the different harmonics of current are evident. 

177. Current Relations in a Circuit Containing Resistance, 
Inductance, and Capacitance in Parallel with Distorted Wave of 
Impressed Emf. —In parallel circuits, the sum of the instan¬ 
taneous values of the currents in the different branches is equal 
to the instantaneous value of the total current, or 

io = %a + is + ic + in + • * - 


(279) 
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The impressed-emf wave will be the same for all parallel branches. 
Representing the impressed emf by 

e = sin (a + 0i) + E mz sin (3a + 0 3 ) ... + Em n 

sin (not + 0 n ) (1177) 



0 10 20 ao 40 50 00 10 80 90 IQQ HO 120 130 

Capacity in Microfarads 

Fig. 312. —Resonant curves for a series circuit with an irregular wave of impressed 

emf. 

and assuming the circuit to consist of the branches A, B, and C 
(Fig. 313), the current in branch A will be 

p E m E m 

lA = - = — 1 sin (a + 6i) d-- 3 sin (3a + 0 3 ) + . . . + 

r r t 

Err, 

—~ sin (n<x + On), (1271) 

a current wave having harmonics of the same relative magnitude 

_ A _ B _ c_ and in phase with the harmonics of 

i' E E l c the emf wave. The current in the 

i > g| path B will be found from 

E /*< rssts rjo 

jil (67) 

i f or 


Fig. 313.—Resistance, inductance, 
and capacitance in parallel. 


(67) 

e x dt (1272) 


where e = e x , since the impressed emf must overcome the 
induced emf at every instant. Hence, 




Art. 177 ] 


NONSINUSOIDAL WAVE FORMS 


493 



m + \iy + • • 

• + (1277) 

>/(£)■+(£)’ + • 

■ ■ + < 1278 > 

■ 

, . + (r^y. (1279) 


From Eq. (1278), it is seen that the effective value of the current 
through path B is affected by the reactance of the circuit at 
fundamental frequency, by the relative maximum value of 
each emf harmonic, and, inversely, by the order of the har¬ 
monic. From Eq. (1274), it is seen that each harmonic of emf 
produces a component harmonic of current in the coil of circuit B 
at 90 deg. behind the emf wave of that harmonic and independent 
of the other harmonics present in the emf wave. 
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From Eq. (1279), it is seen that the effective value of the cur¬ 
rent through the path C is affected by the reactance of the circuit 
at fundamental frequency, by the relative maximum values of 
each emf harmonic, and directly by the order of the harmonic. 
From Eq. (1276), it is seen that each harmonic of emf produces 
a component harmonic of current in the condenser 90 deg. 
ahead of the emf wave of that harmonic and independent of 
the other harmonics. It is also seen from Eqs. (1274) and 
(1276) that the current in path B is less distorted and in path C 
more distorted than the impressed-emf wave. 

The total current taken by the three branches in parallel is 
then 


E E E 

i 0 = ^ sin (a + 0i)- - cos (a + 0i)-- 1 cos (a + d x ) 

r Xl x c 

Em E m 

4-— 3 sin (3a + 6 3 ) — —- COS (3a + d%) 

T OXl 


3 E m 


cos (3a + 6 ,) + . 


x c 

E m Em 

H —~ sin (na + 0») — yyy cos (na + 0 n ) 


nx 
nE m 


cos (na + 0 n ) (1280) 


= ~ sin (a + 0i) — cos ( a + 6 i) 


"l 

'3 y' 


+ E m \ — sin (3a + 03 ) 

+ ... +E, 


~ (si + x) 008 (3a + 03) 
E„ J"^ sin (na + S n ) 

-(— + ”) 

\nx L x c / 


COS (TUX dn) 

E mi [gr sin (a + 0i) + (b L + b c ) cos (a + 0i)] 


(1281) 


+E W 


g sin (3a + d 3 ) + 


+ . . . + 2 ?„ 
+ 


(j + “•) 

[g sin (na + 9 n ) 

+ nb^j cos (na + 6 n ) 


cos (3a + 9 S ) 


, (1282) 
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io = V g 2 + (b L + ba) 2 E mi sin (a + 0 X + £ 1 ) 
+ a/^ 2 + J£m, sin (3a -f 0 3 


+ 0s) + 


+ + (“ + -#m n Sin (na + 0„ + A,), (1283) 

or io = 2/i£ ? m 1 sin (a + Ox + jSi) + y$E mg sin 

(3a + 6s + fa) + ... + y n E mn sin (na + d n + p n ), 

(1284) 


where 


(1285) 

(1286) 

(1287) 


tan fix = 


1>l H - b c 


ii + nh ° 

tan ft, -- (1288) 

9 

It is seen from Eq. (1283) that the total current is entirely 
different in wave shape from the impressed emf and also different 
from the currents in the branches A, B, or C. The effective 
value of the total current is 

I. = + (b L + &„) 2 ] + i?3 2 jy + (y + 36c) 2 ] 

+ . • - + eJ^q* + + «6c) 2 ] (1289) 

or 

Io = vW + W+ • ■ • +£» 2 2/n 2 (1290) 

which is neither the same as the sum of the effective values of 
the currents I a, Ib, Ic • . - nor the square root of the sum of 
the squares of these values. The reason for this is that each 
component wave in B is partly neutralized by the corresponding 
harmonic of the current wave in C . This neutralization varies 
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for the different frequencies, being greatest for the frequency 
which is most nearly that of resonance for the circuits B and C 

m P^g al ^ storted Wave of Emf impressed on a Parallel Circuit 
Each Branch of Which Contains Resistance, Inductance, and 
Capacitance in Series.-The general parallel circuit will have 
R L and C in series in each branch. In such a circuit, with the 
emf of Eq. (1177) impressed, the current in each branch will be 

given by Eq. (1267) as 

i = — 1 sin (« + «!- di) + ~ sin ( 3 “ + 03 ~ 

, Zl 

4- . . . + sin (na + 0 n — Pn). (1267) 

Zn 

Expanding Eq. (1267), 

= sin (a + e0 - E m . S AA cos (« + By) 

-X Zl - *1 

+ E m CQS - — sin (3a + Oz) 

3 Zz 

— E m S ^ n — cos (3a + ^ 3 ) + • • * 

3 Zz 

+ E m CQS — sin (na + 0«) 

n Z n 

- E m cos (na + Bn). (1291) 

n z n 

Replacing cos Pi, sin Pi, cos pz, sin Pz . • * cos p n and sin p n 
by their values in terms of the constants of the circuit, 


cos Pi _ Zi _ r 

“iT ~ Z ~ i? “ gu 

Xi 

sin Pi __ zi _ Xi _^ 

Zl ~~ Zi %! 2 


r 

COS Pn Z n 

Zn %n 



( 1292 ) 
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sin /S« 


Zn 

Zn 


Xn 


bn 


Zn Z n 

i = giEm x sin (a +• # 1 ) 4 b\E mi cos (a + #i ) 


(1293) 


~f" QzEn i 3 sin. (3 a 4 6 Z ) -f- b z E m ^ cos (3 a -j- # 3 ) 

+ . . . + gJ2m n sin (na + 6 n ) 

+ b n E mn cos (na + 0„), (1294) 

. g n are the conductances of the circuit for the 


b n are the susceptances of 


F 


where g h g z . 

different frequencies and b h b z . . 
the circuit for the given frequencies. 

When several circuits, each con¬ 
taining either R, L, or C or com¬ 
binations of these in series, are 
connected in parallel, the currents 
taken by the several branches may 
be added by adding the coefficients 
of the like Sine and COSine com- Fig. 314.—A circuit showing three 
ponents of the different harmonics general branches in paralleb 
of the wave. Thus, if the circuits A, B, C, etc., are in parallel 
(Fig. 314), 

io = %a + ijB 4 ic 4- - • • • (279) 



The equations of the currents in the several branches may be 
writtenfrom Eq. (1294), 

Ia = UaE^ sin (a + Si) + b A E mi cos (a .+ 0 i) 

+ QA.Eyn z sin (3 a + 0 3 ) 

+ b A Em 3 cos (3a + # 3 ) 4- • • * + sin (na 4- S n ) 

< 4 - b A JSm n cos (na + d n ), (1295) 
i B == gsE mi sin (a + Si) 4- b B Em x cos (a + 0i) 

4* QsEm 3 sin (3a 4" S3) 

+ b Bs Em 3 cos (3a 4* S z ) + . . • + gs n E m * sin (na 4” S n ) 

4 b B E m% cos (na + S n ), (1296) 
ic = gcE mi sin (a 4* Si) + bcEm x cos (a 4- Si) 

4- Qc*Em 3 sin (3a + # 3 ) 

4* b c E m$ cos (3a 4- 63) + * • - + gcE^ sin (na 4- 0») 

+ b c E mn cos (na + 0*). (1297) 
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The total line current is 

io = (qa x + (Jb x + go)Em t sin (a + #i) 

H~ (^a x bs x + bc^)E m x cos (a: + #i) 

+ (^jLj + Qb 3 + gc s )Em s s i n (3 a: + 6 3) 

+ Q)a 3 + bu z + b c )Em 3 COS (3a: + #3) + • • • 

+ ( gA n + QB n + gc n )Em n sin (na + 6 n ) 

Hr ( pA n H - bs n + bc^)Em n cos (na + 6 n ) (1298) 

= goEm x sin (a + 0i) + b 0 E mi cos (a + 0i) 

+ goEm 3 sin (3a: + # 3 ) + boEm 3 cos (3a: + 63 ) 
+-...+ go n Em n sin (not + d n ) 

+ bo n Em n cos (na + 6 n ) (1299) 

= yoEm x sin (a + di + fio) + yoE m% sin (3a: + #3 + /?a 3 ) 

+ . . . + yo n Em n sin (na + 0 n + fio n ) } (1300) 


where 

,_ b 0% 

yo x = y/ Qo x + bo x 2 tan fto x — — 

y°i 

yo n = V ?o n 2 + &o n 2 , (1301) 

fc 0 

tan /So = —• (1302) 

“ 9°n 

It is seen that each component of the current is calculated from 
the constants of the circuit for that frequency by exactly the 
same method as was used in Chap. Ill for simple sine waves . 
These values of i contain coefficients of sin (a + 0 i) and 
sin (3a + # 3 ), etc., and of cos (a + 0i) and cos (3a + 0 8 ), etc., of 
the total current. From these values, the magnitude and phase 
positions of the component harmonics of the total current wave 
may be found, and from this the effective value, the power factor, 
and the equivalent phase angle. 

Example 110 

An emf expressed by 

e — 200 sin 314£ + 50 sin 942£ 


is impressed upon three parallel branches (Fig. 314), having the following 
constants: 
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Circuit A, r — 20, L - 0, 

Circuit B, r = 20, L = 0.05, 

Circuit C, r = 0, C = 50 /*f. 

Find the current in each branch and the total current. 

= 0 . = 20 +/0 
XBj = 314 X 0.05 = 15.7 ■ z B = 20 +j'15.7 

— 10 ' 

*°i = 314 X 50 = ~ 63 ' 7 *>i " 0 -i 63 7 

1 „ . 


20 — 0.05 

g B , = == - — _ « 0.031 

20 2 + 15.7 2 

9c, = 0 

go, = 0.05 + 0.031 + 0 = 0.081 
*•*, = 0 

XB a = 942 X 0.05 = 47.1 
— 10 ® 

Xc3 ~ 942 X 50 21 2 

^ “ TO “ 0 05 

90 

02* = „. - - 0.0076 

2 20 2 -}- 47.1* 


bjL, = 0 

_1 K 7 

&B, = =:-= —0.0243 

1 20 2 + 15.7 2 

= 3^7 = 0.0157 

6 oj = 0 - 0.0243 + 0.0157 = 
-C 

= 20 + j 0 . 

*b 3 = 20 + j47.1 

zc 3 = 0 -J21.2 

K - o- 

— 47 1 

6 b, = _ = -0.018 

’ 20 2 + 47. 1 2 

K = ~~ - 0.0472 


ffc , = 0 be, = 32^2 - °- 0472 

0o 3 = 0.05 -f 0.0076 + 0 = 0.0576 6 0j = 0 - 0.018 + 0.0472 = 0.0292 

U = 0.05 X 200 sin 314* + 0.05 X 50 sin 942* = 

10 sin 314* + 2.5 sin 942* 

is = 0.031 X 200 sin 314* - 0.0243 X 200 cos 314* + 

0.0076 X 50 sin 942* - 0.018 X 50 cos 942* 

— 6.2 sin 314* — 4.86 cos 314* + 0.38 sin 942* — 0.9 cos 942* 
to = 0.0157 X 200 cos 314* + 0.0472 X 50 cos 942* 

= 3.14 cos 314* 4* 2.36 cos 942* 

io — 16.2 sin 314* — 1.72 cos 314* + 2.88 sin 942* + 1.46 cos 942* 

- 16.3 sin (314* - 6° 5') + 3.23 sin (942* -f 26° 53') 


Io = yj 

/l6.3 2 + 3.23 2 = 11 8amp 

Ia = yj 

l™+ - 7.29 amp 


fO 2 + 536 2 + 0l8 a + 0l9 2 

1b yj 

2 

Ic = \ 

irnr+m_ 278amp 
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E 


■4 


1 2 00* ± iff . 145.5 volts 


cos 0a “ 1-00 

5.58 X 20 


cos Qb = 
cos 6 3 


145.5 


= 0.766 


p 0 - 16.2 X 200 + 2.88 X_50 = 1692 wa tts 


cos do = 


2 

1692 


2 

= 0.985. 


145.5 X 11.8 

179. Nonsinusoidal Wave Forms in Three-phase Circuits. 

In a three-nhase generator represented by Fig. 315, the voltages 
induced in the coil aA will have, in general, 
ail equation of the form 

e<u = E m i sin (a + 0i) + E m * sin 

(3a + 0s) + Emi sin (5a + 0 6 ) + E m i 
sin (7a 4" 0?) -I - Em 9 sin (9a 09 ) 

(1303) 

The direction of rotation being considered 
as shown in Fig. 315, the voltages induced 
in coils bB and cC will be 120 deg. behind 
Fig. 315 .— Three sepa- and 120 deg. ahead of c 0 a, respectively, 
rate phase windings for a an( ^ since they have the same wave form 
three-phase generator. ^ ^ ^ equationg are obt ained by 

replacing a in Eq. (1303) by (a - 120°) and (a + 120°), respec¬ 
tively, as 



e bB = E m i sin [(a — 120 °) + 0i] + E m 3 sin [3 (a 
E m 5 sin [5 (a — 120°) + 0s] 

+ Emi sin [7 (a — 120°) + 07 ] T E m a sin [9 (a 


120°) + 0s] + 


120 °) + 0 .] + 
(1304) 

e cC = Emi sin [(a + 120°) + 0i] + E m 3 sin [3(a + 120°) + 03 ] + 
Emi sin [5 (a + 120°) + 0J 

+ Emi sin [7 (a + 120°) + 0 7 ] + Em* sin [9(a + 120°) + 0»] 

+ . . . . (1305) 

When these equations are simplified and expressed in terms of 
angles less than 180 deg, Eqs. (1303), (1304), and (1305) become 


€aA 


Emi sin (a + 0i) + E m z sin (3a + # 3 ) + E m z sin (5<x + # 5 ) 
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e b B = Em 1 sin (a + 6 X — 120°) + Ems sin (3a + 0 S ) + E m5 sin 
(5a + 0 6 + 120°) 

+ E m 7 sin (7a + 07 — 120°) + E m % sin (9a + 0g) -f- •. . . y 

(1306) 

Gec = E m i sin (a + 0i + 120°) + E ^ sin (3a + 0 8 ) + En& sin 
(5a + (9 S ~ 120°) 

+ Em 7 sin (7a + 0 7 + 120°) + E mg sin (9a + 0 9 ) +■ . . . . 

(1307) 

When the corresponding harmonics in Eqs. (1303), (1306), and 
(1307) are compared, it is seen that 

a. The fundamentals form a three-phase system having 
the positive phase sequence e aA , e bB , g cC . 

b. The third harmonics are all in phase, forming a zero-phase 
sequence system. 

c. The fifth harmonics form a three-phase system having 
the negative phase sequence e aA , e c c, e bB . 

d. The seventh harmonics form a three-phase system having 
the same positive phase sequence as the fundamentals. 

e. The ninth harmonics are all in phase, forming a zero-phase 
sequence system with the third harmonics. 

/. In general, the harmonics of orders divisible by three form 
a zero-phase sequence system, and all other harmonics have 
alternately positive- and negative-phase sequences, beginning 
with a positive-phase sequence for the fundamental. 

180. Coils Connected in Y.—The most 
common connection for the coils of an 
alternator is that of the Y, illustrated in 
Fig. 316, where the three coil ends a, b, c 
of the coils in Fig. 315 are connected to¬ 
gether. In this case, the line voltages are 

e AB = GhB — GaA, (1308) 

e B o = Gec — e bB , (1309) 

e C A = e aA — e cC . (1310) 

The values of the coil voltages being sub¬ 
stituted from Eqs. (1303), (1306), and 
(1307) into Eqs. (1308), (1309), and (1310) and these expressions 
being simplified. 



Fig. 316.—Coils of the 
generator of Fig. 315 
connected in Y. 
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sin (a + 61 — 150°) + VSEm$ sin (5a + 05 + 
150°) + VsEm 7 sin (7a + 0 7 — 150°) + . . . , (1311) 
e B c — VSEmi sin (a + 0i + 90°) + VSEm$ sin (5a + 05 — 

90°) + VSEm 7 sin (7a + d 7 + 90°) + . . . , (1312) 

Bca = V^^misin (a + $i — 30°) + v / 3Fmgsin (5a + 6 $ + 30°) 
+ VSEm 7 sin (7a + d 7 - 30°) + - . . . (1313) 

From an inspection of these equations, it is seen that there 
are no harmonics of triple frequency in the line voltages, Eqs. 
(1311) to (1313). Figure 317 illustrates the fundamentals and 
third harmonics of the voltages e a A, e bB , and e c c for the case of 
0 3 equal to zero. The third harmonics are all in phase for these 

coil voltages; therefore, when e a A 
is reversed and added to e bB to 
.obtain e A B, these third harmonics 
cancel, eliminating this frequency 
from the voltages between lines. 
This is also true for all harmonics 
whose frequency is a multiple of the 
third-harmonic frequency. All 
other harmonics of the coil voltages 
appear in the line voltages with magnitudes equal to V 3 times 
their respective magnitudes in the neutral voltages but with 
altered phase relations with respect to the fundamentals. The 
wave shape of the line voltage is, therefore, quite different from 
that of the neutral voltage. The elimination of the triple har¬ 
monics from the line voltages reduces the effective value of this 
voltage, so that 

Eab Vse OA . 

181. Current Relations in a Y-connected Three-phase System. 

Assume that the neutral point 0 (Fig. 316) is brought out, 
forming a four-wire three-phase generator, and that a balanced 
load is connected between the three lines and the neutral wire. 
Since all harmonics, including the triples, appear in the voltages 
between lines and neutral wire, the coil and line currents will be 
nonsinusoidal, having the general form 

i 0 A = I mi sin (a + /3i) + sin (3 a + ^ 3 ) + 7 m 5 sin (5a + /?g) 

+■ Im 7 sin (7a + £ 7 ) + I m 9 sin (9a + ^ 9 ) + . . . , (1314) 



Fig. 317.—Fundamental and 
third-harmonic emf waves for the 
coils of Fig. 315 and dz equal to 
zero. 
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ioB “ Imi sin (a + ft — 120°) + Im& sin (3a + ft) + / to5 sin 
(5a + ft + 120°) + I m7 sin (7a + ft - 120°) + J m9 sin 

(9a + ft) + . . . , (1315) 

i° G = /ml sin (a + ft + 120°) + I mZ sin (3a + ft) + Z m5 sin 
(5a + ft - 120°) + I m7 sin (7a + ft + 120°) + Z w9 sin 

(9a + ft) + ... . (1316) 

The current in the neutral wire is 

i NQ = l 0A i 0B -j- i 0Cm (1317) 

When the values of the currents on the right-hand side of this 
equation are substituted from Eqs. (1314) to (1316) and when it is 
remembered that 

sin a + sin (a + 120°) + sin (a — 120°) — 0, 
the neutral current becomes 

iivo = 3Z w3 sin (3a + ft) + 3Z to9 sin (9a + ft) + . . . . (1318) 

The third harmonic and multiples of the third harmonic each 
form a zero-phase sequence, and the neutral wire carries the 
arithmetic sum of the line currents for each of these frequencies. 
The neutral current is not zero, even with a balanced load, unless 
these frequencies are absent in the voltage and current waves. 
If the neutral connection for the system, consisting of generator 
and distribution lines, has a ground return, currents of the triple¬ 
frequency system of harmonics may flow in the same direction 
over the line wires in parallel and return through the ground. 
The magnetic-flux waves set up by these higher frequency cur¬ 
rents produce very troublesome interference with near-by com¬ 
munication lines. 

If the neutral wire is omitted, forming a three-wire three-phase 
system, there can be no neutral current, or 

i no = ioA +. ioB + ioc — 0. 

This condition can be true only if there are no triple harmonics 
in the line currents. The line currents are 

ioA = I mi sin (a + ft) + Z w5 sin (5a + ft) + Z m7 sin 

(7 a + fr) + . . . , (1319) 

ioB — Im 1 sin (a "4" /Si — 120°) 4" Ims sin (5a 4“ /is 4" 120 ) 

4- I m7 sin (7a + fit. - 120°) + . . . , (1320) 
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(1322) 


ioc = I ml sin (a + ft + 120°) + I mi sill (5a + Si - 120°) 

+ Inn sin (7a -f/3 7 + 120°) + . . . . (1321) 

No harmonics of triple frequency orders can exist in the line 
voltages of such a balanced Y-connected three-phase generator , and 
in a balanced three-wire three-phase system no third harmonics can 
exist in the line-wire currents . 

182. Voltage and Current Relations in a 
^ Delta-connected Three-phase System.—If 

% ^ the coils of the generator of Rig. 315 are 

0 connected as shown in Fig. 318. the voltage 
M across the open corner is 

C< * B C a C ~ CaA + CbB + <3cC- 

Fig. 318.—Coils of 

the generator of Fig. When the values of these coil voltages are 
315 connected in delta su b s tituted from Eqs. (1303), (1306), and 

open. (1307) into this equation, 

e a c — 3^m3 sin (3a + Qf) -f- 3JEJ m Q sin (9a + d$) -f- . . . . (1322) 

From Eq. (1322), it is seen that there are no harmonics except 

those of the triple-frequency family across the corner of this 

delta before the corner is closed. However, 

when these voltages are of considerable W a 

magnitude, as is the case m some Y-delta ° X Xb 

transformer connections, the effective value % 

of this voltage may be greater than any coil 

voltage. If, instead of the voltage being % ^ 

taken from a to C in Fig. 318, it were taken 

from a to B , it would contain two of each of b 

the triples and one fundamental voltage. Fig. 3i 9.—Delta-con- 

This is the condition in some open-delta eratw fo^ed Ph from 8 the 

or V connections of three-phase trans- coils of Fig. 315. 

formers or generators. 

If a and C are connected, as shown in Fig. 319, forming a delta- 
connected generator, the voltage e a c will produce a circulating 
current within the closed delta. If the impedance of each coil is 
Zz to the third harmonic and Z 9 to the ninth harmonic of current, 
the circulating current will be 

i*. = ^ sin (3a + ft) + sin (9a + ft) + . . . (1323) 


= ^ Sin (3a + ft) + ^ sin (9a + ft) + . . . (1323) 
= Imz sin (3a + fa) + J m9 sin (9a + fit) + . » , , (1324) 
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TLhis current will produce a voltage drop in each coil, as 

G z =* Im$Z% sin (3a: + ft) + ImQZ d sin (9a + ft) 4 - . 

= E m 3 sin (3a + ft) + E m 9 sin ( 9 a + ft) + 

The terminal voltages are 

Gab = e^B — Gz, 

Gbc = e c c ~ Gz-, 

Gca = e a ^L — 

When the values of the voltages on the right are substituted from 
Eqs. (1303), (1306), (1307), and (1326), 

gab = E m i sin (a + ft — 120°) + E mh sin (5a + ft + 120°) 

+ E m y sin (7a + 0 7 - 120 °) + . . . , (1327) 

Gbc = Emi sin (a + ft + 120 °) + sin ( 5 a + ft - 120 °) 

+ E w7 sin (7a + ft + 120 °) + . . . , (1328) 

Gca = E m 1 sin (a + ft) + E m $ sin ( 5 a +• ft) 

+ E m 7 sin (7a + ft) + . . . . (1329) 

The voltage harmonics of triple frequency orders are short- 
circuited in the delta and hence do not appear in the line voltages. 

Under a balanced load, the currents in the coils of the delta 
are of the form given in Eqs. (1314) to (1316). The line currents 
are 

'Ia — iaA — ibB, 
k Ib — ibB — Ice,' 

ic = icC “ iaA- 

Substituting values from Eqs. (1314) to (1316) and simplifying, 

u = Vli/mi sin (a + (81 + 30°) + V3 /„ 5 sin (5a + ft-30°) 

+ VSI r m sin ( 7a + ft + 30°) + . . . , (1330) 

ib = "s/SImi sin (a + ft — 90°) + v' 3/«,5 sin (5a + ft + 90°) 

+ VSI m r sin (7a + ft - 90°) (1331) 

ic = V3/„i sin (a + ft + 150°) + V 3 /m 5 sin (5a +- ft — 150°) 
+ VZI n r sin (7a + ft + 150°) (1332) 

The only harmonics of triple frequency and its multiples that 
can appear in the coil currents are those circulating in the delta 
and produced by short-circuiting the corresponding harmonics 
of the coil voltages. With a delta-connected generator there can 
be no harmonics of triple frequency either in the line currents or in 
the line voltages. 
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183. Power Relations in Polyphase Circuits.—The following 
definitions have recently been adopted by the American Institute 
of Electrical Engineers covering power in polyphase circuits: 

Instantaneous Power in a Polyphase Circuit.—The instantaneous 
power at the points of entry of a polyphase circuit is equal to the 
algebraic sum of the products obtained by multiplying the instan¬ 
taneous current at each point of entry by the potential difference 
between that point of entry and some arbitrarily selected base point 
{which may be the neutral point of entry) from which all the potential 
differences are measured. From the convention here used that a 
current is positive when its direction is into a delimited region, it 
follows that instantaneous power is positive when the instantaneous 
flow of energy is into the region delimited by the points of entry. The 
value of the instantaneous power is given in watts when the currents 
are in amperes and the potential differences are in volts. 

Active Power of a Polyphase Circuit.—The active power at the 
points of entry of a polyphase circuit is the time average of the values 
of the instantaneous power at the points of entry, the average power 
being taken over a complete cycle of the alternating current. The 
value of active power is given in watts when the effective currents are in 
amperes and the effective potential differences are in volts. The active 
power can also be stated in terms of the effective values of the sym¬ 
metrical components of the current and emf as 

n oo 

P — n^^ ^Ekrlhr COS {Okr fikr)) 

k = 1r — 1 

where k is the number of the symmetrical component and r is the 
number of the harmonic component. The convention for direction 
of current, which is used in these definitions, makes active power 
positive when the flow of energy is into the delimited region and 
negative when out of this region. 

Reactive Power of a Polyphase Circuit.—The reactive power at the 
points of entry of a polyphase circuit is-the algebraic sum of the 
reactive powers for the individual points of entry when the potential 
differences are all determined with respect to the same base point 
{which may be the neutral point of entry ). In terms of the effective 
values of the symmetrical components of the currents and potential 
differences, 

n * 

Q == ^ '^j^jEkrlkr Sin {dkr @kr)- 

k=lr=l 
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The convention here used gives a positive sign to the reactive power 
of a harmonic component at any point of entry when the phase rela¬ 
tion of current and of potential difference is that which would exist 
if, within the delimited region, a capacitive circuit connected the 
point of entry to the base point. The value of reactive power is 
given in vars when the effective currents are in amperes and the effec¬ 
tive potential differences are in volts. # 

The most favorable method of connecting n wattmeters to indicate 
the reactive power of a polyphase circuit is to connect the current coil 
of each wattmeter in series with one line conductor and its voltage coil 
between a pair of line terminals that are symmetrically located with 
respect to the line conductor in which the current coil is connected. 

Vector Power of a Polyphase Circuit.—Vector power at the points 
of entry of a polyphase circuit is equal to the square root of the sum 
of the squares of the active power and the reactive power. The unit of 
vector power is the vector volt-ampere. 

Arithmetic Apparent Power of a Polyphase Circuit.—The arith¬ 
metic apparent power at the points of entry of a polyphase circuit is 
equal to the arithmetic sum of the products obtained by multiplying 
the effective current at each point of entry by the effective potential 
difference between the point of entry and the neutral point of entry, or, 
if one does not exist, an artificial neutral, the potential of which is 
established by joining it to each of the line points of entry by a set of 
equal resistances. The unit of arithmetic apparent power is the 
volt-ampere. 

184. Power Relations in Three-phase Circuits with Distorted 
Waves of Voltage and Current.—In a four-wire three-phase 
system, with coil voltages and currents as given in Eqs. (1303), 
(1306), and (1307) and in Eqs. (1314) to (1316), the active power 
developed is 

Po = SEJi cos (0i — 0i) + 3E 3 / 3 cos (13 3 — Sf) 

+ 3 E 5 J 5 cos (/3 5 — 0s) + • • • • (1333) 

Each harmonic of voltage and current supplies power to the load. 
If the neutral wire is removed from the Y-connected system, the 
currents are given in Eqs. (1319) to (1321), and the power is 

Po = 3Eih COS (01 - Oi) + 3 E 5/5 cos (05 - 0t) 

+ 3E7/7 cos (07 - *7) + . . • • ( 1334) 

The triple harmonics still exist in the coil voltages, but they 
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produce no power, since there is no triple harmonic in the coil 
currents. 

With delta connection of the coils, the current and voltage 
in each coil have the same form as for the four-wire system, and 
the power developed is given by Eq. (1333). Since the triple 
harmonic and its multiples are suppressed in both line voltage 
and line current, the powe^ represented by these harmonics is 
not delivered to the load. The expressions 

3E!zIz cos ($3 — 6z) f 

3JSgI 9 COS ((3q — $ 9 ), 

and similar expressions for all multiples of the third harmonic 
must, therefore, represent power loss due to the current circulat¬ 
ing in the delta-connected armature. These circulating currents 
of higher frequencies may reach appreciable magnitudes and may 
produce an excess heating in the armature. They are one of the 
objectionable features of the use of delta connection for generator 
armatures. 


Problems 

1- 16. Draw to scale all component waves and the resultant wave for the 
emf e = 800 sin a -j- 200 sin 3a. 

2- 16. Draw to scale all component waves and the resultant wave for the 
current i — 25 sin a -f 15 sin 5a. 

3- 16. Draw to scale all component waves and the resultant wave for the 
emf e = 120 sin 1572 + 30 sin 4712. 

4- 16. Draw to scale all component waves and the resultant wave for the 
emf e = 800 sin (a + 20°) + 200 sin (3a - 60°). 

6-16. Plot the component waves of the emf e — 100 sin (a + 10°) + 75 
sin (3a — 30°) + 50 sin 5a. Shift the axis of reference 10 deg. to the left 
so that the fundamental wave passes through the origin of the coordinate 
system. Rewrite the equation with the new axis of reference. 

6- 16. Find the half-wave average of the emf wave e — 210 sin a + 40 
sin 3a. 

7- 16. Find the half-wave average of the current wave i =‘15 sin 25f 4- 
12 sin 1252 4* 6 sin 1752. 

8- 16. Find the effective value of the wave of emf e = 1,800 sin (a 4 * 10°) 4 - 
350 sin 3a + 610 sin (5a - 60°) -f 148 sin (7a + 90°). 

9- 16. Derive by the use of the calculus the effective value of the wave of 
current i = 4 + 5 sin a. 

10- 16. Find the form factor of the wave i = 1,000 sin a 4- 3C0 sin (5a 4 - 
20°). 

11- 16. Find the form factor of the wave of emf e = 460 sin 1572 4 120 sin 
(4712 H- 60°), 



Art. 184] NONSINUSOIDAL WAVE FORMS 509 

12- 16. Find the half-wave average, the effective value, the crest factor, the 
form factor, and the deviation factor of the wave e — 800 sin a — 200 
sin 3a. 

13- 16. Find the half-wave average, the effective value, and the form 
factor for the wave of current i = 2.6 sin (377* -f 10°) -f 0 6 sin (1131* - 
30°). 

14- 16. Calculate the effective values of the voltage and current, and the 
active and reactive power in a circuit having the following waves of current 
and emf: 


« - 10,000 sin (157* + 20°) + 3,000 sin (471* + 30°), 
i = 400 sin (157* - 10°) 4- 200 sin (471* + 170°). 

16-16. Calculate the active and reactive power and the power factor in a 
circuit having the waves of emf and current: 

e = 1,000 sin (314* + 30°) 4~ 100 sin (942* - 30°), 
i = 300 sm (314* - 30°) + 100 sin (942* + 20°). 

16- 16. When two currents of the same frequency are combined in the 
same conductor, is the PR loss greater or less than when the currents are 
of different frequencies? Suppose that one of the currents is continuous. 

17- 16. Find the equation for the harmonics in an emf wave having a 
rectangular form for its lobes and with a maximum value of 2,000 volts, 
starting the analysis for an axis midway between the crossing points of 
the wave. 

18- 16. Make an analysis of an emf wave having its lobes equilateral 
triangles with maxima of 2,000 volts. Start the analysis at the crossing 
point of the wave. 

19- 16. A current wave has repeating cycles of the following characteris¬ 
tics: from zero to 90 deg., its value is 200 amp; from 90 to 180 deg., it is zero; 
from 180 to 270 deg., it is —200 amp; and from 270 to 360 deg., it is zero. 
Derive the equation for this wave. 

20- 16. Make an analysis of the following emf wave by Fourier’s series 
method: 


Angle 

e 

Angle 

e 

j Angle 

e 

0° 

-0.50 

60° 

0.10 

120° 

0.73 

10° 

-0.12 

70° 

0.15 

130° 

0.90 

20° 

0 

80° 

0.22 

o 

o 

1.00 

30° 

0.005 

90° 

0.31 

150° 

0.98 

40° 

0.01 

100° 

0.42 

160° 

0.91 

50° 

0.04 

110° 

0.58 

170° 

0.73 





180° 

0.50 


21-16. A current represented by the equation, i — 200 sin 377* 4“ 50 sin 
(1,131* + 20°) 4- 25 sin (1,885* 4- 90°), is passed through a coil having a 
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resistance of 15 ohms and an inductance of 0.02 henry, (a) What is the 
equation of the impressed-emf wave? ( b ) What active and reactive power 
are consumed? 

22-16. A wave of current i = 8 sin (a + 30°) + 4.6 sin (3a — 30°) is 
passed through a circuit having a resistance of 44 ohms and a capacitive 
reactance of 18.6 ohms on the fundamental frequency. What is the equa¬ 
tion of the impressed emf ? 

■ 23-16. A wave of current i — 24 sin (157 1 — 60°) + 15 sin 4712 is passed 
through a circuit having a resistance of 8 ohms, an inductance of 0.1 henry, 
and a capacitance of 80 n f connected in series. What is the equation of the 
impressed-emf wave? 

24- 16. An emf wave represented by the equation e = 1,000 sin 3772 -f~ 
200 sin 11312 is impressed on a circuit having a resistance of 10 ohms and 
a capacitor of 50juf capacitance connected in series. ( a ) What is the equation 
of the current wave? ( b ) Of the emf across the capacitor? (c) What is the 
effective value of the emf and current? ( d ) What are the apparent values of 
the reactance and impedance of the circuit? 

25- 16. An emf wave whose equation is expressed by e — 1,000 sin 3142 + 
400 sin (9422 + 60°) is impressed on a coil having a resistance of 25 ohms and 
an inductance of 0.04 henry. What is the equation of the current wave? 
Find the total active and reactive power, and the power factor. 

26- 16. The wave of emf e = 300 sin (377 1 + 30°) + 100 sin (1,1312 - 40°) 
is impressed on a series circuit having a resistance of 10 ohms, an inductive 
reactance of 24 ohms, and a capacitive reactance of 24 ohms at 60 cycles. 
Determine the equation for the current wave, its effective value, the active 
and reactive power and the power factor. 

27- 16. A voltage wave represented by e = 500 sin 3772 + 200 sin (1,1312 — 
30°) is impressed on two impedances in parallel. The first impedance has a 
resistance of 10 ohms and an inductance of 0.03 henry, the second a resistance 
of 10 ohms, (a) What is the equation for the current flowing in each 
impedance and for the total current? (6) What are the readings of an 
ammeter and a wattmeter used to indicate the total current and the total 
active power? (c) What is the total power factor? 

28- 16. A voltage wave e — 125 sin (1572 + 45°) + 63 sin 4712 is impressed 
on a parallel circuit having three branches. The first branch has a resist¬ 
ance of 14 ohms, the second branch has an inductance of 0.1 henry, and the 
third branch has a capacitance of 485 juf. What is the equation of current 
flowing in each branch and the total current? 

29- 16. A voltage wave e = 263 sin a. + 106 sin (3a + 90°) is impressed 
on a parallel circuit, one branch having a resistance of 28 ohms and an 
inductive reactance of 46 ohms at fundamental frequency and the other 
having a capacitive reactance of 33 ohms on the fundamental frequency. 
What is the equation of current flowing in each branch and the total current? 

30- 16. The generated emf of one phase of a three-phase generator is 
e\ n = 100 sin a 4* 50 sin 3a 4- 25 sin 5a. The emfs e 2 b and e 3c are, respectively, 
120 and 240 deg. behind e lfl , the three emfs forming a symmetrical three- 
phase system. Write the equations of the phase and line voltages at no load, 
the coils being connected in star by joining the ends 1, 2, and 3. 
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31- 16. _ (a) If the generator impedance per coil of the generator of Prob. 
30-16 is Z = 1 4~ jd a nd the machine is loaded with three impedances, each 
Z = 9 + j9 on the fundamental frequency, and connected in star to form 
a three-wire three-phase load, find the current in the lines. ( b ) If now the 
neutral wire is connected between the machine and the load neutrals, so as 
to form a four-wire three-phase system, find the current in each line wire and 
in the neutral. 

32- 16. Use the same generator coils and generated emfs as in Prob. 30-16, 
but connected in mesh. Find the equations of the phase and line emfs and 
the current circulating in the mesh-connected winding with no load on the 
generator. 

33- 16. Draw, to scale all component waves and the resultant wave for the 
emf e ~ 800 sin a — 200 sin 3a. 

34- 16. Given the following current wave from a 60-cycle a-c circuit: 


-Angle 

i 

Angle 

i 

Angle 

i 

0 ° 

0 

60° 

12.0 

120 ° 

13.0 

15° 

2.0 

75° 

13.0 

135° 

11.0 

30° 

6.0 

90° 

14.0 

150° 

7.0 

45° 

10.0 

105° 

15.0 

165° 

3.0 





180° 

0 


(a) Plot the current wave. ( b ) Pass the wave through a coil having a 
resistance of 10 ohms and an inductance of 0.03 henry, and plot the waves of 
resistance drop, reactance drop, and impressed emf. 

36-16. Find the effective value of the wave e = 500 4* 2,000 sin 3712 + 
400 sin (1,1312 +40°). 

36- 16. Find the effective value of the wave e = 400 sin (3772 4 - 60°) 4" 
100 sin (1,1312 4- 60°). 

37- 16. Find the form factor of the wave of Prob. 36-16. 

38- 16. Find analytically the half-wave average and the effective values of 
the wave e = 1,000 sin a 4" 500 sin (3a — 30°) 4~ 500 sin (5a — 90°). 

39- 16. Find the half-wave average, the effective value, the crest factor, 
and the form factor for the wave of Prob. 4-16. 

40- 16. A wave of current represented by the equation, i = 500 sin 1572 4- 
60 sin (4712 — 20 °), is flowing through a circuit having a resistance of 20 ohms 
and a reactance of 20 ohms at fundamental frequency, the reactance 
being inductive, (a) Derive the equation for the impressed emf wave (5) 
What active and reactive powers are consumed? (c) What is the power 
factor? 

41- 16. An emf represented by the wave, e — 200 sin 3772 4-100 sin 
(1 1312 4- 90°), is impressed across a coil having a resistance of 25 ohms and a 
reactance of 30 ohms at 60 cycles, (a) What is the equation of the current 
wave? ( b ) What active and reactive power are consumed? (c) What is the 
power factor of the circuit? 
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42- 16. A resistance of 10 ohms is connected in parallel with the circuit of 
:Prob. 26-16. Find, the current in this resistance, the total current, the total 
active power, and the power factor. 

43- 16. A capacitor having a capacitance of 75.6 juf is connected in parallel 
with the circuit of Prob. 42-16. Find the current in this capacitor, the total 
current taken by the three branches, the total active power, and the total 
power factor. 

44- 16. Three circuits connected in parallel have the following constants at 
50 cycles: Z\ = 10 +il0, Z 2 = 10 -\r jO, and Z 3 = 0 yiO. The current 
flowing through Z± has a wave form, = 141 sin 3142 + 47.1 sin (94 2t + 60°). 
(o) Find the current in each of the impedances and the total current. (6) 
Find the equation for the impressed emf. ( c ) Find the effective value of this 
emf. (d) Find the total active and reactive power and the power factor. 
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mathematical determination of, 
26, 453 

of nonsinusoidal waves, 453 
of power, with nonsinusoidal 
waves, 459 

with sinusoidal waves, 26 
Axis of reference, 90 

B 

Balanced polyphase loads, 261 
Balanced polyphase systems, 210 

C 
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Coefficient, of coupling, 169 
of self-induction, 50 
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specific resistance of, 317 
temperature coefficient of, 317 
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exciting conductance due to, 354 
loss, 352 
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Coupling coefficient, 169 
Crest factor, 458 
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effective value of, 28 
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471 
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power equation, 459 
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in mesh-connected three-phase 
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from neutral of system, 234, 289 
Disruptive critical voltage, 350 
Distortion factor of a wave, 458 
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Division of complex numbers, 102, 
113 

Double-subscript notation, 174 
Duty cycle, 31 

E 

Effective value, definition of, 28 
graphical determination of, 29 
of nonsinusoidal waves, 456 
of sinusoidal waves, 32 
Electromotive force, generation of, 
1, 206, 442 
impressed, 17 
induced, 1, 2 
nonsinusoidal, 442 
analysis of, 461, 471 
effective value of, 456 
half-period average of, 453 
in parallel circuit, 491 
power equation with, 459 
representation by Fourier’s 
series, 443 

in series circuits, 481 
polyphase, 206 
to overcome induced, 17 
Electromotive-force waves, addition 
of, 13 

due to distorted flux waves, 442 
effective value of, 28, 32, 456 
graphical determination of, 29 
half-wave average of, 23, 453 
nonsinusoidal, 481 
Energy, consumed, by capacitance, 
78 

of electromagnetic field, 82 
of electrostatic field, 83 
by inductance, 78 
by inductance and capacitance 
in series, 82 
by resistance, 77 
waves of, 83 

Energy relations in a series circuit, 
77 

Equivalent, 7r solution of long 
transmission lines, 428 
T solution of long transmission 
lines, 430 


Equivalent, uniform spacing of 
three-phase transmission lines, 
332 

Equivalent reactance, 62, 483 
Equivalent resistance, 62, 483 
Exponential form of vectors, 109 

F 

Factor, crest or peak, 458 
form, 458 
power, 36 
reactive, 143 
Farad, definition of, 65 
Faraday’s law, 1 

Fischer-Hinnen method of wave 
analysis, 471 

Five-wire two-phase system, 217 
Flux waves, enclosed by coil, 3 
and induced emf, 3, 442 
Form factor, 458 

Four-wire, three-phase system, 227 
two-phase system, 210 
Fourier’s series, 443 

determination of constants of, 461 
Freedom, degrees of, for a vector, 
277 

Frequency of an alternator, 21 
definition of, 21 

effect of variation of, in a series 
circuit, 73 

for resonance, 71, 132 
Fundamental, negative-sequence ac¬ 
tive power, 300 

negative-sequence reactive power, 
300 

positive-sequence, active power, 
300 

reactive power, 300 
of a wave, 444 

G 

Generation, of an emf, 2 
Of nonsinusoidal waves, 442 
of polyphase emfs, 206 
of sinusoidal wafres, 20 
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H 

Harmonic component, 444 
Harmonics, analysis for, 461, 471 
even, effect of, 448 
odd, effect of, 451 
of a wave, 444 
Henry, definition of, 51 
Hyperbolic functions, 110 
use in solution of long transmis¬ 
sion lines, 424 

I 

Imaginary component, 101 
Impedance, complex expression for, 
103 

definition of, 57 
drop, 55 

in a series circuit, 67 
per unit values of, 373 
vector expression for, 97 
waves of, 56 
of a parallel circuit, 162 
of a series cireuit, 69 
triangle, 97 

Impedances, addition of, 59, 96 
Impressed emf, 17 
Induced emf, 16 

Inductance, of air-cored coils, 51 
definition of, 51 

equation, design conditions affect- 
* ing, 333 

of iron-cored coils, 52 
mutual, 168 

of single-phase transmission lines, 
323 

of three-phase transmission lines, 
328 

unit of, 51 
Inductive circuit, 58 
Inductor, definition of, 55 
Inphase component, 101 
Instruments, ammeters, 40 
electrodynamometer, 38 
hot-wire, 37 
magnetic-vane, 39 
measuring, 37 


Instruments, scales, 43 
voltmeters, 41 
wattmeters, 41 

K 

KirehhofPs laws, 55 
L 

Lag, angle of, definition of, 8 
Lead, angle of, definition of, 8 
Lenz’s law, 51 

Line drop of transmission lines, 352 
Loads, balanced polyphase, 261 
characteristics of, 358 

M 

Magnitude of a physical quantity, 90 
Maximum current, 20 
Maximum emf, 20 
Maximum power of short trans¬ 
mission line, 374 

Mesh connection, active power in, 
245 

current relations in, 239 
of three-phase loads, 237 
unbalanced voltages in, 284 
Mesh-connected loads, 220 
Mesh-connected circuit, completely, 
220 

simply, 220 

Mesh-star transformation, 165 
Meters (see instruments) 

Microfarad, definition of, 65 
Multiplication, of complex numbers, 
102 

of a vector current by an imped¬ 
ance, 106 

Mutual inductance, coefficient of 
coupling in, 169 
definition of, 168 

N 

Negative sequence, 279 
admittance, 286 
impedance, 288 

Networks, simplification of, 165 
Neutral conductor, 218 
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Neutral current, in three-wire d-c 
systems, 177 

in three-phase systems, 228 
in two-phase systems, 218 
Neutral point, 218 
Neutral voltage, displacement in 
three-phase circuits, 234 
NominaW solution for transmission 
lines, 389, 395 
A, B, C constants for, 408 
Nominal -T solution for transmission 
lines, 399 

A , £, C constants for, 412 
Nonsinusoidal waves, analysis by 
Fischer-Hinnen method, 471 
by Fourier’s series method, 461 
of current in series circuit, 486 
effective value of, 456 
Fourier’s series for, 443 
generation of, 442 
half-wave average of, 453 
plotting, 445 

in three-phase circuits, 500 
of voltage impressed, on a parallel 
circuit, 491 

on a series circuit, 481 
Notation, complex, 100 
double subscript, 174 
exponential, 109 
vector, 100 

O 

Ohm’s law, for complete series 
circuit, 70 

in inductive circuits, 58 
One-wattmeter method of measuring 
power in three-phase circuits, 
267 

Operator, j, 100 

(cos 0 + j sin 0), 100 
exponential form, 109 4 

polar form, 111 
Opposition, definition of, 12 

P 

Parallel circuits, 120 
admittance of, 127 
conductance of, 128 
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Parallel circuits, with nonsinusoidal 
waves, 491 
power in, 124 
resonance in, 132 
susceptance of, 128 
Peak factor, 458 
Peak value, 457 

Per cent constants of transmission 
lines, 372 
Period, 21 

Periodic quantity, crest factor of, 
458 

peak value of, 457 
ripple ratio of, 458 
Per unit constants of transmission 
lines, 372 

impedance drop, 377 
reactance drop, 372 
resistance drop, 372 
Phase, angle, definition of, 7 
difference, 7 
sequence, 278 
negative, 279 
positive, 279 
zero, 279 

Polar form of vectors, 111 
Polyphase circuits, 206, 210 
Polyphase emfs, 206 
association of, 207 
generation of, 206 

Polyphase set of potential differ¬ 
ences, 218 

Polyphase systems, balanced, 210, 
261 

comparison of copper required 
for different, 303 
symmetrical, 210 
unbalanced, 277 

Positive-sequence admittance, 286 
Positive-sequence impedance, 288 
Power, active, 35, 140 

fundamental negative-sequence, 
300 

fundamental positive-sequence, 
300 

apparent, 143 
addition of values of, 120 
definition of, 35 
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Power, diagram for, 139 • 

equation for, 33 

with complex current and emf, 

144 

with nonsinusoidal waves, 459 
with sinusoidal waves, 35 
instantaneous, 34, 506 
in parallel circuits, 124 
in a polyphase circuit, active, 506 
arithmetic apparent, 507 
instantaneous, 506 
reactive, 506 
vector, 507 

in three-phase circuits, 245 
in two-phase circuits, 213 
reactive, 140 

with complex current and emf, 

145 

fundamental negative-sequence, 
300 

fundamental positive-sequence, 
300 

vector for, addition of values of, 
120 

definition of, 35 
waves of, 33 
Power factor, 36 
definition of, 36 
of parallel circuits, 124 
from two-wattmeter readings in 
three-phase circuits, 265 
Power measurement, polyphase, 253 
single-phase, 41 
three-phase, 257 
with Y-box, 268 
two-phase, 254, 256 
with wattmeter, 41 
Powers of complex quantities, 114 
Propagation constants, 423 
Proximity effect, 319 
Pulsating quantity, 444 

Q 

Quadrature, component of current, 
124 

definition of, 12 


Quantity, pulsating, 444 
ripple, 444 

Quarter-phase, circuit, definition of, 
210 . 

system, 210 

R 

Reactance, capacitive, 66 
definition of, 55 
equivalent, 483 
inductive, 53 
of parallel circuits, 162 
in terms of conductance and sus- 
ceptance, 162 
three-phase, 328 

of transmission lines, capacitive, 
347 

single-phase, 328 
Reactance drop, capacitive, 66 
inductive, 53 
in a series circuit, 53 
per unit values of, 372 
waves of, 54 / 

Reactive component of current, 124 
Reactive factor, 143 
Reactive power, 140 
equation of, 140 

measurement of, in polyphase 
circuits, 268 

Reactive volt-ampere, 140 
Real components, 101 
Resistance, for alternating currents, 
318 

definition of, 49, 50 
for direct currents, 317 
equivalent, 162 
negative-sequence, 279 
of parallel circuits, 162 
positive-sequence, 279 
of series circuits, 53 
specific, 317 

of aluminum, 317 
of copper, 317 
of iron, 317 

temperature coefficient of, 317 
in terms of conductance and 
susceptanee, 162 
zero-sequence, 279 
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Resistance drop, 13, 49 
in a series circuit, 49 
per unit value, 372 
vector representation of, 77 
waves of, 49 

Resistivity of copper, 317 
Resistor, definition of, 49 
Resonance, . with nonsinusoidal 
waves, 488 
parallel-phase, 132 
series-phase, 71 
Ripple quantity, 444 
Roots of vectors, 114 

S 

Self-induction, coefficient of, 50 
emf of, 51 
Series circuits, 49 
capacitive, 67 

containing resistance and capaci¬ 
tance, 67 
vectors for, 94 

containing resistance and induc¬ 
tance, 55 
vectors for, 94 

containing resistance, inductance, 
and capacitance, 69 
with nonsinusoidal waves, 481 
resonance in, 71, 488 
vectors for, 94 
inductive, 48 

with nonsinusoidal waves, 481 
resonance in, 488 
resonance in, 71 

with nonsinusoidal waves, 488 
Series-parallel circuits, 159 
Series-phase resonance, 71, 488 
Sharpness of tuning, 75 
Simple sinusoidal quantity, defini¬ 
tion of, 20 

Simply mesh-connected circuit, 220 
Single-phase circuit, definition of, 
209 

Single-phase load on three-phase 
circuit, 295 

Single-phase three-wire circuit, 174 


Single-phase transmission line, 357 
calculation of, 359 
capacitance of, 334 
inductance of, 323 
Sinusoidal waves, definition of, 20 
effective value of, 29 
generation, by a coil, 20 
by a vector, 90 
half-wave average of, 23 
Six-phase circuit, 210 
Skin effect, in conductors, 319 
current distribution due to, 320 
increase in resistance due to, 320 
Sparkover voltage, 351 
Star-complete mesh, 167 
Star-connected circuit, 218 
Star loads, on a three-phase system 
227, 233 

on a two-phase system, 218 
Star-mesh transformation, 166 
Step-by-step method, 8 
Subtraction of vectors, 101 
Susceptance, definition of, 128 
in terms of resistance and react¬ 
ance, 129 

of transmission lines, 347 
Symmetrical alternating current, 2 , 
Symmetrical currents and voltages, 
210 

Symmetrical polyphase set of poten¬ 
tial differences, 210 
Symmetrical polyphase systems, 
definition of, 210 
Synchronism, definition of, 7 

T 

Temperature coefficient of resist¬ 
ance, 317 

Third harmonic, effect on wave 
shape, 451 

Three-phase circuits, active power 
in, 245 

apparent power in, 247 
definition of, 210 
delta-connected loads on, 237 
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Three-phase circuits, determination 
of power factor from two watt- 
' meter readings, 265 
mesh-connected loads on, 237 
reactive power in, 246 
star-connected loads on, 233 
vector power in, 247 
Three-phase systems, 225 
delta-connected loads on, 237 
four-wire, 227 
phase sequence in, 278 
single-phase loads on, 295 
star-connected loads on, 233 
three-wire, 233 

Three-phase transmission lines, 366 
arrangement of conductors in, 328 
inductance of, 328 
mean spacing of conductors in, 332 
relative amount of copper re¬ 
quired by, 303 

transposition of conductors in, 330 
Three-wattmeter method of meas¬ 
uring power, 259 
Three-wire circuits, d-c, 174 
single-phase, 178 
voltages 90 deg. out of phase in, 
189 

120 deg. out of phase in, 198 
Transmission line, calculation of a, 
359 

capacitance of single-phase, 334 
of three-phase, 345 
to neutral, 346 
to neutral, 334 
capacitive, reactance of, 347 
susceptance of, 347 
charging current of, 347 
constants of, 357 
effect of design on inductance of, 
333 

efficiency of, 362 
electromagnetic field of, 339 
electrostatic field of, 339 
impedance drop in, 362 
per unit value of, 372 
inductance, of single-phase, 323 
of three-phase, 328 
J|pe drop, definition of, 352 


Transmission line, long, 418 
A f B, C constants of, 424 
attenuation constant of, 423 
calculation of, 430 
charging current of, 418 
equations for, 419 
equivalenW solution of, 428 
equivalent- T solution of, 430 
hyperbolic-function solution of, 
424 

propagation constant of, 423 
surge impedance of, 422 
uniformly distributed constants 
of, 418 

voltage and current, at any 
point of, 421 
at sending end of, 423 
wave-length constant of, 423 
medium-length, 384 

auxiliary constants of, 408, 412 
charging current for, 385 
distributed constants of, 384 
general-circuit constants of, 408, 
412 

nominaW solution of, 389, 395 
A , B, C constants for, 408 
nominal- T solution of, 399 
A, B , C constants for 412 
power factor of, 362 
Steinmetz solution of, 405 
reactance drop, per unit value of, 
372 

regulation, definition of, 362 
resistance of, 317 
resistance drop, per unit value of, 
372 

short, calculation of, 359 
constants of, 359 
maximum power of, 374 
single-phase, 357 
three-phase, 366 

equations, load current as 
reference, 369 
load voltage as reference, 
359 

operating characteristics of ? 
366 
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Transposition of three-phase lines, 
330 

Two-phase circuits, definition of, 210 
five-wire, 217 
four-wire, 211 
power in, 213 

power measurements in, 254 
three-wire, 211 

Two-pliase systems, five-wire, 217 
four-wire, 211 

mesh-connected loads on, 220 
relative amount of copper re¬ 
quired for, 303 
star-connected loads on, 218 
three-wire, 211 

Two-wattmeter method of measur¬ 
ing power, in three-phase 
circuits, 260 
vector diagram for, 261 
in two-phase circuits, 256 

U 

Unbalanced loads, mesh-connected 
loads, unbalanced voltages, 284 
star-connected with unbalanced 
voltages, 287 

on three-phase systems, 277 
on throe-wire a-c systems, 178 
on two-phase systems, 277 

V 

Vector, conjugate, 145 
power, 142 

Vector quantity, definition of, 90 
Vector representation of sine waves, 
92 

by means of operator j, 100 
Vector rotation, by operator j, 100 
by operator (cos 0 + j sin 0), 100 
Vector sum, of currents, 122 
of voltages, 92 

Vector systems for unbalanced 
three-phase, 272 
Vectors, addition of, 101 
components of, 104 
division of, 102 


Vectors, evolution of, 114 
exponential form of, 94 
imaginary components of, 101 
interchangeability of form of, 112 
involution of, 114 
logarithms of, 114 
multiplication of, 106, 113 
polar form of, 111 
powers of, 114 
real components of, 101 
roots of, 114 
for series circuits, 94, 99 
subtraction of, 101 
system of, 92 
Velocity, angular, 22 
Visual critical voltage, 350 
Volt, absolute unit, 2 
Volt-amperes, 143 
Voltage, disruptive critical, 350 
sparkover, 351 

standard, for transmission, 356 
visual critical, 350 

(See also Electromotive force) 
Voltmeters, 41 

W 

Wattmeters, 41 

use of two for metering three- 
phase power, 260 

Wave analysis, by Fischer-Hinnen 
method, 471 
by Fourier’s series, 461 
Wave form, commercial, 21 
nonsinusoidal, 442 
Wave-length constant, 423 
Wave shape, 7 
Waves, addition of, 13 

average value of, graphical, 24 
mathematical, 26, 453 
nonsinusoidal, 453 
sinusoidal, 26 

effective value of, graphical, 29 
mathematical, 32, 456 
nonsinusoidal, 456 
sinusoidal, 32 

of flux enclosed by a coil, 3 
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Waves, graphical addition of, 13 
nonsinusoidal, 442 
active power with, 459 
apparent power with, 507 
average value of, 456 
effective value of, 456 
instantaneous power, 506 
plotting of, 445 
reactive power with, 459, 506 
representation by Fourier's 
series, 443 

vector power with, 507 
of power, 34 


Y 

Y box, for three-phase power 
measurements, 268 
Y-connected loads, current and emf 
relations, 235 

on three-phase systems, 233 
Z 

Zero sequence, 279 
admittance, 288 
impedance, 288 
resistance, 288 




